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DUAL OF THE SIX CIRCLES THEOREM

MARIO DALCIN

Abstract. The dual lines/points or circles/points of the Six Circles Theorem is proven.
This dual is generalized to n points, distinguishing between whether n is even or odd.

1. INTRODUCTION

The Six Circles Theorem states that given three lines rq, 7y, r3 intersecting pair by pair,
if the circle Cy is tangent to r1 and r;, the circle C; is tangent to 7, r3 and Cq, the circle
C3 is tangent to r3, r1 and Cp, the circle Cy is tangent to rq, o and Cs, the circle Cs is
tangent to rp, r3 and Cg, the circle Cg is tangent to r3, ¥1 and Cs, then the circle Cq is
tangent to the circle C;. (See Figure 1)

Figure 1. The Six Circles Theorem.
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Six circles theorem appear in [1] and the first proof in [2]. Other proof can be seen in [3],
[4, 401-405).

In [1] it is mentioned that the theorem remains valid if the lines are replaced by cir-
cles. In that case, the six circles theorem admit a dual lines/circles theorem that states:
given three circles Q1, Q2, Qs if the circle Cy is tangent to Q1 and Qp, the circle C; is
tangent to Qz, Q3 and Cy, the circle Cs is tangent to Qs, Q1 and C,, the circle Cy is
tangent to Qq, Q» and Cs, the circle Cs is tangent to Qp, Qs and Cy4, the circle Cg is
tangent to Qz, Q1 and Cs, then the circle Cg is tangent to the circle C;. (See Figure 2)

Figure 2. Dual lines/circles Six Circles Theorem.

2. ANOTHER DUAL THEOREM

Nothing is said in [1] about replacing lines with points. In order to formulate a dual
lines/points statement that makes sense, it is also necessary to replace ‘circle tangent to
two lines’ with ‘circle passing through two points’.

The Dual lines/points Six Circles Theorem states that given three points Py, P, Ps if the
circle C; passes through P; and P,, the circle Cp passes through P,, P; and is tangent to
C4, the circle C3 passes through P;, P; and is tangent to Cp, the circle C4 passes through
Py, P, and is tangent to Cs, the circle Cs passes through P, P; and is tangent to Cg4, the
circle Cg passes through P;, P; and is tangent to Cs, then the circle Cq is tangent to the
circle C1. (See Figure 3)
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Figure 3. Dual lines/points Six Circles Theorem.

O; and O4 belong to the perpendicular bisector of PiP> so £O01P104 = £01P,0,
O, and Os belong to the perpendicular bisector of P,P3 so £0,P,05 = £071P305
O3 and Og belong to the perpendicular bisector of P3P so £03P30¢ = £03P104

LO1P1Og = £O1P104 + £04P10g = £O3P10¢ + £O4P10g + £O3P104 = 271

In the case Pj, P,, Ps are aligned the proof is analogous.

3. GENERALIZATIONS

In [5] the Six Circles Theorem is generalized by distinguishing according to whether the
number of straight lines is even or odd.

A property analogous to that demonstrated for three points in section 2 holds if the
number of points is odd. The proof is analogous to the one given previously. If the
number of points is even, for a similar property to hold, the points must be cyclic. Let’s
look at the case of four points.

Given four cyclic points Py, P,, Ps, Py, if the circle C; passes through P; and P, the circle
C; passes through P,, P; and is tangent to Cq, the circle C3 passes through P3, P, and is
tangent to Cp, the circle C4 passes through Py, P; and is tangent to Csz, then the circle Cy
is tangent to the circle C;. The centers of the four tangent circles determine a tangential
quadrilateral. (See Figure 4)
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Figure 4. The Dual for four cyclic points.

01, Oy, O3, O4 are the centers of the circles Cq, Cp, C3, C4 respectively.
The quadrilateral Py P,P;P, is cyclic, so
APyP1P> + AP, P3Py = AP\ P,P; + £P3Py Py
Then it is verified
(KO4P1P4 + LPyP P + szplol) + (KOQPng + LP, P3Py + KP4P303) =
(KO1P2P1 + AP P,P; + 4P3P202) + (KO3P4P3 + A P3Py Py + KP1P4O4)
And therefore
(LO4P1 Py + APyP1 P> + AP, P1O1) + 7© = 27, so £O4P;O7 = 7t. The angle bisectors of

010,030y are concurrent because they coincide with the perpendicular bisectors of the
cyclic quadrilateral PyP,P3P;. 010,030, is tangential with center O (center of circle
containing Py P, P3Py).

Another way to view the above is by considering the radii Ry, Ry, Rz, R4 of the circles
C1, Gy, C3, C4 respectively.

010,030y is tangential < 010, + 0304 = 0,03 + 04,01 &

(R1 +R2) + (R3 + Ry) = (R2 + R3) + (R4 + Ry).

For cyclic polygons with an even number greater than four, the proofs are analogous.

4. FINAL REFLECTIONS

The presence of three circles (QQQ), three lines (rrr) or three points (PPP) in the pre-
vious theorems allows us to ask whether analogous properties hold true in the remaining
seven cases of the generalized Apollonius problem: two points and a line (PPr), two lines
and a point (rrP), two points and a circle (PPQ), two circles and a point (QQP), two
lines and a circle (rrQ), two circles and a line (QQr), a point, a line and a circle (PrQ).
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The following diagram allows us to appreciate the dualities circles/points, circles/lines,
points/lines that exist among the ten cases (See Diagram 1).

points/lines
duality

lines/circles
duality

points/circles
duality

Diagram 1. Dualities among the ten cases of the generalized Apollonius problem.

In the case of duality points/circles PPQ/QQP the property is not fulfilled, nor is it
fulfilled in the case of duality points/lines PPr/rrP nor in the case of triple duality PrQ.
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