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A MARSDEN-WEINSTEIN TYPE REDUCTION SCHEME FOR CONTACT PAIRS

YATMA MBOD]JI, BAMBA DIANGO AND HAMIDOU DATHE

ABSTRACT. This paper generalizes the classical Marsden-Weinstein reduction theory for
symmetric symplectic manifolds to the context of Contact Pairs. We demonstrate that, for
a Contact Pair structure, it is possible to establish a reduction scheme that is analogous to
the well-known procedure for symplectic manifolds.

1. INTRODUCTION AND MOTIVATIONS

The Marsden-Weinstein reduction theorem is a cornerstone of symplectic geometry, pro-
viding a powerful method for simplifying the study of Hamiltonian systems that possess
symmetries. In essence, it allows a complex dynamical system on a high-dimensional
phase space to be reduced to a simpler, lower-dimensional system.

In physics and mathematics, a Hamiltonian system describes the evolution of a physical
system over time using a function called the Hamiltonian, which often represents the
total energy. A symplectic manifold serves as the phase space for such a system. When
a system exhibits a symmetry, it means that its dynamics remain unchanged under the
action of a group of transformations (a Lie group).

The Marsden-Weinstein theorem formalizes this idea of reducing the system by its sym-
metries. It takes a symplectic manifold (M, w) and a Lie group G that acts on it in a
way that preserves both the symplectic form w and the Hamiltonian function H. The
theorem then constructs a new, smaller manifold, called the symplectic quotient or re-
duced phase space. This reduced space inherits a natural symplectic structure, and the
original dynamics of the system descend to it, allowing for a much simpler analysis.
Albert has generalized in [17] the Marsden-Weinstein reduction theory for symplectic
manifolds with symmetry to cosymplectic manifolds and to general contact manifolds.
In doing so he has conceived a unified approach to cosymplectic and contact structures
by identifying them as limiting cases of a transitive almost contact structure. In a recent
paper (see[14]), Y. Mbodji and H. Dathe extended the Marsden-Weinstein reduction the-
ory originally developed for symmetric symplectic manifolds to contact-symplectic pairs
after first establishing the required notions of Hamiltonian and gradient vector fields for
this framework. Contact pairs have been identified and studied by G.BANDE in [5]. The
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concept of a Contact Pair allows for the study of dynamical systems that are simultane-
ously governed by two types of non-integrability or two distinct time directions, each
encoded by « and 7. The study of Contact Pairs paves the way for potential generaliza-
tions of the reduction theory and the concepts of Hamiltonian and gradient vector fields
to geometric contexts where the dynamics are constrained by two independent Pfaffian
structures, thereby considerably enriching the landscape of geometric mechanics. In this
paper, we generalized the Marsden-Weinstein reduction theory for symmetric symplec-
tic manifolds to the context of contact pairs. This result provides a significant extension
of geometric reduction methods to a class of even-dimensional manifolds governed by
two independent Pfaffian structures.

2. MAIN RESULTS

2.1. Contact pairs. In this subsection, we recall the notion of contact pair structures. For
more information see [5].

Definition 2.1. A contact pair of type (k, h) on a manifold M**+2'+2 of dimension (2k +2h +2)
is a pair of Pfaffian forms (1, «) such that:
7 A (dn)* A a Ada is a volume form on MP*F2M+2 and dy*+1 = 0, da/+1 = 0.

The forms 1 and a are so necessarily constant class 2k 41 and 2k + 1. To a such structure
are naturally associated two distributions: the distribution of vector fields which annul
n and dy, and the distribution of vector fields which annul « and da. This distributions
are completely integrable because the forms 1 and w are constant class 2k +1 and 2/ + 1.
They determine the characteristic foliations of #7 and «, which we will note $) and &.
The characteristic foliation of # is of codimension 2/ + 1 and her leaves are contact mani-
folds of contact structure associated a. The characteristic foliation of 7 is of codimension
2k + 1 and her leaves are contact manifold of contact form associated 7.
The foliations $ and & are hollowing out transversal and additional. A vectors fields
Zy, Zy known as the Reeb vectors fields, is carried by manifolds with contact-symplectic
pairs and is uniquely identified by:

1(Zy) = 1and iz, (« Ada” Adn*) = 0.
and

w(Zy) = 1and iz, (5 Ady* Ada") = 0.
The Reeb vector field Z,, Z, of contact pair (1, &) commute and satisfy the following
condition:

1(Zy) = 0,iz,dy =iz dy =0,a(Z,;) =0, iz,do =iz, da =0,

So, Z; (resp. Z,) is tangent to characteristic foliation of 77 (resp. «) and it is the Reeb vector
field (in the classical sense) of contact form induced by # (resp. a) on each leaf of their
foliation. Contrary to riemannian manifolds, the contact pairs have not local invariants.
That is to do to theorem which follows, called the Darboux theorem. It establishes an
unique local model of contact pairs.

