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ABSTRACT. In this paper, we introduce the notion of structure equations on lightlike
hypersurfaces and we give a characterization of lightlike hypersurfaces in the Lorentz-
Minkowski space ]R‘l1 satisfies the equation AH = AH, where H and A are the mean
curvature of M and Laplace operator respectivelly.

1. INTRODUCTION

Theory of hypersurfaces is one of the fundamental theories of submanifolds. In semi-
Riemannian manifold, there are three types of hypersurfaces : Riemannian; semi-Riemannian
and lightlike. The geometry of lightlike hypersurfaces is different and rather difficult
since its normal vector bundle intersects with the tangent bundle. Duggal and Be-
jancu [7] published in 1996 a book on general theory of lightlike submanifolds of semi-
Riemannian manifolds. They introduced a non-degenerate screen distribution to con-
struct a lightlike transversal vector bundle which is non-intersecting to its lightlike tan-
gent bundle. We know that the shape operator plays a key role in the study geometry of
submanifolds. In this paper, we will study a class of lightlike hypersurfaces of a Lorentz-
Minkowski space R, whose shape operators are conformal to shape operators of their
corresponding screen distributions.

The main purpose of this paper is to introduce the structure equations and give a charac-
terization of lightlike hypersurfaces satisfying the equation AH = AH. In section 2, we
give useful preliminaries for study the geometry of lightlike hypersurfaces. In section
3, we will give the structure equations on the lightlike hypersurfaces of the Lorentz-
Minkowski space Rf.

Let x : M — RR{ be an isometric immersion of a lightlike hypersurface into the Lorentz-
Minkowski space R}. Denoted by H and A the mean curvature of M and Laplace opera-
tor respectivelly. The equation AH = AH, for some real constant A, is a natural gen-
eralization of the biharmonique equation AH = 0. In the case of a non-degenerate
hypersurface, Ferrandez and Lucas originate in [8] the study of hypersurfaces in R}
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satisfying AH = AH, where they proved that the hypersurfaces in R} have constant
mean curvature and classified such hypersurfaces. Moreover, A.Arvanitoyeorgos and
G.Kaimakamis made a conjecture in [1] saying that any hypersurface satisfying AH =
AH in pseudo-Euclidean space E"*! has constant mean curvature, A.Arvanitoyeorgos
and Al proved in [2] that this conjecture is true for hypersurfaces M of E} whose shape
operator is diagonalizable. As a matter of course, it is interesting to study this conjecture
for the lightlike hypersurfaces of R}. In this paper, we will give some conditions on the
screen distribution for which the lightlike hypersurface satisfy the equation AH = AH
and has constant mean curvature in section 4. Finally, we take the lightlike cone of
IR} as an application example of a lightlike hypersurface of IR} satisfying the equation
AH = AH in section 5.

2. PRELIMINARIES ON LIGHTLIKE HYPERSURFACES

2.1. Geometry of lightlike hypersurface. Let M be a hypersurface of a (1 +2) —dimensional
semi-Riemannian manifold (M, g). Denote by ¢ the tensor field induced by ¢ on M. We
say that M is a lightlike hypersurface if rank(g) = m.Thus the normal vector bundle

TM* intersects the tangent bundle along a nonzero distribution which called the radical
distribution of M and denoted by Rad(TM) where

Rad(TM) : p — Rad(T,M) = T,M N T,M". 2.1)

A non-degenerate vector bundle complementary to TM~ on M is called a screen distri-
bution denoted by S(TM). A lightlike hypersurface endowed with a screen distribution
is denoted by the triple (M, g, S(TM)).

The following result has an important role in the study of the geometry of the lightlike
hypersurfaces.

Theorem 2.1. ([7]) Let (M, g, S(TM)) be a lightlike hypersurface of (M, §).Then there exists a
unique vector bundle tr(TM) of rank1 over M, such that for any non zero section & of TM~* on
a coordinate neighborhood U C M, there exists a unique section N of tr(TM) on U satisfying

g(N,&) =1and g(N,N) = 3(N,W) =0, YW € T(S(TM)). (2.2)
By this theorem we may write the following decomposition
TMy = S(TM) L (TM* & tr(TM)) = TM & tr(TM), (2.3)

where | denotes an orthogonal direct sum and @ a direct sum.

