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ANGLE ADDITION, THE EXTERIOR ANGLE THEOREM, AND THE
EQUIVALENCE OF PLAYFAIR’S POSTULATE WITH THE EUCLIDEAN
PARALLEL POSTULATE

JOHN DONNELLY

ABSTRACT. We answer a question of Brown, Castner, Davis, O’Shea, Seryozhenkov, and
Vargas. In particular we prove that in a non-SAS geometry, if we assume Angle Addi-
tion (and to a limited amount, the Exterior Angle Theorem), then the classical Euclidean
Parallel Postulate is equivalent to Playfair’s Postulate. We prove that if we assume the
classical Euclidean Parallel Postulate and Angle Addition, then we can prove the Exterior
Angle Theorem as a consequence (without the use of Side-Angle-Side). We construct a
model which satisfies Angle Addition, Playfair’s Postulate, as well as all the axioms of
absolute geometry (with the exception of SAS), but which does not satisfy either of the
classical Euclidean Parallel Postulate or the Exterior Angle Theorem.

1. INTRODUCTION

In [1], Brown, Castner, Davis, O’Shea, Seryozhenkov, and Vargas construct a model of
non-SAS geometry in which Playfair’s Postulate holds, but in which the classical Eu-
clidean Parallel Postulate fails. This model shows that without Side-Angle-Side, the
equivalence between the classical Euclidean Parallel Postulate and Playfair’s Postulate
does not hold. They then ask for statements other than Side-Angle-Side which are strong
enough (together with the other axioms of plane geometry) to ensure the equivalence of
the classical Euclidean Parallel Property and Playfair’s Postulate (as well as other tra-
ditionally equivalent statements). In particular, they ask if Side-Angle-Side is replaced
with Angle-Addition, then can one prove the equivalence of the classical Euclidean Par-
allel Property and Playfair’s Postulate. In this paper, we show that if we assume Angle-
Addition and the classical Euclidean Parallel Property, then we can prove Playfair’s Pos-
tulate. When showing this, we first prove that the Exterior Angle Theorem holds, and
then use this fact to prove Playfair’s Postulate.

We then show that if we assume Angle-Addition, Playfair’s Postulate, and the Exterior
Angle Theorem, then we can prove the classical Euclidean Parallel Property. We con-
struct a model, which satisfies Angle Addition, Playfair’s Postulate, as well as all the ax-
ioms of absolute geometry (with the exception of SAS), but which does not satisfy either
of the classical Euclidean Parallel Postulate or the Exterior Angle Theorem. This model
shows that even when assuming Angle-Addition and Playfair’s Postulate in addition to
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the other axioms, we cannot prove the Exterior Angle Theorem. This model also shows
that it is not enough to assume Angle-Addition and Playfair’s Postulate when trying
to prove the classical Euclidean Parallel Postulate, we also need to assume the Exterior
Angle Theorem as well.

2. THE AXIOMS

In this section we state the axioms of absolute geometry as given in [5], with the excep-
tion of Side-Angle-Side. We note that as in [5], betweenness and congruence for segments
and angles are taken here to be undefined notions.

The Incidence Axioms:

(I1) Given any two distinct points A and B, then there exists a unique line / containing
A and B.

(I2) Every line contains at least two distinct points.

(I3) There exist three distinct noncollinear points.

The Betweenness Axioms:

(B1) If B is between A and C, (written A — B — C), then A, B, and C are three distinct
collinear points, and also C — B — A.

(B2) Given any two distinct points A and B, then there exists a point C such that A —
B—C.

(B3) Given three distinct points on a line, then one and only one of them is between the
other two.

(B4) (PASCH) Let A, B, and C be three distinct noncollinear points, and let / be a line not
containing any of A, B, or C. If  contains a point D such that A — D — B, then [ also
contains a point lying between A and C or else a point lying between B and C, but
not both.

It is shown in [5] that PASCH is equivalent to the Plane Separation Postulate:

Let P denote the set of all points. For each line /, there exist two nonempty convex sets
H, and H, such that

(1) 'P\l =H1UH,

(2)IfP € Hy, Q € Ho,and P # Q, then PQ NI # @.

