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NEW GENERALIZATIONS OF THE KIEPERT HYPERBOLA AND THE LESTER
CIRCLE

TRAN QUANG HUNG AND VUONG KHANH TOAN

ABSTRACT. In this paper, we first extend the concept of the Kiepert hyperbola, and based
on this generalization, we present a further generalization of the classical Lester circle the-
orem. In addition, another extension of the Lester circle is also introduced. The tools we
employ are both barycentric coordinates, Cartesian coordinates and complex coordinates.

1. INTRODUCTION

The Kiepert hyperbola is a well-known rectangular hyperbola associated with a triangle,
passing through several notable points such as the centroid, the orthocenter, the circum-
center, and the Fermat points. Our starting point is to recall the classical definition due
to Kiepert.

Theorem 1 (Recall Kiepert hyperbola [6]). If the three triangles ABC, A'BC, AB'C, and
ABC’, constructed on the sides of a triangle ABC as bases, are similar, isosceles, and similarly
situated, then the triangles ABC and A'B'C’ are in perspective. As the base angle of the isosceles
triangles varies between —rt/2 and 7t/2, the locus of the center of perspectivity of the triangles
ABC and A'B'C" is a hyperbola called the Kiepert hyperbola.

In what follows, we introduce a parameterized construction of the Kiepert hyperbola
based on the first Fermat point. This formulation will serve as a stepping stone towards
our generalization.

Theorem 2 (Parameterized Kiepert hyperbola by the first Fermat point). Let ABC be a

triangle and F, its first Fermat point. Lines F; A, F; B, and F,C meet the circles (F;BC), (FiCA),

and (FyAB) again at Ay, By, and Cy, respectively. Let Ay, By, and Cy be the midpoints of sides

BC, CA, and AB, respectively. For all real numbers t, define the points Ao, By, and Cy as follows
Ag =tA1 + (1 — t)Az, By =tB1 + (1 — t)BQ, Co=1tCy + (1 — t)Cz.

Then, lines AAy, BBy, and CCy are concurrent on the Kiepert hyperbola.

We now replace the first Fermat point in Theorem 2 with an arbitrary point P, leading to
a generalized hyperbola Kp that retains many elegant properties of the classical case.
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Theorem 3 (Generalization of Theorem 2). Let ABC be a triangle and P an arbitrary point.
Lines PA, PB, and PC meet the circles (PBC), (PCA), and (PAB) again at Ai, By, and Cy,
respectively. Let Ay, By, and Cy be the orthogonal projections of A1, By, and Cq on the sidelines
BC, CA, and AB, respectively.

i) Lines AAy, BBy, and CCy are concurrent at a point Gp.

ii) Let Az, B, and Cs be the reflections of A1, By, and C; in the sidelines BC, CA, and AB,
respectively. Then, lines AAs, BBs, and CCz are concurrent at a point P*, the antigonal
conjugate of P.

iii) For all real numbers t, define the points Ay, By, and Co by
Ag=tA1 + (1 — t)Az, By = tB1 + (1 — t)Bz, Co=1tC + (1 — t)CZ.

Then, lines AAo, BBy, and CCy are concurrent on a rectangular hyperbola Kp passing
through Gp and P*.

Remark. When P = F,, the first Fermat point of ABC, we recover P* = F,, the second Fermat
point, Gp = G, the centroid of ABC, and Kp becomes the classical Kiepert hyperbola.

The center of Kp admits a simple and elegant characterization, linking it to both the
midpoint of PP* and well-known circles associated with ABC.

Theorem 4. Using the notations of Theorem 3, the midpoint I of PP* lies on both the circum-
circle of A2 BoCy and the nine-point circle of ABC, and I is also the center of Kp.

Remark. For P = F;, Theorem 4 yields the familiar result that the midpoint of FiF, lies on the
nine-point circle and is the center of the Kiepert hyperbola.

Motivated by Theorem 3, we next explore a family of circles Lp that generalize the cele-
brated Lester circle.

Theorem 5 (Generalization of the Lester circle). Using the notations of Theorem 3, let H
be the orthocenter of ABC, and let Op and Np divide the segment HGp in ratios 2 and —2,
respectively, i.e.

