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WARPED PRODUCT SUBMANIFOLDS OF LOCALLY PRODUCT RIEMANNIAN
MANIFOLDS WITH SLANT FACTOR

MOHAMMAD SHUAIB AND SANGEET KUMAR

ABSTRACT. In this paper, we delve into almost product Riemannian manifolds featuring
warped product submanifolds. We analyze the integrability of slant and invariant dis-
tributions, examining the geometric structure of their leaves. Moreover, we determine
the conditions for a semi-slant submanifold within an almost product Riemannian mani-
fold to become a semi-slant warped product submanifold, characterized by the canonical
tensors ξ and η.

1. INTRODUCTION

R.L. Bishop and B. O’Neill [5] pioneered the concept of warped product manifolds while
exploring manifolds with negative sectional curvature, analyzing their intrinsic geomet-
ric characteristics. Subsequently, it was recognized that these manifolds offer an ideal
framework for modeling space-time in regions near black holes or objects with intense
gravitational fields. This insight spurred investigations into warped product manifolds
from an extrinsic geometric perspective. B.Y. Chen [10] was among the first to adopt this
approach, focusing on CR-submanifolds of Kaehler manifolds as warped product struc-
tures. He examined their geometric properties and derived a characterization, based
on the shape operator of the immersion, that determines when a CR-submanifold be-
comes a CR-warped product submanifold. Comparable studies were conducted by I.
Hasegawa and I. Mihai [13] for contact CR-submanifolds within Sasakian manifolds.
In the context of CR-submanifolds of Kähler manifolds, Chen [8] highlighted the criti-
cal role of the canonical structures ξ and η in elucidating various geometric properties
of these submanifolds. Specifically, he established that a CR-submanifold of a Kaehler
manifold is a CR-product—a special case of a CR-warped product, essentially a trivial
warped product—if and only if ξ is parallel. However, this result does not extend to
semi-slant submanifolds of locally product Riemannian manifolds.
The exploration of invariant and anti-invariant submanifolds in locally product Rie-
mannian manifolds was pioneered by Adati [1]. Building on this, Bejancu [4] and Pitis
[24] introduced a novel class of submanifolds, termed semi-invariant submanifolds, by
blending properties of invariant and anti-invariant submanifolds. The study of slant
and semi-slant submanifolds in locally product Riemannian manifolds was conducted
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by Şahin [25] and Li and Liu [19], who delved into their intrinsic geometric properties.
This motivates us to study a more general problem of finding a characterization under
which a semi-slant submanifold of locally product manifold reduces to a trivial product
submanifold.
As B. Y. Chen demonstrated for warped product submanifolds of Kaehler manifolds, if
the canonical form ξ is parallel, then the CR-warped product reduces to a trivial product.
This naturally raises the question: in the context of semi-slant warped products within
locally product manifolds, what occurs if ξ is parallel. Will such a warped product persist
in its form, or will it degenerate into a trivial product? Motivated by this inquiry, the
present paper investigates semi-slant warped product submanifolds of locally product
Riemannian manifolds.
The structure of this paper is organized as follows. Section 2 presents the essential def-
initions and properties of locally product Riemannian manifolds relevant to this study.
In Section 3, we review several significant results that facilitate the proofs of our main
theorems, while also exploring the geometry of the leaves of the distributions and their
totally geodesic properties. In Section 4, we establish our primary findings, focusing on
the canonical structures ξ and η, which enable a semi-slant submanifold to be charac-
terized as a semi-slant warped product submanifold. Furthermore, we investigate the
conditions on the shape operator for semi-slant warped product submanifolds within
locally product Riemannian manifolds.