The sets H1 and H; are called halfplanes (or sides) of I. If A, B € H; (i=1,2), then we say
that A and B are on the same side of |. If A € H; and B € H;, then we say that A and B are
on opposite sides of 1. Also, [ is called an edge of each of the halfplanes H; and H». It can
be proven that H; and H, are disjoint. When referring to the Plane Separation Postulate,
we will abbreviate it as PSP.

Given two distinct points A and B, then we define the line segment AB to be the set
consisting of A and B together with all points P such that A — P — B. Given two line
segments AB and CD, then we use the notation AB = CD to denote when AB and CD
are congruent to each other.

Given a segment AB, then we define the interior of AB to be the set of all points C such
that A — C — B. We denote the interior of AB by int(AB).

Given two distinct points A and B, then we define the ray AB to be the set consisting of A
and B, together with all points P such that exactly one of the following is true: A — P — B

or A — B — P. We refer to the point A as the vertex of ray z@ .
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Given three distinct noncollinear points A, V, and B, then we define ZAVB = \7>A U ﬁ
We call LAV B an angle with vertex V and sides 172 and ﬁ We note that since A, V,
and B are not collinear, then we do not consider ”zero angles” or “straight angles” in this
paper. Given two angles ZABC and ZDEF, then we use the notation ZABC = ZDEF to
denote when ZABC and ZDEF are congruent to each other.

Given an angle ZABC, then we define the interior of ZABC to be the intersection of the
halfplane of line AB containing C together with the halfplane of line ac containing B.
We denote the interior of ZABC by int(£LABC). If G € int(£LABC), then we say that ray
B% is in the interior of ZABC. (We note that this is a slight abuse of terminology since
the vertex point B is not in the interior of ZABC, but that all other points on ray BC are
in the interior of ZABC). -
Given three noncollinear points A, B, and C, then we define AABC = AB U BC U CA.
We call AABC the triangle with vertices A, B, and C.

We next state the congruence axioms.

The Congruence Axioms:

(C1) Given a line segment AB, and given a ray r originating at a point C, then there
exists a unique point D on the ray r such that AB = CD.

(C2) If AB = CD and AB 2 EF , then CD 2 EF. Every line segment is congruent to
itself.

(C3) (Addition of Segments) Given three points A, B, and C satisfying A — B — C, and
three other points D, E, and F satisfying D — E — F, if AB = DE and BC = EF, then
AC = DF.

(C4) Given an angle ZBAC and given a ray ﬁ, then there exists a unique ray DE ona
given side of line DE such that ZBAC = ZEDF.

(C5) Given any three angles «, 8, and v, if « = B and & = 7, then B = <. Every angle is
congruent to itself.

We do not include the sixth congruence axiom Side-Angle-Side given in [5] in our list of
axioms. Instead we will assume the following new axiom below.

New Axiom:
(N1) (Addition of Angles) Assume that ZBAC is an angle and that ray AD is in the
interior of angle ZBAC. Suppose that /D’A'C' = /DAC, /B’A’D' = /BAD, and
— S s
that rays A’B" and A’C’ are on opposite sides of line A’D’. Then rays A’B" and A’C’
form an angle /B’ A’C’ such that Z/B'A'C" = ZBAC and such that ray A’D’ is in
the interior of ZB'A'C’.
As a consequence of axiom (C4) and Angle Addition, we have that the following is true:

—
Given angles Z/BAC and Z/B'A’C/, if ray AD is in the interior of angle Z/BAC, ray A'D’ is
in the interior of /B'A'C', /D'A'C' &2 /DAC, and /B'A'D’' = /BAD, then /B'A'C' =
/BAC.

Let I be a line, and let A, B, C, and D be distinct points on [ such that A — B — C — D. Let

‘H denote a halfplane of [, and let P and Q be points in H. Let ray ct be the unique ray
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in H such that ZDBP = ZDCT. We say that angles ZCBP and ZBCQ are less than two
right angles if Q € int(£BCT).
We now state the classical version of the Euclidean Parallel Postulate.

The Euclidean Parallel Postulate:

That, if a straight line falling on two straight lines make the interior angles on the same
side less than two right angles, the two straight lines, if produced indefinitely, meet on
that side on which are the angles less than the two right angles.