OrH _, NeH _
OpGp ~ NpGp
Then, the four points P, P*, Np, and Op lie on a common circle Lp.

Remark. When P = F;, Theorem 5 reduces to the classical Lester circle.

The next result is an analogue of a theorem of Gibert, linking chords of Kp to the pair
P, pP*.

Theorem 6 (Generalization of Gibert’s theorem). Using the notations of Theorem 3, let £ be
the line passing through Gp and the orthocenter H of ABC. Every circle whose diameter is a
chord of Kp perpendicular to ¢ passes through the points P and P*.

Finally, we present a second type of generalization of the Lester circle, built from isogonal
conjugacy and harmonic division.

Theorem 7 (Another generalization of the Lester circle). Let ABC be a triangle with ortho-
center H and circumcenter O. Let P be a point on line OH and Q its isogonal conjugate. Points
St and S~ lie on OQ such that (StS~,0Q) = —1and S, S~ are inverses with respect to
(O). Let F* and F~ be the isogonal conjugates of S* and S~ respectively, and let R be a point
on OH such that (OR, PH) = —1. Then, the four points F*,F~, O, R lie on a circle.

Remark. For P = Fy, Theorem 7 recovers Gibert’s generalization of the first Lester circle.
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2. PROOF OF THEOREM 3

Proof.
i) Let A=(1,0,0),B=1(0,1,0),C=(0,0,1)and P = (p:q:7).
The coordinates of three points A, B and C; are

A = (—azqr(p +g+71):q (azqr +Vrp + czpq) 7 (azqr +Vrp + czpq))
Bi=(p (uzqr +bPrp + czpq) c—VPrp(prqtr)ir (azqr +Vrp + czpq))
= (p(

(

a’qr +UPrp +c*pq) : q (aqr + b*rp + pq) : —pa(p +q + 1))
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Using the formula in [3, p. 21], we have the coordinates of three points A,, B, and C; are

0
A= | q((r*+pr—gqr)a®>—+ (r* +qr — pr) b*> — (r* + pr + qr + 2pq) ?)
r (42 +pg —qr) a®> — (g% + pq + qr + 2pr) b* + (q* + qr — pq) ¢?)

2—(
( p ((*+pr—qr)a®+ (r* +qr — pr) b* — (r* + pr +qr + 2pq) ¢*) )
0
r(—(p* +Pq+Pr+2q)a+(P +pq — pr) B>+ (p* + pr — pq) %)
. (P((q + pg —qr) a® — (4> + pq + qr + 2pr) b* + (q2+qrpq)cz)2)>
2= 149

By =

(—(P2+Pq+w+2qr)a2+(zﬂo+pq pr) b2+ (p*+ pr—pq) c

From here, we have lines AA;, BB, and CC; are concurrent at point

p
*(P2+P‘1+PT+2¢V)“2+(P2;P‘1*P7)b2+(PZHW*P‘?)CZ
Gp = (42+pg—qr)a®—(q>~+pq+qr+2pr)b>+(q°+qr—pq)c>
14
(r?24pr—qr)a?+(r24qr—pr)b2— (r?+ pr+qr+2pq)c?

ii) From this formula, we can calculate the coordinates of three points A3, B3, C3

—a*qr(p+q+r)
As = q((a2+b2—c )12 —cPpg+ (a® = c*) rp+ (B> — %) rq)
r((a®+c =) g = Upr+ (a® =) qp + (¢ = b%) q7)
( 2) 1yt (B2 — 2

p((a®>+b*—c*)r*—pg+ (a®>—c*)rp
Bs =
)

N
N
B
=
—+
—
ol
N
[
[

r((B*+c*—a*)p*>—a
(p((a + % — b?) g* — b?
Cs 2

NN
|
Q
-
~
+

q((0*+c*—a?)p

We have lines AA3, BB3, and CCjz are concurrent at point

p
((b2+c2—a2)p2—azqr-i-q(bz—az)pq—i-(cz—az)pr)
*
Pr= | wrememr e | -
r
(@ == @=rp =)

which is antigonal conjugate of P by this definition.