Let (M, g, S(TM)) be a lightlike hypersurface of a semi—Riemannian manifold (M, g),
V be the Levi—Civita connexion of M and V the induced connexion on (M, g). Gauss
and Weigarten formulas provide the following relations ( for details see [7])

VxY = VxY +h(X,Y), (2.4)

VxV = —AvX+ V4V, (2.5)
forall X,Y € I'(TM) and V € tr(TM), where VxY and Ay X belong to I'(TM) while &
is a I'(tr(TM))—valued symmetric C*(M)—bilinear form on I'(TM) and V' is a linear
connection on tr(TM) which is a torsion-free.

Difine a C*(M)—Dbilinear form B and a 1—form 7 on the coordinate neighborhood U C
M by
B(X/ Y) = g_(h(X/ Y)/ é)/ (2.6)
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©(X) = g(VkN,Q), 27)

forall X,Y € ['(TMy,). Thus, equations (2.4) and (2.5) become on U
VxY = VxY + B(X, Y)N, 2.8)
VxV = —AyX + 7(X)N, (2.9)

respectively. B is called the local second fundamental form and does not depend on the
choice of the screen distribution, and satisfies

B(X,8) =0, (2.10)
for all X € T'(TMyy). Let P be the projection morphism of TM to S(TM) with respect to
the decomposition (2.3). Then

VxPY = VxPY + h(X, PY), @.11)

VxU = —AyX + VixU, (2.12)

where VxPY and ;luX belong toT'(S(TM)), V and V' are linear connections on I'(S(TM))
and T'(TM™) respectively, & is a C®(M)—bilinear form on I'(TM) x ['(S(TM)), Ay is a

I'(S(TM))—valued C*(M)—linear operator on I'(S(TM)). h and Ay; are the second fun-
damental form and the shape operator of the screen distribution S(TM) respectively. On
U difine the following relations

*

C(X, PY) = g(h(X,PY),N), (2.13)
e(X) = Z(V'xE,N). (214)
It is easy to show that €(X) = —7(X). Thus, equations (2.11) et (2.12) become
VxPY = VxPY + C(X, PY)Z, (2.15)
Vxll = —A:X — T(X)E, (2.16)

*
respectively. The linear connection V is a metric connection on I'(S(TM)).

In general, the induced connection V on M is not metric and we have

(Vxg)(Y,Z) = B(X,Y)(Z) + B(X, Z)(Z), (2.17)
forall X,Y € T'(TMy,), where
7(X) = g(X,N), forallX € T(TMy,). (2.18)
It is easy to verify that for all X, Y € T(TMy)
B(X,Y) = g(A:X,Y), 3(ANX,N) =0, (2.19)
C(X, PY) = g(AnX,Y), A& =0, (2.20)

Let R et R the curvature tensor associated with V et V. Then we have the following
relations [7]
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F(R(X,Y)E,N) = C(Y, A:X) — C(X, AgY) — 2d1(X, Y). (2.22)

Next, we give some characteristics of the lightlike hypersurfaces.

2.2. Quasi-conformal screen Lightlike hypersurfaces.
Definition 2.1. ([10]) A lightlike hypersurface (M, g, S(TM)) of a semi—Riemannian manifold

is locally screen quasi-conformal if the shape operators Ay and Az of M and S(T M) respectively
satisfy
AN = (pAé + P, (2.23)

where ¢ and P are non-vanishing smooth function on a neighborhood U in M and P be the
natural projection morphism of TM to S(TM). If the above property holds everywhere on M, we
say that (M, g, S(TM)) is globally screen quasi-conformal.

It easy to see that (2.23) is equivalent to
C(X,PY) = ¢B(X,PY) + ¢g(X,PY) (2.24)
forany X,Y € I'(TM). If ¢ = 0, we have:

Definition 2.2. ([4]) A lightlike hypersurface (M, g, S(TM)) of a semi-Riemannian manifold
is said to be locally screen (resp. globally) conformal if on any coordinate neighborhood U (resp.

U = M), the shape operators Ay and Ag satisfy

AN = 9Ag, (2.25)

where @ is a non-vanishing smooth function on U (resp. U = M).
In particular, M is screen homothetic if ¢ is non-zero constant.

Next, we show how to induce a Riemannian metric on a lightlike hypersurface (see for
details [9] ).