2. PRELIMINARIES

Let M̄ be an m-dimensional manifold with tensor of type (1, 1) such that

Ψ2 = I (Ψ ̸= 0). (2.1)

If we put P = 1
2 (I + Ψ), Q = 1

2 (I − Ψ), P2 = P, Q2 = Q, PQ = QP = 0, such that

g(ΨX̂, ΨŶ) = g(X̂, Ŷ). (2.2)

A Riemannian manifold M̄ is called locally product Riemannian manifold if

(∇ÛΨ)V̂ = 0, (2.3)

for any Û, V̂ ∈ TM̄ [31]. Let M be a submanifold of a locally product Riemannian man-
ifold M̄ with TM and TM⊥ as the tangent and normal bundles on M respectively. If
∇ and ∇⊥ are the induced Riemannian connections on TM and TM⊥ then Gauss and
Weingarton formulae are

∇̄ÛV̂ = ∇ÛV̂ + h(Û, V̂), (2.4)

∇̄Û N = −ANÛ +∇⊥
Û N, (2.5)

for any Û, V̂ ∈ TM and N ∈ T⊥M. AN and h respectively denote the shape operator
(corresponding to the normal vector field N) and the second fundamental form of the
immersion of M into M̄. The two are related as

g(ANÛ, V̂) = g(h(Û, V̂)), N), (2.6)

where g denotes the Riemannian metric on M̄ as well as the induced metric on M.
For any Û ∈ TM, we write

ξÛ = tan(ΨÛ) and ηÛ = nor(ΨÛ). (2.7)
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Similarly, for N ∈ TM⊥, we write

tN = tan(ΨN) and f N = nor(ΨN) (2.8)

where ′tan′ and ′nor′ are the natural projections associated with the direct decomposi-
tion:

Tx M̄ = Tx M ⊕ T⊥
x M, x ∈ M.

The tensor fields on the manifold M, defined by the endomorphism ξ and the normal-
valued 1-form η, are denoted by the same symbols, ξ and η, respectively. Likewise, the
tensor fields t and f represent tangential and normal-valued (1, 1)-tensor fields on the
normal bundle of M. The covariant derivatives of the tensor fields ξ, η, t, and f are
defined as follows:

(∇̄Ûξ)V̂ = ∇ÛξV̂ − ξ∇ÛV̂, (2.9)

(∇̄Ûη)V̂ = ∇⊥
ÛηV̂ − η∇ÛV̂. (2.10)

(∇̄Ût)N = ∇ÛtN − t∇⊥
Û N, (2.11)

(∇̄Û f )N = ∇⊥
Û f N − f∇⊥

Û N. (2.12)

For any Û, V̂ ∈ Γ(TM) and on using covariant derivative formula of ξ and η, we ob-
tained

(∇Ûξ)V̂ = th(Û, V̂) + AηV̂Û (2.13)

(∇Ûη)V̂ = f h(Û, V̂)− h(Û, ξV̂). (2.14)

For any x ∈ M and X̂ ∈ Tx M, angel θ(X̂) ∈ [0, π
2 ] between ΨX̂ and Tx M is well defined.

If θ(X̂) doses not defined on the choice of x ∈ M and X̂ ∈ Tx M, we say that M is
slant in M̄. The contact angel θ is called the slant angel of M in M̄. The anti-invariant
submanifold of locally product Riemannian manifold are slant submanifolds with slant
angel π

2 and invariant submanifolds are slant submanifolds with slant angel 0. If slant
angel θ ̸= 0, π

2 , the slant submanifold is called a proper slant submanifold of locally
product Riemannian manifold [19, 25]. Based on B. Şahin’s findings [25], it can be stated
that;

Theorem 2.1. Let M be a submanifold of locally product Riemannian manifold M̄. Then M is
slant if and only if there exists a constant λ ∈ [0, 1] such that

ξ2Û = λÛ,

for any Û ∈ Γ(Hθ).

Furthermore, in such a case, if θ is the slant angel of M, then it verifies that λ = cos2θ.
Thus one has the following consequence of the above formulae:

g(ξX̂, ξŶ) = cos2θg(X̂, Ŷ) (2.15)

g(ηX̂, ηŶ) = sin2θg(X̂, Ŷ). (2.16)
R. L. Bishop and B. O’Neill [5] introduced the concept of warped products (or, more
generally, warped bundles) to construct a diverse class of manifolds with negative sec-
tional curvature, generalizing the notion of the Riemannian product of two manifolds.
In the subsequent sections, we will examine the concept of warped product manifolds
and explore their intrinsic geometric properties.