58


http://users.math.uoc.gr/~pamfilos/eGallery/problems/Barycentrics.pdf#page=29
https://faculty.evansville.edu/ck6/encyclopedia/glossary.html#:~:text=antigonal%20image

NEW GENERALIZATIONS OF THE KIEPERT HYPERBOLA AND THE LESTER CIRCLE

iii) We have the coordinates of three points Ay, By and Cy are

—2a%qrt(p +q+7)
AO = q : )\7‘ ’

r-)xq

p-Ar
Bo= | —20?pr(p+q+7) |,

r- 14

p .
Co = q-
—2c2pg(p+q+r)

>

with

Ap = (P> + pq+ pr+2qr — (p*> + pq + pr)t)a® + p(pt +qt +rt —p — g +r)b?
+p(pt4qt+rt—p+q—r)c?
q(pt +qt +rt —p—q+r)a*+ (% +qp +qr + 2pr — (% + qp + qr)t)b?
+q(pt+qt+rt+p—q—r)?
r(pt+qt+rt—p+qg—r)a® +r(pt+qt+rt+p—q—r)b?
+ (P +rp+rg+2pg — (P + pr+qr)t)c?

A
Ay

Now, we have lines AA, BBy and CC are concurrent at

_(r.a. 1
PO_(AP'/\q'A,>

The equation of the circumconic p is
Aayz + Apzx + Acxy = 0

with
Aa = p (a%r — aq + b?q + b*r — 2q — c?r)
Ay = q (—a*p — a®r + b*p — b?r + c*p + c?r)
c =1 (a’p+a*q —b*p — b?q — *p + *q)

>

Since we can check that
(B> +c* —a* A+ (P +a® — )\ + (@ + 0> — P =0,
we have Kp is a rectangular hyperbola.
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3. PROOF OF THEOREM 4

Proof. We have the barycentric coordinates of point I is

P4 p* (p (—=b2pr — b2qr + c*pq + c*qr) (a*q — a*r — b*q — b*r + c*q + c2r))
I p— p—

5 q (a®p + a*r — bPp + b*r — c*p — c?r) (a’pr + a’qr — c>pq — c*pr)
r(a*p 4 a?qg — b*p — b*q — p + 2q) (a®pq + a’qr — b*pq — b?pr)
The equation of the nine-point circle of ABC is

(B2 +c2—a®)x+ (a®+2 =)y + (a®>+b*> - 2)z)(x +y +2)

=0
4

a*yz + b*zx + c*xy —

The equation of circle (A;B,C) is
a*yz +b?zx + *xy — (Ag + Ay + A (x +y +2) =0,

with 5 5 5
A= Ap="L, Ac=E
a Aa, b Ab/ C AC/
and

5a :(aZPZ +u2pq+a2pr+2u2qr . b2p2 o b2pq+ bzpr _ C2P2 +62Pl] _ CZPT’) X (ﬂ6p2l]31’3 _|_a6pq41,3

+ aépq3r4 + 616I]47’4 4 2ﬂ4b2]93q27’3 + a4b2p2q3r3 4 El4b2p2q21’4 _ 61452176/473 + a4b2P6]37’4
+ 25[4(32]935]372 4 a4c2p2q472 4 ﬂ4C2p26]373 2b4p4qr3 o a2b4p3q2r3

_ azb4p3qr4 _ 2a2b4p2q3r3 _ a2b4p2q2r4 i a2b2c2p4q2r2 _ 2a2b2c2p3q3r2 _ 2a2b202p3q2r3
_ a2b2c2p2q4r2 _ a2b2c2p2q2r4 4 a2c4p4q3r _ a2c4p3q4r _ a2c4p3q3r2 _ a2c4p2q4r2 _ 2a2c4p2q3r3
_ b6p4q1,3 _ b6p4r4 _ b6p3q2r3 _ b6p3qr4 _ b4c2p4q2r2 _ C6p4q4 _ b4c2p4qr3 i b4c2p3q2r3

BrRpart — Pctptalr — BRetpiP? + PPt + P3P — Sptatr — it — Cp3gPr?)