When referring to the classical Euclidean Parallel Postulate, we will abbreviate it as EPP.
More precisely, EPP states that if two distinct lines / and g are cut by a transversal t such
that two angles on the same side are less than two right angles, then the rays on that side
formed by the two lines will intersect.

We now state Playfair’s Postulate.

Playfair’s Postulate:
Given a line / and a point P not on I, then there exists a unique line g passing through P
such that g and / are parallel.

When referring to Playfair’s Postulate, we will abbreviate it as PF.

We note that Axioms (I1)-(I3), (B1)-(B4), (C1)-(C5), (N1), EPP, PF and the Exterior Angle
Theorem all hold in Taxicab Geometry, but that SAS does not hold in Taxicab Geometry.
Thus, when assuming any of the above, we are not tacitly assuming SAS.

The following lemma is proven in [4]. The proof does not require the use of Side-Angle-
Side, but only depends on Axioms Axioms (I1)-(I3), (B1)-(B4), (C1)-(C5), and (N1).

Lemma 2.1. (Supplements of Congruent Angles) Given angle ZABC, let point P be such that
P — B —C, so that ZABC and £ABP are supplementary angles. Similarly, given angle ZDEF,
let point Q be such that Q — E — F, so that ZDEF and ZDEQ are supplementary angles. If
ZABC = ZDEF, then ZABP = ZDEQ. That is, supplementary angles of congruent angles
are congruent.

An immediate consequence of Lemma 2.1 is that vertical angles are congruent.

3. EPP IMPLIES PF

In this section, we show that if we assume Axioms (I1)-(I3), (B1)-(B4), (C1)-(C5), (N1),
and also assume EPP, then we can prove that PF holds.
Given angles ZABC and ZDEF, we say that angle ZDEF is less than ZABC if there

exists a ray B% in the interior of ZABC such that ZABG = ZDEF. We denote this by
/ZDEF < ZABC. Equivalently, we say that ZABC is larger than ZDEF, and denote this
by ZABC > ZDEF.

The following is proven in [4].

Lemma 3.1. Let angles ZABC and ZDEF be such that ZDEF < ZABC. Then there exists a
unique point K € int(AC) such that ZABK = /DEF.

Theorem 3.1. (The Exterior Angle Theorem) Assume that Axioms (I1)-(13), (B1)-(B4), (C1)-
(C5), and (N1) all hold. Also, assume that EPP holds. Then an exterior angle of a triangle is
larger than either of its remote interior angles.
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Proof. Let AABC and point D be such that A — C — D. Suppose that /ZBAC > ZBCD. If
ZBAC = /BCD, thenlet T = B. If ZBAC > ZBCD, then let T be the unique point such
that B— T — C and ZTAC = ZBCD. In either case, we have triangle ATAC such that
/TAC = /TCD.

Let F be a point on line ﬁ such that T — A — F. Let Q be a point on ray C? such that
C —T — Q. Let K be a point on line Q<—/>l such that Q — A — K. Finally, let H be a point
on line &% such that Q — C — H. Since ZTAC = ZTCD, and since supplements of
congruent angles are congruent, then it follows that ZFAC = ZQCA. Since ZQCD and
ZACH are vertical angles, then ZQCD = ZACH.

Since Q — A —Kand T — A — F, then it follows that K € int(£ZDAF). Thus, angles ZCAK
ﬂ:l ZACH are less than two right angles. Therefore, it follows by EPP that rays AK and
CH intersect at a point I such that I is on the same side of line jﬁ as the points F, K and
H. Since Q — C — H, then Q and H are on opposite sides of ac. Consequently, Q and
I are on opposite sides of jﬁ, which implies that Q # I. But this implies that distinct
lines Q<—/i and <Q? intersect at the two distinct points Q and I, a contradiction.

Hence, it must be the case that /ZBAC < ZBCD. We can now use a similar argument

together with the fact that vertical angles are congruent to show that ZABC < ZBCD.
O

Let z@, @, and ﬁ be three distinct lines such that A — F — B and C — G — D, with
A and C on the same side of ﬁ We call ﬁ a transversal of 1@ and C%, and we say
that lines AB and D are cut by the transversal FC. We call ZAFG and ZDGF alternate
interior angles. We say that two lines [ and g are parallel if they have no points in common.
We denote this by the standard notation [ || 4.

The following corollary follows immediately from Theorem 3.1.