Definition 2.3. Let M be lightlike hypersurface in a Lorentzian manifold. A rigging for M is a
vector field C defined on some open set containing M such that {, ¢ T, M for each p € M.

Given a rigging { in a neighborhood of M in (M, §), denoted by « the 1—form §—metrically
equivalent to , i.e. « = g((,.). Take w = i*a, being i : M < M the canonical inclusion.
Consider the tensors

d=g+a®@aand §=i"¢§ =i"g+ww. (2.26)

It is easy to show that § defines a Riemannian metric on the hypersurface M.The rigged
vector field of { is the §—metrically equivalent vector field to the 1—form w and it is
denoted by ¢. In fact, the rigged vector field ¢ is the unique lightlike vector field in M,
such that g(¢,&) = 1. Moreover ¢ is §—unitary. We can consider the screen distribution
given by TM N {*+ which denoted by S(Z) and it is §—orthogonal subspace to & The
corresponding lightlike transverse vector field to S({) is as follow

N={-2g(008 2.27)
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3. STRUCTURE EQUATIONS ON LIGHTLIKE HYPERSURFACES

Let (M, g, S(TM)) be a lightlike hypersurface of Lorentz-Minkoswki space R}, V and V

be connection on M and Levi—Civita connection of R} respectively. Consider {E;, E>}

an orthonormal frame field of S(TM) and set {E1, E, &} = {Ey, Ez, E3} an orthonormal
basis relative to the metric §. ‘
Put w' = §(E;,.), fori = 1,2,3. Then {w'};—1 73 forms the dual basis of {E;};—13. We
have X = Y7 1 §(X,E/)E; = Y7 w'(X)E; for any X € T(TM). The connection forms are
defined as follow : ‘
wl(X) =§(VxE,Ej), 1<ij<3, (3.1)

with '

VxEi =) §(VxE;, E)E; =) _ wl(X)E;. (3.2)

j j

We have the following result, which gives the structural equations on the lightlike hy-
persurfaces.

Proposition 3.1. Let (M,g,S(TM)) be a lightlike hypersurface of Lorentz-Minkoswki space
R}, V and V be connection on M and Levi—Civita connection of R} respectively, {w'}i—123
the dual basis of {E;}i—1,,3 and {w! }1<; j<3 the connection forms. We have the following result
i)
0ifi,j e {1,2}
W] (X) + wi(X) = —2t(X)ffi=j=3
S(ANX — A¢X,E;)sii e {1,2} and j = 3.
ii) ‘ ‘ ‘
dwl(E]', Ek) = (,U]Z(Ek) — w,l{(E])
iii)
dw{(Ek, El) :B(Ek, VElEi)w(E]-) + B(Ek, E]-)w?(El) — B(El, kaEi)w(Ej)
— B(El, E])W?(Ek) + B(El, Ei)g(ANEk, E])

2

— B(Ek, El')g(ANEl, E]) - Z (4)1’L N (U;(Ek, El)
t=1

+{Ex(w (E1)) — Ei(w] (Ex)) — w? ([Ex, Ef]) Yoo (E;).

Proof. i) For i,j € {1,2,3}, we have §(E;,E;) = ¢;;. Then for all X € I'(TM),
X.g(Ei Ej) =0

T

ng) Ei,E]') +g"(VXEi, E]) —|—g(Ei, VXE]) =0
Vx$)(Ei, Ej) + wl(X) + wi(X) =0

w}(X) + wi(X) = =(Vx§)(Ei, Ej).

and forall Y,Z € T(TM), we have :

r
(Vx)(Y,2) = Xg(Y,Z) = §(VxY, Z) = §(Y,VxZ). (33)