+ a4c2pq4r3 — a4c2pq3r4 +a
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6p2q3;,3 +a6pq473+

A pgPrt + abgtrt + 204 + R PR 4 bR pPgRrt — atbPpgt + atPpatrt + atpR gt
— PP + atpgt — atPpgtrt + abt
— U R+ R 1 202 PP — PR PR 4 2022 + bR pRRr
— AP+ Rt — a2 AP Pr a2t pigt? — oprgr — optrt — B0 PR — 1S pigrt
PR — B P — 264 PR — R RPRR + gt + PP + bt
— PPt 4 BPpP? + 202 R + Spiat + Ot + gt + S p3gPr?)

Op :(azpq + a2q2 - azqr — bzpq — 2b2pr — bzqz — qur - czpq + czq2 + czqr) -(

p4qr3 _ a2b4p3q2r3 _ a2b4p3qr4 _ 2a2b4p2q3r3

6 =(aPpr — a’qr + a*r* — bPpr + bPqr + b*r* — 2c2pq — Ppr — Fqr — *r?) - (ap?q°r + abpqtr®

+ a6pq3r4 4 a6q4r4 _ a4b2p2q3r3 4 114192;726]274 _ a4b2pq4r3 + a4b2pq3r4 + 2ﬂ462p3q31’2
+ a4c2p2q4r2 + a4c2p2q3r3 + a4c2pq4r3 _ IZ4C2pq31’4 _ a2b4p4qr3 _ a2b4p3q2r3 + a2b4p3qr4

4 ﬂ2b4pzq27’4 + a2b2c2p4q2r2 + 2ﬂ2b2C2p3q27’3 4 ﬂ2b2C2p2q41’2 +2a2b2c2p2q3r3 _ a2b202p2q2r4

4 azc4p4q3r _ 612C4p3q41’ _ a2C4p3q31,2 _ ﬂ2C4P2q47’2 _ 2(12C4p2q31’3 + b6p4q1’3 + b6p41’4 + b6p3q21’3
T b6P3q74 T b4C2p4q27’2 + b4C2p4q1’3 + 2b4C2P3q37’2 + b4c2p3q273 _ b4C2p3q1’4 _ b2c4p4q31,

_ b204p4q272 i b2c4p3q4r _ b2c4p3q3r2 B 2b2c4p3q2r3 B C6p4q4 _ C6p4q37, _ c6p3q4r _ c6p3q3r2)

A, =4p?qr(a®pq + a>q* + V*p? + b*pq — c*pq) (a®pr + a*r? — bPpr + c*p? + pr) (a*qr — b*qr — b*r?

—clq’ = chqr)

Ay =4q7rp(a’qr — b2qr — UPr® — q* — Pqr)(a®pr + a*r? — b pr + ¢p* + Ppr)(a’pq + a’q + bPp?
+bpg — *pyg)

Ac =4pgr*(a®qr — b*qr — b*r* — g% — Pqr)(a®pr + a®r* — b pr + 2p* + Ppr) (a®pq + a*q* + b*p?
+b%pq — *pq)

It is not hard to check that I lies on both circle (A;B>C,) and the nine-point circle of
triangle ABC, and note that

I = (Aa(_}\a + Ap + Ac) : /\b()\a —Ap+ )\c) : Ac()\a +Ap — /\c))/
thus I is the center of Cp. ]
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4. PROOF OF THEOREM 5

Figure 1

Proof. Let M be the midpoint of segment HGp.
By the definition of Op and Np, we have Op and Np divide HGp harmonically, and
combine with Newton’s relation, we have

MOp - MNp = MH?
The equation of the circle with diameter HGp is
G1x% 4 Goy® + 032% + Qayz + G523 + exy = 0
with
{1 = p(a® = b* = ) (@*qr — bPqr — b*r* — ?q* — Pqr)(a®p® + a’pq + a®pr + 2a%qr + bp(r —q — p) + *p(g =7 — p))