105



Mohammad Shuaib and Sangeet Kumar

Let (M1, g1) and (M2, g2) be two Reimannian manifolds with Reimannian metric g1 and
g2 respectively and f be a positive differentiable function on M1. Then the warped prod-
uct M1 × f M2 is the manifold M1 × M2 endowed with the Reimannian metric g given
by

g = π∗(g1) + ( f oπ1)
2π∗

2(g2) (2.17)

where π = (1, 2) are the projection maps of M on to M1 and M2 respectively. Then the
function f , in this case known as the warping function. If the warping function is just a
constant, the warped product is simply a Reimannian product, known as trivial warped
product.
A warped product submanifold is defined as a warped product manifold that is isomet-
rically immersed in a Riemannian manifold. In their seminal work, R. L. Bishop and B.
O’Neill [5] derive several significant observations and formulas that elucidate key geo-
metric properties of warped product manifolds.

Theorem 2.2. [5] Let M = M1 × f M2 be a warped product manifold. If Û1, V̂1 ∈ TM1 and
Û2, V̂2 ∈ TM2 then

(i) ∇Û1
V̂1 ∈ TM1

(ii) ∇Û1
Û2 = ∇Û2

Û1 = Û1(ln f )Û2

(iii) nor(∇Û2
V̂2) = −g(Û2, V̂2)∇ln f ,

where nor(∇Û2
V̂2) denote the component of ∇Û2

V̂2 in TM1 and ∇ f is the gradient of f
defined as

g(∇ f , Û1) = Û1 f , (2.18)

for any Û1 ∈ TM1. A couple of significant consequences of the aforementioned theorem
can be articulated as follows::

Corollary 2.1. On a warped product manifold M = M1 × f M2;

(i) M1 is totally geodesic.
(ii) M2 is totally umbilical.

3. SEMI-SLANT SUBMANIFOLD OF ALMOST PRODUCT RIEMANNIAN MANIFOLD

In this section, we examine semi-slant submanifolds within the context of a locally prod-
uct Riemannian manifold. Specifically, we analyze the integrability of the distributions
and the totally geodesic nature of the leaves associated with the invariant and slant dis-
tributions defined in the context of semi-slant submanifolds. Furthermore, we explore
the conditions under which a semi-slant submanifold of a locally product Riemannian
manifold reduces to a warped product manifold. It is noted that slant and semi-slant sub-
manifolds in locally product Riemannian manifolds have been investigated by [25, 19].

Definition 3.1. [25] A semi-slant submanifold M of a locally product Riemannian manifold M̄
is a submanifold which admits two orthogonal complementary distribution H and Hθ such that

(i) TM = H⊕Hθ

(ii) H is invariant. i.e., ΨH = H
(iii) Hθ is slant with slant angel θ ̸= 0.
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The orthogonal complement of ηHθ in the normal bundle TM⊥, is an invariant subbun-
dle of TM⊥ and is denoted by µ. Thus we have

TM⊥ = ΨHθ ⊕ µ (3.1)

It is also observe that for any N ∈ TM⊥, tN ∈ Hθ . Consider the warped product
submanifold of the form Mθ × f MT, then from the formula of warped product , we have

∇Û1
Û2 = ∇Û2

Û1 = (Û1 ln f )Û2 (3.2)

for any Û1 ∈ Γ(TMθ), Û2 ∈ Γ(TMT). For any Û ∈ TM, we have

Û = BÛ + CÛ (3.3)

where BÛ ∈ Hθ , CÛ ∈ H.

Lemma 3.1. Let M be a semi-slant submanifold of a locally product Riemannian manifold M̄.
Then

AηÛ2
V̂2 = AηV̂2

Û2

for Û2, V̂2 ∈ Γ(Hθ).

Proof. For any Û2, V̂2 ∈ Γ(Hθ) and Û1 ∈ Γ(H), on using 2.6, we have

g(AηÛ2
V̂2, Û1) = g(h(Û1, V̂2), ηÛ2)

Again using equations 2.2, 2.5 and 2.6, we have the desired result.