Corollary 3.1. If two lines are cut by a transversal such that a pair of alternate interior angles
are congruent, then the two lines are parallel.

Theorem 3.2. Assume that Axioms (11)-(13), (B1)-(B4), (C1)-(C5), and (N1) all hold. Also,
assume that EPP holds. Then PF also holds.

Proof. Since Axioms (I1)-(I3), (B1)-(B4), (C1)-(C5), (N1), and EPP all hold, then it follows
by Theorem 3.1 that the Exterior Angle Theorem holds as well. Let P be a point and let /
be a line not passing through P. Let Q and K be two distinct points on . Since P is not

onl,then P # Qand P # K. Lett = %, and let D be a point on t such that Q — P — D.
Let A be a point on the same side of t as K such that ZAPD = ZKQP. It follows from

Corollary 3.1 that lines 1@ and zﬁj are parallel.

Assume that / is a line through P such that h # AD. Let I and ] be distinct points on h
such that I — P — J, and such that I, A and K are on the same side of ¢. Let B and C be
points such that K — Q — Cand A — P — B. Thus, ], B and C are on the same side of ¢.

If K and I are on the same side of j@, then it follows that ZKQP and ZIPQ are less than

two right angles. Therefore, by EPP, rays Q? and PI cross at a point X. In this case, !
and h cross at X.
If K and I are on opposite sides of jﬁ, then it follows by PSP that | and C are on the

same side of AP, Since supplements of congruent angles are congruent, then it follows
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that ZJPQ and ZCQP are less than two right angles. Thus, by EPP, rays @ and 17}
cross at a point Y. In this case,  and & cross at Y.

In either case, we see that lines I and & are not parallel. Hence, jﬁ is the unique line
through P which is parallel to /, and it follows that PF holds. g

4. PF IMPLIES EPP

In this section, we show that if we assume Axioms (I1)-(I3), (B1)-(B4), (C1)-(C5), (N1),
and also assume that the Exterior Angle Theorem and PF hold, then we can prove that
EPP holds.

Theorem 4.1. Assume that Axioms (I1)-(13), (B1)-(B4), (C1)-(C5), and (N1) all hold. Also
assume that the Exterior Angle Theorem and PF hold. Then EPP also holds.

Proof. Let A and B be two distinct points, and let | = jﬁ Let H and V be two distinct
points on the same side of / such that angles ZHAB and ZVBA are less than two right
angles. Let D, C, and E be suchthat D - A —-C — B — E.

Since ZHAB and ZVBA are less than two right angles, then it follows by Axiom (C4)
together with Angle Addition that there exists a unique ray BE on the same side of [ as
H such that Z/FBE = /ZHAB < ZVBE. In particular, % #* FB. It follows by the Exterior
Angle Theorem that lines lﬁ and ﬁ are %allel. Thus, it follows by PF that ﬁ is the

unique line through B which is parallel to . This implies that jﬁ—] and BV intersect at
a point J.
We need to show that ] is on the same side_o>f line ! as H and V, and consequently that ] is
the point of intersection of rays AH and BV. Let K and W be points such that H — A — K
and V — B — W. Since ﬁ and ﬁ are parallel, then | # B. Moreover, since ﬁ and ﬁ
are parallel, since V € int(£LABF), and since V — B — W, then it follows that W and K
are on opposite sides of line FB. More enerally, all the points on ray BW (other than the
vertex B) are on the opposite side of as, line fﬁ Thus, no point on ray BW is on line
. Therefore, since | is on both lines AH and ﬁ/, then it must be the case that | is on
rays AH and BV.

— —
Hence, rays AH and BV intersect, which implies that EPP holds. O

5. THE MODEL A

In this section, we construct a non-continuous model A which satisfies Axioms (I11)-(I3),
(B1)-(B4), (C1)-(C5), and (N1), as well as PF, but which does not satisfy either of EPP or
the Exterior Angle Theorem. The model A is similar to the model A defined in [4], with
the exception of one modification.