0o = q(* — 2 — a?)(aPpr + a®r? — V2pr + c2p? + pr)(a®q(p + q — 1) — bPpq — 202 pr — b?q> — bPqr + 2q(q +1 —p))
G =r(c —a® =) (a’pq + a’q* + b?p? + b7pq — pq) (Pr(p + 1 — q) — Bpr + bPqr + br* = 2¢%pq + r(r — g — p))
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and
{4 :(a2p2 + azpq + azpr + Zuzqr — b2p2 — bzpq + bzpr — czpz —+ czpq — czpr)(a4pqr — azbzpqr — aszprz
+ azbzqzr — azbzqrz — azczpqz — azczpqr — azczqzr + azczqrz — b4pr2 — b4q2r — b4qr2 + bzczpq2+

lozczpr2 + 2b2c2q2r + Zlozczqr2 — c4pq2 — c4q2r — c4qr2)

U5 =(a’pq + aq® — a®qr — V*pq — 2% pr — b*q% — b*qr — c*pq + c>q° + qr) (apPr + a*pr® + atqr?
— azbzpzr + azbzpqr + azbzprz + azbzqr2 — azczpzq — 2a262p2r — 2a2c2pr2 — azczqrz — b4pqr

+ bzczpzq + bzczpzr + bzczpqr — bzczprz + c4p2q + c4p2r + c4pr2)

To =(a%pr — aqr + a®r* — bPpr + b?qr + b*r* — 2c%pg — pr — c>qr — c*1?) (a4p2q + a*pg® + atg?r
— 2a2b2p2q — azbzpzr — Zazbzpqz — azbzqzr - azczpzq + azczpqz + azczpqr + azczqzr + b4p2q + b4p2r
+ b4pq2 + bzczpzq + bzczpzr - bzczpq2 + b202pqr — c4pqr)

This is represented by the matrix

201 C6 G5
M=1|0¢ 200 04
0s Ca 203

The coordinates of point P and P* can be written as
P=X+Y, PP=X-Y

with
(XX Yx ZX) Y — (XY Yy ZY)

X= {x Oy

and
xx = p(a*q — a*r — b*q — b*r + g + Pr) (—b*pr — b*qr + *pq + c2qr)

yx = q(azp +a%r — b2p + VP — czp - czr)(azpr + azqr - czpq - czpr)
zx = r(a’p + a’q — bPp — b*q — p + c*q)(a®pq + a’qr — bPpq — b7pr)

{x = 2a4p2qr + 2a4pq2r + 2a4pqr2 + 2a4q2r2 — 4a2b2p2qr — 4a2b2pq2r — 4azczp2qr — 4a2c2pq1’2
+ 2b4p2qr + 2b4p2r2 + 2b4pq2r + 2b4pq72 — 4bzczpqzr — 4b2c2pqr2 + 2c4p2q2 + 2c4p2qr + 2c4pq2r
+2c* pqr2

Xy = p(2a4p2qr + 2a4pqzr + 2a4pqr2 + 2a4q2r2 — 3a2b2p2qr — azbzpzrz — 2a2b2pq2r - azbzpqrz
_ a2b2pr3 T u2b2q3r _ a2b2qr3 _ azczpzqz _ Sazczpzqr _ azczpq3 _ azczqur _ 2a262pqr2 _ a2c2q3r
+ a?c?qr® + bipPgr + bt — bipgr® — bipr® — bigPr — 2007 — bhgrd + VP pPg? + 203 pPgr
+ b2c2p2r2 + bzczpqs + bzczpqzr + bzczpqrz 4 b2c2p1*3 + 2b2c2q3r + 4b2c2q2r2 + 2b2c2qr3 4 c4p2q2
4 c4p2qr _ C4pq3 _ c4pqzr _ c4q3r _ 2041127’2 _ C4qr3)
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Yy = —q(a4p3r + 2a4p272 — u4pqzr + a4pqr2 + a4pr3 — a4q2r2 + a4qr3 — a2b2p3r + 2a2b2p2qr
+ 30282 pgPr + a2 pqr + a2bPprd + a?bPgPr? + aPbPgrt — a2 pPq — 2022 PPt — PP — aPlplgr
— 4a2c2p27’2 — 2a202pq27 — azczpqrz — 2a2c2pr3 — a2czq272 — a2czqr3 — 2b4p2qr — 2b4p21’2 — 2b4pq21’
— 2Bt pgr? + D2RpRq + b2 PP + PR R + bR pPqr + 3b2C pPr + 2b2c pgr® — bR pr® + ctpg
+ P — tp?g? + crpPgr + 20 pPr? — rpgtr + crprd)