AηÛ2
V̂2 = AηV̂2

Û2.

□

Now we discussed integrability of the invariant distribution H and slant distribution
Hθ . Firstly the integrability of invariant distribution H.

Theorem 3.1. Let M be a semi-slant submanifold of a locally product Riemannian manifold M̄.
Then the invariant distribution H is integrable if and only if

h(Û1, ξV̂1) = h(V̂1, ξÛ1)

for any Û1, V̂1 ∈ Γ(H).

Since M is a semi-slant submanifold of the almost product Riemannian manifold M̄, it
possesses two orthogonal complementary distributions invariant H and slant distribu-
tion Hθ . Now, we will explore the necessary and sufficient conditions for the integrabil-
ity of the slant distribution Hθ .

Theorem 3.2. Let M be a semi-slant submanifold of a locally product Riemannian manifold M̄.
Then the slant distribution Hθ is integrable if and only if

∇Û2
ξV̂2 −∇V̂2

ξÛ2 + AηV̂2
Û2 − AηÛ2

V̂2 ∈ Γ(Dθ)

for any Û2, V̂2 ∈ Γ(Hθ) and Û1 ∈ Γ(H).
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Proof. for any Û2, V̂2 ∈ Γ(Hθ) and Û1 ∈ Γ(H) and by using equation 2.7, 2.4 and 2.5, we
reached

g([Û2, V̂2], Û1) = g(∇Û2
ξV̂2 −∇V̂2

ξÛ2 + AηV̂2
Û2 − AηÛ2

V̂2, ξÛ1),

from which we can easily deduce that the slant distribution Dθ is integrable if and only
of

∇Û2
ξV̂2 −∇V̂2

ξÛ2 + AηV̂2
Û2 − AηÛ2

V̂2 ∈ Γ(Hθ).

□

This completes the proof of theorem.

Theorem 3.3. Let M be a proper semi-slant submanifold of a locally product Riemannian man-
ifold M̄ then the distribution Hθ is parallel if and only if

(∇Û1
ξ)V̂1 ∈ Γ(Hθ)

for any Û1, V̂1 ∈ Γ(Hθ).

Proof. Suppose that Hθ is parallel then by virtue of covariant derivative of ξ, i.e., from
equation 2.9, (∇Û1

ξ)V̂1 ∈ Γ(Hθ) for all Û1, V̂1 ∈ Γ(Hθ). Conversely suppose that
(∇Û1

ξ)V̂1 ∈ Γ(Hθ) for all Û1, V̂1 ∈ Γ(Hθ), then from equation 2.9, we have

g(∇Û1
ξV̂1 − ξ∇Û1

V̂1, Û2) = 0,

for any Û2 ∈ Γ(H). By interchanging V̂1 by ξV̂1 and Û2 by ξÛ2 with equation 2.15, we
have

− cos2 θg(∇Û1
V̂1, ξÛ2)− cos2 θg(∇Û1

ξV̂1, Û2) = 0.

Since V̂1 ∈ Γ(Hθ) and again replace V̂1 by ξV̂1, we yields that

g(∇Û1
V̂1, Û2) = 0.

From this, we deduce that Hθ is parallel, leading to our final result. □

We now investigate the geometry of the leaves of the slant distribution Hθ and identify
the necessary and sufficient conditions for the slant distribution to be totally geodesic.

Theorem 3.4. Let M be a proper semi-slant submanifold of a locally product Riemannian man-
ifold M̄, then the distribution Hθ is defines totally geodesic foliation on M if and only if

(∇ẐηξŴ −∇ẐtηŴ +∇Ẑ f ηŴ) ∈ Γ(Hθ) (3.4)

for any Û ∈ Γ(H) and Ẑ, Ŵ ∈ Γ(Hθ).