Theorem 2.1. [5] Let (17, &) be a contact pair on M**+2"+2 and p a point of M?**2"+2_ Then, it
exists a local coordinates system
(U, x1, -, X, Y1, Yo 20, P10 o Phoq1, - - 5 Gy Z2) around of p, such that

N = Yoy xidyi + dz1, 0y = T pidgi + dza, Zyjy = 9z, Zoju = 92
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The coordinates system (U, x1,- -+ , Xk, Y1, -+ , Yk, 21, P1, -+ » P G1, - - -, qn, 22) is called co-
ordinates system of Darboux. All contact pair is locally the produce of contact manifolds.

2.2. Gradient vector fields and Hamiltonian vector fields on contact-symplectic pairs.
Let (M**2"%2 3 &) be a contact pair. Consider the bundle homomorphism b, . :

x(M) — Q}(M) defined by:
D(y.0) (X) = 11(X)y + a(X). + ix(dy + da), VX € x(M).
We have the following proposition.

Proposition 2.1. The map b, ) is a smooth vector bundle isomorphism.

Proof. Let us show that b, , is an isomorphism. Observe that it suffices to show that
the map b, ,) is injective. Let (U, x1,- -+, Xk, Y1, , Yk, 21, P1, ", Prd1,+ ,qn,22) be a
Darboux coordinates system and
X = Z;‘Zlaiaxi + Zi-‘:lbiayi + Zf’:lciap,' + Z?Zldiaqi + edz1 + fdzy be a vectors field on U.
We assume that b, ,)(X) = 0. So we have
1(X)n(X) +a(X).a +ix(dy +da)(X) =
7(X) +a*(X)
B(X) = a(X) = 0.
Thus, we obtain ix(dy + da) = 0. Consequently,
ix(dnp+da)(dx;) = 0
by = 0, (2.1)

I
o o

ix(da+dn)(dy;) = 0
a; = 0, 2.2)

ix(da +dn)(@p) = 0

d = 0, (2.3)
ix(de+dn)(dq;) = 0

¢ = 0 (2.4)

n(X) =0
e = 0. (2.5)

a(X) = 0
f =0 (2.6)
According to the relations (2.1),(2.2),(2.3),(2.4),(2.5) and (2.6) we deduce that X = 0
and later on the map b, ) is injective. U

Thanks to this isomorphism, we can associate at every function
@ € C®°(M?*+2h+2 R) an unique vectors field gradg € x(M), called gradient of ¢, which
is defined by
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Definition 2.2. Let (M?*2+2 51, &) be a contact pair and ¢ € C®(M?**2+2 R) a function.
Is called gradient vectors field of ¢ the single vectors field grad defined by

grade = b(:]%zx) (do)
. Likewise ‘
(21) { igradg (W +di) = do — Z,(9)1) — Zu(9)a
n(grade) = Z,(¢), a(gradp) = Zu(¢).

We define also the Hamiltonian vectors field associated to ¢ € C*°(M?+21+2 R).

Definition 2.3. Let (M?*2+2 51, &) be a contact pair and ¢ € C®(M?**2+2 R) a function.
Is called Hamiltonian vectors field of ¢ the single vectors field X, defined by

Xp =Dy (49 = Zy (@)1 = Za(@)e).
Likewise,
(22) { ix, (dy +da) = do — Z ()1 — Zu(@)a
1(Xy) = a(Xy) =0
The gradient vectors field gradg and the Hamiltonian vector field X, have the same
horizontal component and

Xy = gradg if only if Z,(¢) = Zs(@) = 0. ()
Definition 2.4. The Hamiltonian vectors fields which verify the relation (x) are called the re-
stricted Hamiltonian vectors fields.