(
(

3

Y
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But§ =i"¢g+w®wwithw = (¢, .).
Thus3(Y,Z) =g3(Y,Z)+w(Y)w(Z). And X.g(Y,Z) = Xg(Y,Z) + X(w(Y))w(Z) +
w(YV)X(w(Z).
g(VXY,Z) = g(VXY,Z) +w(VXY)w(Z)
Y, VxZ) =g(Y,VxZ)+ w(Y)w(VxZ).
Then, we have:
(Vx§)(Y,Z) =(Vxg)(Y, Z) + {X(w(Y)) — w(VxY}w(Z)
+{X(w(2)) - w(VxZ)}w(Y).
But (Vxg) = B(X,Y)n(Z) + B(X,Z)n(Y) where #(Y) = ¢(N,Y) and since N =
¢ — 28(C,0)¢ then 5(X) = w(X), VX € T(TM).So (Vxg) = B(X,Y)w(Z) +
B(X,Z)w(Y). Therefore,
(Vx§)(Y,Z) =B(X,Y)w(Z) + B(X, Z)w(Y) + {X(w(Y)) — w(VxY}w(Z)
+{X(w(Z)) = w(VxZ)}w(Y).
Assume, Y = E;, Z = Ej, forany i,j € {1,2,3}, we obtain,
(Vxg)(Ei, Ej) =B(X, E;)w(Ej) + B(X, Ej)w(E;) + {X(w(E;)) — w(VxE;) }w(E;)
+{X(w(E)j)) — w(VxE))}w(E;).
Vi, j€1{1,2,3}, X(w(E))= X(w(E;)) =0.
So,
(Vx&)(Ei Ej) =B(X, Ei)w(E;) + B(X, Ej)w(E;) — w(VxE;)w(E;)
In particular, we have
- if i,j € {1,2}, we have w(E;) = w(E;) = 0, so (Vx§)(Ei,E;) = 0. So,
w{—i—w;: :Oandw;: =0.
- ifi € {1,2} and j = 0, we have w(E;) = 1, w(E;) = 0 and B(X,E;) = 0. In
this case,(VXg)(Ei, E]) = B(X, Ei) — (,U(VXE,)
But Vx& = ¥ wi(X)E; et VXE; = ¥ w](X)E;.
So,

ng Zw3

:wg(x) (¢) carVj € {1,2},w(Ej) =0

=w3(X) beacausew (&) = 1

=$(Vx¢, Q)

=3(~A:X — T(X)2,0)
=—1(X).
In the same way, we show
w(VxE;) = C(X,E), Vie{l1,2}.

So, (ng)(El/ E]) - B(X/ El) - C(X/ El)
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- ifi = j =3, wehave w(E;) = w(Ej) = 1let B(X,E;) = 0.
therefore, (Vxg)(E;, E;) = —2w(VxE3) = —21(X).
Hence 7).
ii) Foralli,j, k € {1,2,3}, we have:

dw'(Ej, Ex) = Ej(w'(Ex)) — Ex(w'(E;)) — w'([Ej, Ex])-

Ej(w'(Ex)) = Ej(§(Ei Ex)) = Ej(8(Ei, Ex) + w(Ej)w(Ex)) = 0.
Similarly, we have Ex(w'(E;)) = 0.
Then,

dwi(E]-, Ek) = —wi([E]-, Ek])
= —&(E;, [Ej, Ex])
= §(Ei, VE.Ej) — §(Ei, VE Ex)
= g(Ei, kaE]) — g(Ei/ ijEk) + w(El){W(VEkE]) — CU(VEjEk)}.
But Vi, Ej = ¥ wi(Ex)Ey, so
ka Zw Ek
]»(Ek) beacause w(E;) = w(Ey) = 0.

Similarly w(VgEy) = w}(Ej).
So

dw'(Ej, Ex) = g(Ei, Vi Ej) — §(Ei, Vi Er) + w(Ei){w? (Ex) — wi(Ej)}.

Hence ii).
iii) Foralli,j, k1 € {1,2,3}, we have:

dwl(Ey, Er) = Ex(w](E)) — Ei(w)(Ex)) — ! ([Ex, Ey)).

with
W/(E) = §(VgEi E))
= §(VEE;, Ej) + w(VE Ei)w(E;)
= E(w](E)) = Ex(3(VEEi Ej) + Ex(w(VEE)w(E))).
Similarly

Ey(w](Ex)) = E(8(Ve,Ei, Ej) + Ei(w(VE E)w(E))).
Ex(g(VEE, Ej)) = (ngg)(VE,Ei,E‘) +g(VEkVE,Ei,E‘) +g(VE1Ei,VEkE‘).
Ei(g(VEEi Ej) = (VEE)(VEE, Ej) + (Vg VEE, Ej) + §(VEEi, VEEj).

Wl ([E Ej) = 8(V (g, 5 Eir Ej) + @ (Vg 5 Ei)w (E).