Proof. In the light of equations (2.2) and (2.7), we have

g(∇ẐŴ, Û) = g(∇ẐξŴ, ηÛ) + g(∇ẐηŴ, ηÛ),

for any Û ∈ Γ(H) and Ẑ, Ŵ ∈ Γ(Hθ). By using equations (2.2), (2.7), (2.8) with (i) part
of theorem 2.1, the above equation takes the form

sin2θ g(∇ẐŴ, Û) = g(∇ẐηξŴ, Û)− g(∇ẐtηŴ, Û) + g(∇Ẑ f ηŴ, Û).

This completes the proof of theorem. □
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4. SEMI-SLANT WARPED PRODUCT SUBMANIFOLD

Let M be a submanifold of a locally product Riemannian manifold M̄. In this section, we
analyze warped product semi-slant submanifolds of the form Mθ × f MT, where Mθ is a
proper slant submanifold and MT is an invariant submanifold of M̄.
From theorem 2.2, we have

∇Û1
Û2 = ∇Û2

Û1 = Û1(ln f )Û2 (4.1)

for any Û1 ∈ Γ(Hθ), Û2 ∈ Γ(H). We have now presented several key results that facili-
tate the derivation of our main result as follows:

Theorem 4.1. Let M = Mθ × f MT be a semi-slant warped submanifold of a locally prod-
uct Riemannian manifold where MT is invariant and Mθ is slant submanifold. Then for any
Û1, V̂1 ∈ Γ(TMθ) and Û2, V̂2 ∈ Γ(TMT), we have the following

(i) (∇Û1
ξ)Û2 = 0

(ii) (∇Û2
ξ)Û1 = ξÛ1(ln f )Û2 − Û1(ln f )ξÛ2

(iii) (∇Ûξ)Û1 = AηÛ1
BÛ + th(BÛ, Û1) + ξÛ1(ln f )CÛ − Û1(ln f )ξCÛ.

Proof. By using equations (2.9), (4.1), we directly have (i). For part (ii), we apply the
same equation as in part (i), yielding the result for part (ii). For part (iii), by utilizing
equation 2.9, we obtain

(∇Ûξ)Û1 = (∇BÛξ)Û1 + (∇CÛξ)Û1.

In the light of equation 2.13, we yields

(∇Ûξ)Û1 = th(BÛ, Û1) + ξÛ1(ln f )CÛ − Û1(ln f )ξCÛ + AηÛ1
BÛ.

This proves the theorem completely. □

This section aims to characterize a semi-slant submanifold in a locally product Riemann-
ian manifold that reduces to a warped product submanifold. There has been a long-
standing interest in finding an analogue of the classical De Rham theorem for warped
products. Hiepko [14] proved the following theorem, which we will employ to charac-
terize warped product submanifolds.

Theorem 4.2. [14] Let F be a vector sub bundle in the tangent bundle of a Riemannian manifold
M and let F⊥ be its normal bundle. Assume that the two distributions are both involutive and the
integral manifold of F (resp.F⊥) are extrinsic spheres (resp. totally geodesic). Then M is locally
isometric to a warped product M1 × f Mθ . Moreover, if M is simply connected and complete there
exists a global isometry of M with a warped product.

We are now positioned to derive our main result in terms of the covariant tensor ξ as
follows:

Theorem 4.3. A semi-slant submanifold of a locally product Riemannian manifold M̄ is locally
semi-slant warped product submanifold if and only if

(∇Ûξ)V̂ = ξBV̂(ln f )CÛ −BV̂(ln f )ξCÛ + AηCV̂CÛ

+ th(BÛ,BV̂) + th(CÛ, CV̂)
(4.2)

for any Û, V̂ ∈ Γ(TM).
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Proof. Let M = Mθ × f MT be a semi-slant warped product submanifold of a locally
product Riemannian manifold M̄. For any Û, V̂ ∈ Γ(TM), utilizing the decomposition
(3.3), we obtain that

(∇Ûξ)V̂ = (∇BÛξ)BV̂ + (∇BÛξ)CV̂ + (∇CÛξ)BV̂ + (∇CÛξ)CV̂. (4.3)

By applying equation (2.13) to the first and last terms on the right-hand side of equation
(4.3), we obtain that

(∇BÛξ)BV̂ = th(BÛ,BV̂) + AηBV̂BÛ and

(∇CÛξ)BV̂ = ξBV̂(ln f )C − BV̂(ln f )ξCÛ.
The second term of equation (4.3) becomes zero upon application of equation (2.9) and
Theorem 2.2. Furthermore, for the fourth term, by employing equation (2.9) and part (i)
of Theorem 2.2, we derive that

(∇CÛξ)CV̂ = th(CÛ, CV̂).