The set of points in the model A is the set Q x Q of points in R? both of whose coor-
dinates are rational numbers. Since Q? is countably infinite, then we can enumerate the
points Py, P, ..., Pj,...in Q2. To define lines in the models A, we let £ be the set of all
lines in R? whose equations are y = mx + b or x = k, where m, b, k € Q. We define a line
in A to be the intersection of a line I € £ with Q x Q. We will define distance and angle
measure in the model A in a non-continuous way, and then use this distance and angle
measure to determine when two segments or two angles are congruent. Since there is
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an enumeration on the points Py, P, . . ., Pj,...in Q?, then when defining angle measure
below, we treat the points in Q? as a sequence (P, ). We denote the distance in A between
two points P and Q by #(P, Q). We denote the angle measure in A of an angle ZABC by
mZ/ABC.

We define distance in A using the taxicab metric . More specifically, given two points
Py = (x1,y1) and P, = (x2,12), then we define t(Py, P,) = |x2 — x1| + |y2 — y1]|. Since
x1,%2,Y1,Y2 € Q, then t(P;, P») € Q as well.

It is proven in [2] and [3] that Axioms (I1)-(I3), (B1)-(B4), and (C1)-(C3) all hold in the
model A. It follows from the definition of points and lines in A that PF holds.

We next define angle measure in A. Given a point P; = (a,b), where a,b € Q, let E;=
(a+1,b), Wi=(a—1,b), N;=(a,b+1),and S; = (a,b — 1). If we are given a point P; =
(a,b) in A, where a,b € Q, then the lines x = 4 and y = b divide up the model A into
four “quadrants” similar to the way that the x-axis and y-axis divide up the xy-plane into
four quadrants. We will use a variation of this terminology when defining and altering
angle measure to construct the model A. We refer to the set {(x,y) € A | x >aandy >
b} as Pj-quadrant I. We refer to the set {(x,y) € A | x <aand y > b} as Pj-quadrant I1.
We refer to the set {(x,y) € A | x <aandy < b} as P-quadrant 1. Finally, we refer to
theset {(x,y) € A |x >aandy < b} as Pj-quadrant IV.

Given a point P; € Q?, we define mZE;jPiN; = mZE;P;S; = m/W;P;N; = m/ZW;P;S; =
T

2

Let (D;,) denote the subsequence of (P,) consisting of points that are in Pj-quadrant I.
e A

Given a ray P;Dy, in Pj-quadrant I, we let Dy, denote the point on P;D;, which comes

before all other points on P;D,, with respect to the enumeration of (P,). We note that
— N
P;Dy, = P;Dy. Let Ty, be a point in Q* such that T, — Pj — Dy,. Thus, T, is on the opposite

ray of P]-Dm, and Ty, is in Pi-quadrant I11. We note that every point P; in P;-quadrant 1]
is in the form T}, for some point D,, in P]--quadrant I.

Let K; denote the first point in (D,,), and let K, denote the first point from (D,,) which
is in the interior of angle ZK;P;N;. We define m/E;P;K; = m/K1PiK; = mZK;P;N; =

%szijN]- — (;) (5):

Let K3 denote the first point in (D,,) in the interior of angle ZE;P;Ky, and let K4 denote the

first point from (D,,) which is in the interior of angle ZK3PiKy. We define mZ/E;P;Ks =
1 1 1 T

mZKPKy = mLKaPiKa = smZE;PKy = smZEPN) = <9) ()

Continuing on with this process, let K5 denote the first point in (D,,) in the interior

of angle ZE;P;K3, and let K¢ denote the first point from (D) which is in the interior
1
of angle ZK5P]'K3. We define mZE]P]K5 = WLZK5P]‘K6 = méKéijl = ngE]‘PjKl =

We continue this process indefinitely. In particular, we continue with this process for
every ray in Pi-quadrant I and for all sub-angles of ZE;P;N;. In this way, we construct
infinitely many nested sequences of sub-angles. Each sub-angle in a sequence has as its
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1
angle measure exactly 3 the angle measure of the angle before it in the nested sequence.
Thus, starting with the initial angle measure mZE;P;N; = g (and thinking of ZE;P;N; as

being the first angle in a sequence), then the angle measure of the m'™ angle in a nested
1 1 T
S TMZEPN; = <3ml (5)-
Let Py, and P, be two points in P-quadrant I such that P;, P,;,, and Py, are not collinear.
To compute the measure of angle ZPy, P;P,,, we first use the method just described to
compute the measure of all the angles in the form ZK;P;K; for all points K; , K, ..., K;

sequence is

Iy
which come before and include both P,, and P,, in (P,). We then compute the measure
of angle /P, P;P,, using angle addition, adding up the measures of those sub-angles of
£ Py, PiP,, whose measures have already been computed. Since there are only a finite
number of points in (P,) that come before P,, and Py, in (P,), then this is a finite process
and is well-defined.