Ex(w(VEE)w(E))) = Ex(w(VEE;))w(E)).
El(w(VEkEi)w(Ej)) = El(w(vngi))w(E])
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Then

dw!(Ey, E) =(VE8)(VEEi Ej) + 8(Ve,VEEi Ej) + 8(VE Ei, VEE))
+ Ex(w(VEE))w(Ej) = (VES)(VE, Ej) — §(VE VEE, E))

—8(VEEi, VEE)) — E(w(VEE:))w(E;) — (Vg Eis Ej)
— w(Vg, g Ei)w(E)).

del(Ex, E1) =(V£,8) (VEEi Ej) = (VEZ)(VE, Ej)
+ g(kasz Ei = Vg VEEi — V[Ek,Ez]Ei/ E]’)
4 §(VEE;, VEE) — ¢(Ve Ei Vi E) + Ex(@(VE E))w(E)
— E(w(VEE))w(Ej) — w(V g, g Ei)w(E)).

dw](Ex, E1) =(VE8) (Ve Ei Ef) — (VEG)(VE, E))
+ g(R(E, E))E;, E]') + g(VgE;, VEkE]') —g(VEE;, VEIE]‘)
+{Ex(w(VEEi)) — E(w(VEE;)) — w(Vg, g Ei) fw(E)).

By Gauss-Codazzi equations, we have:
0 = g(R(Ex, E)E;, Ej) =g(R(Ex, E1)Ei, Ej) + B(Ey, Ei)g(ANE}, Ej)
— B(E, E)g(ANEi Ej).

= g(R(Ek, El)Ei, E]) :B(El,Ei)g(ANEk, E]) — B(Ek, Ei)g<ANE1, E])
But

(ngg)(VE,Ei, E]) IB(Ek, VEIEI')(U(E]‘) + B(Ek, E])W(VEIEZ)
(VElg)(VEkE,-, Ej) ZB(EI, kaEi)w(E]') + B(El, Ej)CU(kaEi).

8(VEE, Vi E) — 8(VEE:, VEE)) =) {wi(Ewj(Ex) — wi(Ex)wj(Ep)}
t

= — ;w; A w;(Ek, El).
Since
w(VEE) = w}(E), w(VEE) = @l (E)
and
w(v[Ek,Ez]Ei) = w?([Ek/ E),
we obtain:

dw{(Ek, El) :B(Ek,VEIEi)(U(E]‘) + B(Ek, E])CU?(E[) - B(El, VEkEi)aJ(E]')
— B(El, E])wf’(Ek) + B(El, Ei)g<ANEk, E])
— B(Ek, Ei)g(ANEl, Ej) — szt A w]t-(Ek, El)
t

+ {Ex(w] (Ex)) — E(w] (Ex)) — w} ([Ex, Ei]) Yw(Ej).
Hence iii).
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Corollary 3.1. If the lightlike hypersurface M is quasi-conformal screen, in other words An =
(pj1§ + 4¢P, then we have :
0ifi,j e {1,2}
wl(X) + wi(X) = —2t(X)ifi=j=3 (3.4)
(¢ —1)8(A¢X,Ei) + ¢g(PX,E;) ifi € {1,2} and j = 3.

*
Since the operator As is diagonalizable, we can take the basis {E;}i—1,3 as a basis of

* *
eigenvectors associated with the eigenvalues of the matrix associated with Az i.e, AzE; =
ME;.

We have,
Corollary 3.2. By proposition (3.1), we have
(1)
0ifi,j € {1,2}
wl(X) + wi(X) = —21(X)ifi=j=3
(¢ — DA (X) ifie {1,2}and j = 3.
(2)

dw! (Ex, Ep) ={ Mk (Ep) — Ml (Ex) + dewd (Ex, En) Yo (E;) + Aewod (Ey)

— Mw? (E) — ti;wf A wi(Ex, Ey).
If in addition, the lightlike hypersurface M is quasi-conformal screen, we obtain
0ifi,j e {1,2}
w](X) + wj(X) = —2T(X)ifi =] =3
{lp = DA+ ¢} (X) ifi € {1,2} and j = 3.