Building upon the aforementioned results, equation (4.3) can be formulated as follows:

(∇Ûξ)V̂ = ξBV̂(ln f )CÛ −BV̂(ln f )ξCÛ + AηBV̂BÛ

+ th(BÛ,BV̂) + th(CÛ, CV̂).

Conversely, assume that equation (4.3) holds. By considering Û1, V̂1 ∈ Γ(Hθ) in equation
(4.3), we obtain (∇Û1

ξ)V̂1 = th(BÛ1,BV̂1) + AηBV̂1
BÛ1. This implies that

g((∇Û1
ξ)V̂1, Û2) = g(h(BÛ1,BV̂1), ηÛ2) + g(h(BÛ1, Û1), ηBV̂1)

for all Û2 ∈ Γ(H). Considering Theorem 3.3, we deduce that Hθ is parallel. Conse-
quently, Hθ is integrable, and its leaves are totally geodesic in M. For Û1 ∈ Γ(TMθ) and
Û2 ∈ Γ(TMT), it follows directly from equation 4.3 and part (ii) of Theorem 2.2 that

(∇Û1
ξ)Û2 + (∇Û2

ξ)Û1 = ξBÛ1(ln f )CÛ2 −BÛ1(ln f )ξCÛ2. (4.4)

On the other hand, in the light of equation (2.13), we yields that

(∇Û1
ξ)Û2 + (∇Û2

ξ)Û1 = 2th(Û1, Û2) + AηÛ1
Û2. (4.5)

From equations 4.4 and 4.5, by taking the inner product with V̂2 ∈ Γ(H), we obtain that

ξBÛ1(ln f )g(CÛ2, V̂2)−BÛ1(ln f )g(ξCÛ2, V̂2)

= 2g(th(Û1, Û2), V̂2) + g(h(Û1, V̂2), ηÛ1).

Since Û2 ∈ Γ(Dθ) this implies that Û2 = CÛ2, we have

ξBÛ1(ln f )g(Û2, V̂2)−BÛ1(ln f )g(ξÛ2, V̂2)

= −2g(h(Û1, Û2)ηV̂1), V̂2 + g(h(Û1, V̂2), ηÛ1).

By interchanging Û2 and V̂2 and summing the resulting equations, we obtain that

2ξÛ1(ln f )g(Û2, V̂2) = −g(h(Û1, Û2), ηV̂2)− g(h(Û2, V̂2), ηÛ1).

By using Lemma 3.1, we have

ξÛ1(ln f )g(Û2, V̂2) = −g(h(Û2, V̂2), ηV̂2).
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Let h′ denote the second fundamental form of MT in M̄, and let ∇′ be the Riemannian
connection on MT. By applying the Gauss formula and the covariant derivative of Ψ, we
obtain that

h
′
(Û2, V̂2) = g(Û2, V̂2)∇µ.

This implies that MT is totally umbilical in M, with ∇µ representing the mean curvature
vector with respect to the immersion of MT in M. Furthermore, ∇µ is parallel, as V̂2µ = 0
for all V̂2 ∈ Γ(H). Consequently, the leaves of H are extrinsic spheres in M. Therefore,
by applying Theorem 4.2 of Hiepko, M = Mθ × f MT is a warped product submanifold
of a locally product Riemannian manifold M̄. □

A characterization of a semi-slant warped product submanifold in terms of the canonical
structure η is established in the following theorem.

Theorem 4.4. A semi-slant submanifold M of a locally product Riemannian manifold M̄ is
locally isometric to semi-slant warped product if and only if

(∇̄Ûη)V̂ = f h(CÛ, V̂)− h(CÛ, ξV̂)− (BÛµ)CV̂, (4.6)

fora any Û, V̂ ∈ TM where µ is a C∞-function on M such that Ẑµ = 0 for any Ẑ ∈ H.