By elementary calculus we obtain the following proposition

Proposition 2.2. Let (U, x1, -, X, Y1, Y, 21, P1, " Progi, -+ ,qn, 22) be a Darboux
coordinates system on (MZ*+2h+2 1 &) and ¢ € C*(M?+242,R). So we have

0 0 0 0 0 0 0
grad(p‘u: (3](/,1 zaj))a a(/’ayl+(£+xla¢)azl+(£_p.£)apl_
1

99,5 (99 99
3 a5 Viom 99i 1 (5, TPig, )07

op; 0z
— (92 99, 99 99 AL AP L )
X‘P|u - (ayl xlaZI )axz 9x; a}/z + (xla )azl + (aql pi az )ap aplaql + (pl api)aZZ
In particular
gradx; = —By]. + xj0z1; gradp; = —oq; + pjoz,
grady; = 0xj; gradq; = dp;
gradzy = —x;0X; + 0z1; gradzy = —p;op; + 0zp; Xy, = —9Y; + Xj0,
Xg; = 0pj; Xzy = —xi0x;; Xz, = —piop;

2.3. Restricted Hamiltonian action on contact pairs. In all that follow, the Lie algebra
of Lie group G will be denoted by G and its dual by G*.

Definition 2.5. An action of Lie group G on contact pair (M?**+2+2,5,a) is a C* map ® :
G x M2k+2h+2 oy MF2042 gy ey that for all g and §' € G, x € M2*+2h+2,

(g, P8, x)) = P(gg', x) et P(e,x) = x
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Observe that g is a diffeomorphism, of reciprocal ®,1 and forallgand ¢’ € G,
g0 Py = Dgy.

Thus the map ¢ — @, is a homomorphism. For all x € M**2*2 we denote re-
spectively by O, and Gy the orbit and isotropy sub-group of x. Oy is a sub-manifold of
M?+2h+2 not necessary embedding and Gy is a Lie sub-group of G.

Definition 2.6. Let ® be an action of Lie group G on contact pair (M?*+2+2 5, a). We call
fundamental vectors field associated to an element ¢ of Lie algebra G, the vectors field ¢y on
M2k+2h+2 deﬁned by

d
éM(x) = altzocbexpté(x)-

Consequence 2.1. [8]

(1) Fundamental vector fields ¢ are complete.
(2) Forall & € G and x € M**2%2 the fundamental vector field &y is tangent to O.
(3) The map ¢ — ¢ is a homomorphism of Lie algebra.

Definition 2.7. An action ® of Lie group G on contact pair (M?*+2%2, 4, &) is called an au-
tomorphism action, or G is said to be an automorphism group of (M**2"%2 y a), if for each
g € G, the corresponding @ is an automorphism of the contact pair structure, i.e.
Do =1, P = w
It then follows that the fundamental vectors fields are infinitesimal automorphisms; i.e.
ECM’? = 0, C@MDC =0
forall ¢ € G.

Definition 2.8. An automorphism action ® will be called a restricted Hamiltonian action if fur-
thermore, for each € G, the associated fundamental vectors field ¢y is a restricted Hamiltonian
vectors field.

Proposition 2.3. Let ® be a Hamiltonian action on contact-symplectic manifold (M?+2+2, 5, ).
Forall ¢ € G, we note by Jz the Hamiltonian associated to fundamental vector field &y
(1) It exist a linear map | : ¢ € G —> Jz € C°(M* 22 R) such that for all ¢ € G,
Je is a Hamiltonian function for the fundamental vectors field 1. The map | is called
generalized Hamiltonian of action ®
(2) To generalized Hamiltonian & — [z, we can associate a C® map | : M*+21+2 — G,
called the momentum map of action ® defined by

]x(€> =< ](x),g >= ]g(X), Feg xe M2k+2h+2

Proof. Suppose that G is of dimension n and let &1, - -, ¢, be a basis of G. We denote
by Jz the Hamiltonian function associated to the fundamental vector field ¢;s. Then for
any ¢ € G, there exists a unique n-tuple (B1,---,Bn) € R" such that { = Y/ ; B;¢; and,
moreover, {yr = Yt BiCim- Now for any ¢ = Y/ ; Bi{; we set

Je = Z:Bi]fii'
i=1

38



A Marsden-Weinstein Type Reduction Scheme for Contact Pairs

Let us show that Jz is well-defined. We have

n(Em)n +a(Em)a + iz, (dy +da) = ﬂ(i BiCim)n + “(i BiCim)a + i Biig,y, (dn + da)

n

— e pnGnn + 3 palGm)a + 3 b n +

i=1 i=

=

= ;/3 id]e,

= d) B (2.7)

Z:

—_

According to the relation (2.7), the map ] is well-defined. Let us show that ] is linear.
Let =Y, Bi¢;, & =Y 6 belongingtoGand A € R,wehavel + A& =Y (B +
M%) Ci.