2y = —1(a*p3q + 204 2P + a*pg® + atpgPr — atpgr? + agPr — atqPr? — 2a20%p3q — aP0Rpr
_ 4a2b2p2q2 _ aszpzqr _ azbzpzrz _ 2a2b2pq3 _ azbzpqzr _ 2a2b2pqr2 _ a2b2q3r _ a2b2q2r2
— 223 + 2022 PP qr + a2 pg® + a2t pgPr + 3a P pgr? + a?2gPr + atqih? + brp3q + bhpr
LR + b pRgr — bARr 4 bhpg — bhpgr? + P2 p3g + BPpRr + P pPgr + B — Pt pgd
+ 2b2c2pq2r + 3b202pq1’2 - 2c4pzq2 — 2c4p2qr — 204pq2r — 2c4pqr2)

Oy =2(p+q+r) (a4p2qr + a4pq2r + a4pqr2 + a4q2r2 — 2a2b2p2qr — 2a2b2pq2r — 2a202p2qr — 2a2c2pqr2
n b4p2qr n b4p2r2 i b4pqzr n b4pqr2 _ 2b202pq27’ _ 2b2c2pq72 i C4p2q2 i c4p2qr n c4pq2r n c4pqr2)

From here, we have XM X! = YMY! = é, with

¢ = 8pqr(uv + uw + vw) (p*q*u® + p*q*u®v + 2p*qru® + p*r*u® + p*r*utw — 203 uPo — 2p°gPuv

— 2p3q2ruzv — 2p3qr2u2w — 2p3r3u2w — 2p3r3uw2 + p2q4uvz + p2q4v3 — 2p2q3ruvz + 6p2q2r2uvw
— 2p2qr3uw2 + p2r4uw2 + p2r4 ro*w — 2pq2r3vw2 + 2pqr4w3 + q4r203

+ q4rzvzw — 2q3r3vzw — 2q3r3vw2 + q2r4vw2 + q2r4w3)

2

w® + 2pg*ro® — 2pg°

== p2q2u2 + 2p2q2uv + p2q202 + 2p2qru2 — 2p2qruv — 2p2qruw — 2p2qrvw + p2r2u2 + 2p2r2uw
+ p?rPw? — 2pgPruv — 2pgtruw + 2pgPro? — 2pgtrow — 2pgriuv — 2pgriuw — 2pgrivw + 2pgriw

+ ¢*r*0* + 2¢*r*vw + g*r*w?

2

and

P2 —a? ; ? +a* — b? w_a2+b2—c2
B 2 2 T 2

With this, we have
PMP* = (X+Y)M(X = Y) = XMX —YMY' =0

This show that the points P and P* are inverse in the circle have diameter HGp.
Since

MP - MP* = MH? = MOp - MNp,

we have four points P, P*, Np, and Op lie on the same circle Lp. ]
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5. PROOF OF THEOREM 6

Proof. The equation of the line HGp (also line /) is

HaX +1pY +1cz2 =0
with
e = (8% — b* — %) (a*q — a®r — b2q — b2r + 2q + °r) (a®p? + apq + a®pr + 2aqr — b?p? — b2pq + b2pr + c>p(q —r — p))
2
2

iy = (a* — b? + ) (a®p + a®r — bPp + b*r — ?p — 2r) (a®pq + a®q® — a’qr — bPpg — 20%pr — b?q> — bPqr+ c*q(q +7 —p))

e = (* — a? — bz) (azp +a%q—b’p —b*q—3p+ czq) (azpr — a?qr + a?r* — V?pr + b2qr + b*r? — 2c2pq — r(p+q + r)