4. NULL MEAN CURVATURE FIELD AND ITS LAPLACIAN OF LIGHTLIKE HYPERSURFACE

Let (M, g, S(TM)) be a lightlike hypersurface of Lorentz-Minkoswki space R}. The mean
curvature of the lightlike hypersurface M, denoted «, is defined by

a = tr(Ag) 4.1)
Thus, with respect to the orthonormal basis {E; };—1 », we have

K = Zg(ACEi’ Ei) = Zg(;lgEi, Ei) = ZB(Ei, Ei) = tr(B),

4.1. The Laplacian operator A. Let x : M — R{ be an isometric immersion.
The Laplacian operator is defined by

Ax = — Z{vgiinx — VinEix}. (42)
i
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x being a position vector in R} , then V,x = E; and Vy, g.x = VE,E;.
So,

Ax = — Z{inEi - inEi}~

i
But Vi, E; — VEE; = B(E;, E;)N, thus equation (4.2) become

Ax = =) B(E;,E))N = —tr(B)N = —aN. (4.3)

i

4.2. Laplacian of the mean curvature field H. We denote by S the shape operator of the
hypersurface M and H the mean curvature field, i.e H = aN.

Then for any X € I'(TM), we have VxH = Vx(aN) = X(a)N + aVxN. But VxN =
—SX +1(X)N,s0 VxH = (X(&) + at(X))N — aSX.

Thus, with respect to the orthonormal basis {E;};—1,, we obtain the Laplacian of H is
given by:

Lemma 4.1.

AH =(Ax)N +25(Va) + (x{z (VES)(E;) — Z(inr)(Ei)} +a) B(E;,SE;)N

—2) Ei(a)T(E; N+a2{r )SE; — T2(E;)N}. (4.4)

Proof. let {E;}i—1, the orthonormal basis. We have, Vg, H = (E;(«) + at(E;))N — aSE;.
So,

Vi Vi H = (EEi(a) + Ei(a)T(E;) + aEi(t(E;))) N — E;j(«)SE; — «VE,SE;
+ (Ei(a) + at(E;)) (—SE; + T(E;)N)
— (EE(w) + E@)7(E) + aEi(t(E;))) N — E()SE; — a¥, SE,
— E;(«)SE; +E(zx)T( )N —at(E;)SE; +1XT2( N
= (EiEi(a) + E;(a)T(E;) + aEi(t(E;))) N — 2E;(2)SE; — aV g SE;
+Ei(a)T (E)N at(E;)SE; +at*(E;)N.

and
VinEiH = (VEEi(a) +at(VEE;))N —aSVEE,;.
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The Laplacian is defined as follows :
AH =—Y {VEVEH—Vy, g H}
i

= — Z{(EZEZ(IX) + Ei((X)T(Ei) + (XEZ'(T(EZ'))) N — 2Ei(rx)SEi — lvaiSEi

+ E;(«)T(E;)N — at(E;)SE; + at®(E;)N — (VEE;() + at(VEE;))N + aSVE E;}
:_Z{EiEi(“) — VEEi(a }N+ZZE «)SE; —|—az (VE,SE; — SV E;)

+vc2r )SE; +Z{ 2E;(a)T (E-)+uc(—Ei(T(EZ-)—T( i)+ T(VEE)}IN

—Asz—i—ZS ZE +tx2r i)SE; +zx2 VE,SE; — SVEE)
+Z{—2Ei(o¢)r( i)—i—oc(—Ei(r(Ei)—r( i)+r(vE,.Ei)}

_AaN+zs(Va +ocZT /)SE; +a2 (VE,SE; + B(E;, SE:)N — S(VEE;))
+Z{—2Ei i)+zx(—Ei(T(Ei) — 1*(E;) + T(VEE)}IN

—AszJrZS(sz +0¢ZT )SE; +zxZ{VESE — S(VEE;) }+txZB E;, SE;)N
+;{—2Ei i)+(x(—El~(T(Ei) — (E;) + T(VEE)}IN

But VE,SE; — S(VEI.EI‘) = (VEL.S)EI‘ and (VEI.T)(E{) = Ei(T(Ei)) - T(inEi)-
Hence the result. O

Corollary 4.1. If (M, S(TM), ) is quasi-conformal screen then we have
(VES)(Ei) =V, (SE;) — S(VEEj)
~VE,(9AcE +YE) — [pA; + YP)(V5 E)
Ve (PA:E) + Vi ($E) — 9A(V5 E) = $(VEE)
=Ei(9) AE; + E(9)E; + 9(V5,Ac) (Ey).