We put "’ = ¢ + A&, thus

Jor = Jor (a0

n

= L (BitAd)
i=1
= L Bis+ ) Ad

i=1 i=1
n
= Zﬁ Je +7‘Z5I¢z
Consequently, according to the relation (2.8) the map ] is linear. O

2.4. Elementary properties of momentum map.

Proposition 2.4. Let ® be a restricted Hamiltonian action on contact-pair manifold (M?*+2h+2 3 o).
Then forall§ € Gand g € G,

Moreover the function Hamiltonian associated to (®g).{m is Jz 0 Py
Proof. Let¢ € G and g € G, we have
(@g)iu(x) = To_, @cllu(®y1(x)

d
e TCI) 1 ¢ (dt| @exp,tg ] ¢g71 (x))
d
= EH:O@g o q)exp—fg O ®g71 (x)
d
=t o Pster-g (%)
= (AdE)m. 2.9)
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Moreover we have,
l(@g), 0 (dn +da) = i)z, (Pe1)"(dy + da)
= @ ligy (dy + o)
- cD;,l d]g
O
The following proposition shows that, even in the generalized framework of contact-pair

manifolds, the variation of the momentum (measured by T,]) is entirely controlled by
the fundamental geometric form (dr + da) that defines the dynamics on the manifold M

Proposition 2.5. Let ® be a restricted Hamiltonian action on contact-symplectic manifold (M>*+2h+2 1 «),
admitting a momentum map J. For all x € M?***+?'+2 the transposed to linear map
Ty] : TeMP*F21H2 —y G* is the map & — ig,, (w + dn) (x)

Proof. Let & € G, for all x € M%*+2h+1 and v € T, M?*2*1 we have

TJ' () (v) = EoTi(v)
= Tx]é(v)
= g (x) (dn +da)x(v) + Zy(Je)x11x(0) + Za(J&) e (0).
(2.11)

According to definition of restricted Hamiltonian action we have Z,(Jz) = Zx(Jz) = 0.
Consequently, we obtain

iCM(x) (w + dﬂ)(X) (U) = Tx]t(g) (U>

According to proposition we obtain the following consequence.

Consequence 2.2. (1) For all x € M**+2h+2 the set T,J(TyM) is an annulator G2 of
isotropy algebra G, of point x, which is defined by
The image of T ] is indeed the annihilator of the kernel of the transposed map.
(2) Forall x € M**2%2 the rank of linear map T.] is the dimension of orbit O(x).

In fact, let orth(ker T, ]) denote the orthogonal complement of ker Ty ]. The set orth(ker Ty])
is given by

orth(ker Ty]) = {v € TxM : Yw € ker T ], (dn + da) (v, w) = 0}.

Note that dimM*+2"+2 = dim(ker(Ty])) + dim(orth(ker T])). However, since
T Oy is generated by the fundamental vector fields at x, we then have dim(T,xOy) =
dim(orth(ker Ty])). Therefore, we obtain the relation

rank(T,J) = dimM>*2"*2 _ dim(ker(T,])) = dim(T,Oy).
In particular | is a submersion at x if only if the orbit have the same dimension that G,

i.e the isotropy group is a dimension nil.
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The theorem that follow is the generalized version of Noether’s Theorem for systems
defined on a contact pairs manifold.

Theorem 2.2. Let ® be a restricted Hamiltonian action on contact-symplectic manifold (M*+2+2 4 &),
admitting a momentum map J. Let H be a Hamiltonian function on (M*+2"+2 y ), invariant

under action ®. Then the momentum map | is constant on each integral curve of Hamiltonian
vector field Xp.

Proof. Let ¢ € G, and y(f) an integral curve of Xy. We have

LI (0) = dyJe(Kinygo)
= Xy
= (dn +da)y ) (Xntyt) Xeye)) = ZyUx) 5010y Kby 6)) = ZaTx) (0% 8) Kby (r))
= (d77+d“)'y(t)(XM'y XH'y(t))

_IXMv(OdW(f)H

2.5. Equivariant of momentum map. Recall the following lemma

Lemma 2.1. [8] Let A be a linear representation of Lie group in a finite dimension vector space
V,and 6 : G — V a differential map. We put forall g € Gandv € V,

a(g,0) = Ag(v) +6(g).
Themap a : G x V.— Vis an action of G on V if only if the map 0 verified, for all g1,> € G,

0(8182) = Ag, (0(82)) +6(g1)- (2.12)

6 is a 1-cocycle associated to linear representation A, and a is a G-affine action having for
linear part A. This lemma allows us to obtain the following proposition, which plays an
essential role in the reduction of contact pairs.