The equation of the line /; tangent to Kp at P is
Oax + 0y +60.z =0
with
00 = qr (—a®q + a®r + b2q + b?r — 2q — c?r)
0p = pr (—a’p — a’r + b?p — bPr + c*p + c?r)
0c = pq (a®p +a%q — b?p — b>q — ?p + c?q)
The equation of the line ¢, tangent to Kp at P* is
X + 1y +1z2=10
with
la = qr (—a%q + a*r + b?q + b*r — 2q — ¢*r) (a®p? + a®pq + a®pr + a’qr — b?p* — b*pq — *p? — chr)z
iy =rp (—ap — a’r + b?p — bPr + ®p + 2r) (a®pq + a*q* — b*pg — bPpr — b*q* — b2qr + c*q* + c2qr)2
le = pq (a®p + a®q — b*p — b*q — c*p + 2q) (a®pr + a®r® + b?qr + b*r? — *pq — *pr — c*qr — C21’2)2
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It is not hard to check that

Ma Mo e Na Mo e

0, 6, O.|=1|t;, 1 1|=0

1 1 1 1 1 1
Therefore, we have /¢ || ¢1 || (5.
Now, we use Cartesian coordinates as follows.
In a Cartesian coordinate system, let the rectangular hyperbola Kp be represented by
xy =a,and P (xo, x%) and P* (—xo, ;—;) is two antipodal points.
Let P, P_ be a chord of Kp, and P, P_ 1 /.
The slope of the tangents at P and P* is .

0
x5

Since £ || £1 || £2, the slope of line ¢ is —7, thus the slope of line P, P_ is .

a
0
The coordinates of the points P, and P_ are

P+ = <xl/a> ’ P = <x2/a>
X1 X2

We have
W X —a x5
22 =0 =0 — xxxp = —a®
X1 — X2 a X1X2 a
Note that
55 557 a a a a
PP, -PP_ = (xo0—x1)(xg — x _ — -
+ (x0 — x1)(x0 — x2) + <x0 x1> <x0 x2>
22
= (xg — x1)(x0 — x 1+ =0
(0 1)( ° 2)< x%xlxz)
*D . DD a a a a
P*P, -P*P_ = (—xg — x1)(—x0 — x _ 22y (=22
+ (—x0 — x1)(—x0 z)+< 0 x1>< o Xz)

112
(x0+x1)(x0—|—x2) ( + x%x1x2>

therefore we have P, P* lie on the circle have diameter P, P_.

6. PROOF OF THEOREM 7

Proof. Consider this configuration in the complex plane, and let (O) be the unit circle.
We also let

u=a+b+c,
v =ab+ bc+ ca,
w = abc
Note that
_ v u 1
Il=—,0=—, 0= —
w w w

Since P is a point on line OH, we have

p=kh=k(a+b+c)=ku keR
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Since Q is isogonal conjugate of P with respect to triangle ABC, we have

abcp® — (ab+bc+ca)p—p+a+b+c 1-— v° — UW
bep? — (ab+b )P —p b (1 —k)(ko? )

1= 1—pp = w-w W

Now, we let
st = qu, s = kzq, (kl,kz € ]R)

Since (S7S7,0Q) = —1and S*, S~ are inversion with (O), we have
+ _ ot
L - q 5 — _1, s = ;
ST gq—s~ st
thus
_ 1
{klkz =% 2
ki+ka = 2kiko = =
We have ky, k; are the roots of the equation
XZ—E_XJFL_ =0, (*)
qq9 q9

Since F*, F~ are isogonal conjugate of ST, S~, we have

abcsTFZ—(ab+bc+ca)s¢—s++a+b+c wst —vsT — st +u

+: — — —
f 1—stst 1—stst
f,_abcsiz—(aberchca)sT—s‘+a+b+c_wsT — s~ —s 4 u
1—s7s" 1—ss
Since R is on OH such that (OR, PH) = —1, we have
p N h s g 2ku
p—r h—r k+1