Moreover, if the operator ;lg is parallel, and the functions ¢ and 1 are constant, we have
AH = (AN + ¢ Y B(E;, A;E)H + apH +2{gAz(Va) + y(Va)}.
Remark 4.1. If (M, S(TM), g) is conformal screen (i.e.p = 0), we have
AH = (M)N + ¢ Y B(E, A;E)H + 20 A (V).

4.3. Lightlike hypersurfaces verifying the equation AH = AH.
Theorem 4.1. Let (M,g,S(TM)) be a screen homothetic lightlike hypersurface of Lorentz-

Minkoswki space R} such that the shape operator Ag has the maximal rank2 and is parallel,
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then the mean curvature vector field H satisfies the equation AH = AH with A a real constant if
and only if the mean curvature « is constant along the screen distribution.

Proof. = Assuming that the mean curvature vector field H satisfies the equation AH =
AH.
Under the above assumptions, we have

AH = (Ax)N + ¢ ) B(E;, A¢Ei))H + 29 As (V). (4.5)
i
Thus AH = AH is equivalent to :

20A:(Va) = 0, (4.6)
and .
JAat (p;B(Ei, A¢E;) = A 4.7)

By (4.6) we have Az(Va) = 0, which implies the existence of a smooth function -y such
that Va = 7¢.With respect to the orthonormal basis E of the screen, we have Va =
Ei(a)Eq + Ex(a)Ez, so Va = ¢ is equivalent to E1 (a) E1 4+ Ex(a) E; = ¢ and this implies
that E1(a) = Ex(a) = v = 0, because (Ey, Ey, &) forms an orthonormal basis of the
hypersurface M.

Ei(a) = Ex(w) = 0 implies that the mean curvature « is constant.

<« Assuming that the mean curvature « is constant.

Then

AH =¢) B(E, ;lgEi)H. 4.8)

So, AH = AH < A = @Y B(E;, A¢E;). It only remains to show that A is constant.
Then we have

B(E; AcEr) = §(AcE;, AcE;) = g(ME;, MiE:) = M,
where A; are the eigenvalues of matrix associated to ;lg. So, A = @Y ; A?, this implies
that A is constant.[J O
Example 4.1. Let R} be the space R* endowed with the semi-euclidean metric given by
g(u,0) = —xx'+yy +zz' +tt,
where u = (x,y,z,t) and v = (x',y', 2/, t'). Let A3 the lightlike cone of R} given by
A ={(x,y,zt) e R, —x> + > + 22 + > = 0} (4.9)

with (x,y,z,t) # (0,0,0,0).
It is shown in [4] that the lightlike cone A3 is conformal screen. The radical distribution Rad(A3)
and screen distribution ST(AJ) are generated respectively by(see [5] )

Rad(A}) =< & > (4.10)
ST(A3) =< Ey, E» > (4.11)
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with

t2+y2
e (5

and

1
t2 + 2\ 2
X

) (2o

zt
R +yzay - tz_,_yzaf) :

It is easy to show that (E1, Ey) is an orthonormal basis of screen distribution.

Figure 1. Projection of Min R3 forx = —1,x =0and x = 1

Xo A

£

Figure 2. The lightcone A3 of R} is a stacking of spheres 5?(xg) of R

& being a position vector in R}, then we have Vi, = V& = E;, so by Weingarten equation
* * *
we have VG = —AgE; — T(E;)G. Then A¢E; — T(E;)¢ = E;. So, A;E; = —E; foralli = 1,2
* * *

because Ag is T(ST(A3))—valued.But Az& = 0, so we can give the matrix associated to Az
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relative to the basis {Eq, Ep, {} by

-1 0 O
0 -1 0
0 0 O
The mean curvature a, at point p = (x,y,z,t) is given by : a, = —2 and let the mean curvature

vector field H of the lightlike cone A3.
By equation (4.4), we have

AH =¢) B(E;, A¢Ei)H
i

=—¢) B(E,E)H

=— ¢tr(B)H
=2¢H because tr(B) = ap = —2.
Thus the mean curvature vector field H satisfies the equation AH = AH with A = 2¢.
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