Let Ty, and T, be two points in Pj-quadrant III such that P;, Ty, and T, are not
collinear. It follows by definition of T, and T, that P;, Dml, and D,,, are also not
collinear. We define mZ£ Ty, P;Ty,, = mZDy, PiDy,. Since every point P; in Pi-quadrant
II1 is in the form T,, for some point D,, in Pj-quadrant I, and since for every ray the
point D,, is unique, then m/T,,, DTy, is well defined. We define angle measure using a
similar method for Pj-quadrant I] and Pj-quadrant V.

Given two points P, and P, such that the three points P,, P, and P; are distinct and non-
collinear, then we define m/P,P;P, using the above method together with Axiom (N1)
(i-e. angle addition) if P, and P, are in different Pj-quadrants.

We define two angles in A to be congruent if they have the same angle measure.

With these definitions, we see that angle addition holds in A. We leave it to the reader
to check that Axioms (C4) and (C5) hold in A. Moreover, Side-Angle-Side does not hold
in A, and A is not a continuous model.

With these above definitions, we make the following specific definition to the points
Py, P, Ps.

We specifically define P;=(0,0), P,=(2,0), and P3=(1,0).

We define the ray 71 to consist of all pomts in Q? on the line y = x whose y—coordinates
are non-negative. We define the ray 73 to consist of all points in Q? on the liney = x — 2
whose y—coordinates are non-negative. We define the ray 73 to consist of all points in
Q? on the line y = x — 1 whose y—coordinates are non-negative. We define the ray 24
to consist of all points in Q? on the line y = 2(x — 1) whose y—coordinates are non-
negative. We define the ray 72 to consist of all points in Q? on the line y = 4(x — 1)
whose y—coordinates are non-negative. Note that P1 is the vertex of r_f, P, is the vertex
of 72 , and Pj is the vertex of all three of r3 , r_4>, and r5

We define the angle between the positive x—axis and each of the rays rl , r_2>, and r5 to

be (1) (%). We then define the angle between the positive x—axis and the ray r4 to be

(3) (%). Finally, we define the angle between the positive x—axis and the ray 73 to be

1 T
(27) (3)-
Angle measure for the remaining angles in A are defined as stated above.
We see that the rays r_f and 1’_4> intersect at the point Q= (2,2). However, this gives us
AP P3Q with exterior angle ZQP;P, which is smaller than its remote interior angle
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ZQP;P;. Moreover, the interior angles formed by the x—axis and rays 73 and 73 are
less than two right angles. However, rays 73 and 73 do not intersect. Thus, we have that
neither EPP nor the Exterior Angle Theorem hold in A.

REFERENCES

[1] Brown, E., Castner, E., Davis, S., O’Shea, E., Seryozhenkov, E., Vargas, A.]. On the equivalence of Playfair’s
axiom to the parallel postulate. Journal of Geometry, Volume 110, Issue 2, article number 42, (2019)

[2] Donnelly, J. A Model of Nowhere Geodesic Plane Geometry in which the Triangle Inequality Fails Everywhere.
Forum Geometricorum, Volume 18 (2018) : 275-296

[3] Donnelly, J. The Non-Redundancy of Side-Angle-Side as an Axiom of the Non-Continuous Non-Euclidean
Plane. International Journal of Geometry, Volume 8, Number 2, (2019) : 70-83

[4] Donnelly, J. Side-Angle-Side, Side-Angle-Angle, and the Non-Continuous Absolute Plane. Geometry, Volume
2(4), article 19, (2025), https:/ /doi.org/10.3390/ geometry2040019

[5] Hartshorne, R. Geometry: Euclid and Beyond. Springer-Verlag, New York, (2000)

DEPARTMENT OF MATHEMATICAL SCIENCES
UNIVERSITY OF SOUTHERN INDIANA
EVANSVILLE, INDIANA 47712.

Email address: jrdonnelly@usi.edu

137