Proof. Let M = Mθ × f MT be a semi-slant warped product submanifold of M̄. Then, by
applying equation (2.14), we deduce that

(∇Ûη)CV̂ = f h(Û, V̂)− h(Û, ξV̂). (4.7)

By employing equation 2.10 in conjunction with part (ii) of Theorem 2.2, we obtain that

(∇BÛη)CV̂ = −BÛ(ln f )CV̂. (4.8)

In the light of equation (3.3), (∇̄Ûη)V̂ can be expressed as

(∇̄Ûη)V̂ = (∇̄BÛη)BV̂ + (∇̄BÛη)CV̂ + (∇̄CÛη)V̂. (4.9)

The first term on the right-hand side of the aforementioned equation vanishes since MT

is totally geodesic in M. Furthermore, by applying equations (4.7), (4.8), Theorem 2.2,
and equation (2.14) to equation (4.9), we obtain that

(∇̄Ûη)V̂ = f h(CÛ, V̂)− h(CÛ, ξV̂)− (BÛ ln f )CV̂. (4.10)

Conversely, assume that equation (4.6) holds on a semi-slant submanifold of a locally
product Riemannian manifold M̄. Then, for any Û1, V̂1 ∈ Γ(Hθ), equation (2.10) yields
(∇̄Û1

η)V̂1 = 0, which, upon applying equation (2.10), implies that ∇Û1
V̂1 ∈ Γ(Hθ).

This demonstrates that Hθ is involutive on M, and its leaves are totally geodesic in M.
Furthermore, for Û2 ∈ Γ(Hθ) and Û1 ∈ Γ(H), by equation (4.6), we obtain that

(∇̄Û1
η)Û2 = −(BÛ1µ)CÛ2.

By taking the inner product with V̂2 ∈ Γ(H) on both sides of the aforementioned equa-
tion, we obtain that

g(∇Û2
Û1, V̂2) = Û1(µ)g(CÛ2, V̂2).

If h′ denotes the second fundamental form of MT in M, then it follows from the preceding
result that

h
′
(Û2, V̂2) = g(Û2, V̂2)∇µ.
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It follows that MT is a totally umbilical submanifold of M with mean curvature vector
∇µ. Moreover, since ∇µ is parallel (as Û2µ = 0 for all Û2 ∈ H), the leaves of H are
extrinsic spheres in M. Consequently, by Theorem [4.2], M is locally isometric to a semi-
slant warped product submanifold of the form M = Mθ × f MT. □

Building on the relationship between the shape operator A and the second fundamental
form h, together with our earlier analysis of the necessary and sufficient conditions in-
volving the tensors ξ and η, we observe that a semi-slant submanifold of a locally prod-
uct Riemannian manifold may reduce to a semi-slant warped product. It is therefore
natural to investigate the condition, expressed in terms of the shape operator A, under
which a semi-slant submanifold of a locally product Riemannian manifold becomes a
semi-slant warped product. The following result establishes that this condition is both
necessary and sufficient.

Theorem 4.5. A semi-slant submanifold M of a locally product Riemannian manifold M̄ is
locally isometric to a semi-slant warped product M = MT × f Mθ if and only if

AηẐX̂ = (ξZ ln f )X, (4.11)

and ((∇̄Ẑξ)Ŵ, X̂) = 0 where α is a C∞- function on M such that Ẑα = 0 for any X̂ ∈ Γ(H)

and Ẑ, Ŵ ∈ Γ(Hθ).

Let M be a semi-slant warped product submanifold of a locally product Riemannian
manifold M̄. Then Mθ is totally geodesic in M, (∇Ẑξ)Ŵ ∈ Γ(Hθ), for Ẑ, Ŵ ∈ Γ(Hθ),
then we have

g((∇Ẑξ)Ŵ, X̂) = −g(h(Ẑ, Ŵ), ηX̂) = 0.