From (x) and (1), we have
Ku?o? — 2k u?o? — iR udw — 2k3Ku0? + KuPo?
— K0 + 2Kk udw + Kl u*o? 4+ Kk uvw + 2k*k30°
— kk3ubw + 4k*kyuvw — 2k uvw — kkiv® — 2k*uvw
+ KBuvw — 2kjw? + w? = 0

This leads us to the fact that

k218w + 2k2u20? + K203 + 2kuBw — 2kuv? — 2kuvw — 2kv® + ulw — 2uvw + 0°

fro (T
fr—r \ft-—r K2udw + 2k2u20? + k203 — 2kulw — 2ku?0? — 2kuow + 2kvd + udw — 2uow + 03
= Z?k(usw — %) (K 3u?0? — 2k u0? — KCkubw — 23K u0? 4 Ku?o? — Bk 0% + 22K ulw + KAk uto?

+ kzk%uvw + 2k2k%v3 — kk‘i‘u3w + 4k2k1uvw — 2kk%uvw — kk‘%z;3 — 2K%uvw + k%uvw — 2k1w2 + wz) =0
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with
€= k5k2u4vw + 2k5k2u303 + k5k1 uv* + Kkyutow + 2Kk uo? k4k utow — 4k4k%u303 + Kkyjuo*
k4k2uzv w— 3k4k%uv — k*qut vw+3k3k utow +2k3k%u v® — 2k kv w — kequo* + 2k*u3o?
+ k3k%u3w2 + 6k3k1uzvzw + 3k3k2uv — KBkyutow — 23k uP0% — k2k2u4vw + k3kzv3w — KBkyulw?
— 2Kk v*w — KCkquo* — kzk%u kzkzuv + Kkyutow — KBkyodw — kzklv w + KkyuPw?
+ 2k2k1u202w + Kkyuo* — kk2 Sw? — 2kk] 2020%w + 2k2k1uvw + Kk vPw — 4k u*v*w — kkzv?’w
+ kkyuPw? + 2kk u?v*w + k%u3w2 + kkyv3w + k v*w — kyuPw? — 2kjuvw? — kivdw + 2uow?

Similarly, we have

f—f—r*<f—f_—r>

_ KRPudw + 2k2u%0? + k0% + 2kudw — 2ku*o? — 2kuvw — 2ko® + wdw — 2uvw + 0°
 kR2uBw + 2k2u20? + k203 — 2kuBw — 2ku?v? — 2kuvw + 2kv3 + udw — 2uvw + 03

thus )
f+f—r+<f+f+—r) :ff—r+<ff—r>

From here, we can conclude that four points F, F~, O, R lie on a circle. O

7. CONCLUSION

In this paper we introduced a new framework that extends the classical Kiepert hyper-
bola and the Lester circle. Starting from a parameterized construction involving an arbi-
trary point P, we defined a rectangular hyperbola Kp associated with triangle ABC. This
curve naturally generalizes the classical Kiepert hyperbola obtained when P is the first
Fermat point. A key feature of this construction is the appearance of the point P*, the
antigonal conjugate of P, and the point Gp, which plays a role analogous to the centroid
in the classical configuration.

We showed that the midpoint of PP* serves simultaneously as the center of the gen-
eralized hyperbola Kp, while also lying on both the nine-point circle of ABC and the
circumcircle of A;B,C,. This provides a natural geometric link between the generalized
Kiepert configuration and classical triangle centers.

Based on this hyperbolic structure, we established a generalized version of the Lester
circle, proving that the four points P, P*, Np, and Op are concyclic. In addition, we ob-
tained a generalized form of Gibert’s theorem, showing that certain circles determined
by chords of Kp pass through the pair P and P*. Finally, we presented another exten-
sion of the Lester circle arising from a configuration involving isogonal conjugacy and
harmonic division along the Euler line.

These results demonstrate that the classical relationships among the Fermat points, the
Kiepert hyperbola, and the Lester circle belong to a broader geometric structure that
persists for an arbitrary point P. It would be interesting to investigate further properties
of the hyperbola Kp, its interaction with other well-known triangle centers, and possible
extensions in the settings of projective or inversive geometry.
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