Now, (∇Ẑξ)Ŵ ∈ Γ(Hθ), we have g(h(Ẑ, Ŵ), ηX̂) = 0 for X̂, Ŷ ∈ Γ(H) and Ẑ ∈ Γ(Hθ).

Proof. of Theorem 4.5. Let M = Mθ × f MT be a semi-slant warped product submanifold
of a locally product Riemannian manifold M̄. According to part (i) of Corollary 2.1, Mθ

is totally geodesic. Furthermore, from formula (2.13), we obtain

(∇X̂ξ)Ẑ + (∇Ẑξ)X̂ = 2th(X̂, Ẑ) + AηẐX̂. (4.12)

Based on part (ii) of Theorem 2.2 in conjunction with equation (2.9), we have

(∇X̂ξ)Ẑ = (ξBẐ ln f )CX̂ − (BẐ ln f )ξCX̂, and (∇Ẑξ)X̂ = 0. (4.13)

In the light of equations (4.12) and (4.13), we get

(ξBẐ ln f )CX̂ − (BẐ ln f )ξCX̂ = 2th(X̂, Ẑ) + AηẐX̂. (4.14)

Taking the inner product in equation (4.14) with Ŷ ∈ H, we obtain

g(h(X̂, Ŷ), ηẐ)) = (ξBẐ ln f )g(CX̂, Ŷ)− (BẐ ln f )g(ξCX̂, Ŷ),

By using the fact CX̂ = X̂,BẐ = Ẑ and interchanging the roles of X̂ and Ŷ, we can write

g(h(X̂, Ŷ), ηẐ)) = (ξẐ ln f )g(CX̂, Ŷ)− (BẐ ln f )g(ξŶ, X̂),

The aforementioned equation can also be expressed as:

AηẐX̂ = (ξẐ ln f )X̂,

□
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from which we derive equation (4.11).
Conversely, suppose that M is a semi-slant submanifold of a locally product Riemannian
manifold such that (∇Ẑξ)Ŵ ∈ Γ(Hθ) for all Ẑ, Ŵ ∈ Γ(Hθ), equipped with a C∞-function
α on M satisfying X̂α = 0 for every X̂ ∈ H, and that equations (4.11) hold.
Since (∇Ẑξ)Ŵ ∈ Γ(Hθ) for all Ẑ, Ŵ ∈ Γ(Hθ), it follows from Theorem 3.3 that Hθ

is parallel. Consequently, Hθ is involutive and defines a totally geodesic foliation on
M. Moreover, by assumption, the slant distribution Hθ is involutive, and its leaves are
totally geodesic on M.
Now, Let MT be a leaf of H and h0 be the second fundamental form of MT into M. Then
for any X̂, Ŷ ∈ Γ(H) and Ẑ ∈ Hθ with using equations (2.4), (2.5) and (2.7), we have

g(h0(X̂, Ŷ), JẐ) = g(∇X̂ξŶ, Ẑ) + g(AηẐX̂, Ŷ).

By interchanging the roles of X̂ and Ŷ, the aforementioned equation can be expressed as:

2g(h0(X̂, Ŷ), JẐ) = g(∇X̂ξŶ +∇ŶξX̂, Ẑ) + g(AηẐX̂, Ŷ) + g(AηẐŶ, X̂).

Upon simplification using equations (4.11) and assumption of theorem, we deduce that

g(h0(X̂, Ŷ)) = g(X̂, Ŷ)g(∇µ, JẐ),

from which we finally obtain

h0(X̂, Ŷ) = g(X̂, Ŷ)∇µ

for all X̂, Ŷ ∈ Γ(H) and Ẑ ∈ Hθ . This implies that MT is totally umbilical in M with
mean curvature vector ∇µ. Furthermore, ∇µ is parallel since X̂µ = 0 for all X̂ ∈ H.
Consequently, the leaves of H are extrinsic spheres in M. Therefore, by virtue of Theorem
4.2, M is locally isometric to a semi-slant warped product submanifold M = Mθ × f MT.
This completes the proof of the theorem.
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