Proposition 2.6. Let ® be a restricted Hamiltonian action of Lie group G on a connected contact-
symplectic manifold (M**2+2,y,a), and let | : M?**2'*2 — G* be a momentum map for
this action. Let x € M**2%2 5o the map o : G — G* defined by

(Vg € G), 0(8) = Jaoy () — Ad3]s
only depends on the choice of the momentum map | and not on the particular choice of x €

M?+21+2 " 5 is g 1-cocycle of G with values in G*. The cohomology class of o only depends on

the given action ® and not on the particular choice of the momentum map. Moreover the map
Y :G x G* — G* defined by

(Vg € G, p € G),Ye(u) = Adjpu +o(g)
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is an affine action of G on G* such that | is equivariant with respect to ® and ¥, i.e.
Jody=Y¥e0]

foreach g € G.

Proof. Let ¢ € G and ¢ € G, according to proposition2.4, the vector field (®,-1).Sum is

a restricted Hamiltonian vector field with Hamiltonian Jz o &, =< Jo,, ¢ >. Itis also a
fundamental vector field associated to Ad,-1¢. So it admits like Hamiltonian the function
<], Adg—lg >=< Ad; oJ,¢ > . Since the Hamiltonians Jz o ®; and < Ad; of,& > are
associated to the same restricted Hamiltonian vector field (®,-1).¢um, then we have
d(Jeo®g— < Adgo],6>) = dJfo®y—d < Adgo],§>

= @)@+ da) — i _y).q(dn + da)

= 0. (2.13)
Thus, according to the relation (2.13), the map o(g) = J(Pg(x)) — AdgJ(x) is constant

locally on M%+21+2_ And as the manifold M?*+2'+2 is connected, therefore the map o (g)
is constant on M%*2+2 Hence, ¢(g) only depends on the choice of the momentum map
J and not on the particular choice of x € M#+21+2,

Let gand ¢’ € G. We have

0(g8) = J(Pgy(x)) — AdyyJ(x)
J(@g(Pgr(x))) — Ad*oAd*I(>
o(g )+Ad*( (Pg(x)) — Adg ] (x))
= o(g) + Adyo(g)

So the map ¢ is a 1-cocycle of G with values in G*, for the coadjoint representation.
Consequently, according to lemma?2.1, the map ¥ : G x G* — G* defined by

(V§ € G,u€G")Ye(p) = Adg + 0 (g).

is an affine action of G on G* and by construction | is equivariant with respect to ® and
Y. In fact, we have

Yoo = Adgy +0(gg")
Ady o Ady + Adg(o(g')) +o(g')
= Ady(Ady +0(8')) +0(g')
- -Tg O Tg/.

3. THE REDUCTION THEOREM FOR CONTACT PAIRS

Let ® : G x M#+242 __y M2+2142 pe 3 restricted Hamiltonian action of a Lie group G
on a contact pair manifold (M2k+2h+2, #,a). Let | be a momentum map and ¥ the affine
action of G on G*. For all u € G* we denote by M, = [ ' ({}),

Gu={g€G|Y¥s(u) =pn}
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the isotropy group of y with respect to the affine action ¥ and by P,, the orbit space
M,/ G,. We recall that G, is a closed sub-group of G, so according to Cartan theorem it
is a Lie sub-group having for Lie algebra

Gu =15 e G| (V¢ € G)(dy +da)(Gm, Enm) = O}
It will always be tacitly assumed that both G and M?*2#2 are connected. The Lie al-
gebra of G will be denoted by G and its dual by G*. It will always be assumed that G,
is connected such that the fibres of 77, are also connected. To prove the contact pair

reduction theorem, we need the following proposition.

Proposition 3.1. Let (M, n,a) be a connected manifold, where n and « are non-closed 1-forms
such that dy and da have constant rank. We assume that there exist two vector fields R and Z on
M such that (R) = a(Z) = 1,7(Z) = «(R) =0, irdy = irda = 0and izdny = izda = 0. if
the map b, ) : x(M) — Q' (M) defined by:
D(y,0)(X) = 171(X)y + a(X). + ix(dy + da), VX € x(M).

is a smooth vector bundle isomorphism, then (M, 1, «) is a contact pair.
Proof. Let x be an element of M, we put

Fx = kerny Nker(dny), and &, = ker ay Nker i, Nker(dy)y.

Let us consider the map ¢ : {y — §; defined by
5(0) — iy(d“)x,

the map ¢ is injective. Indeed, let v be an element of {y. Assume that 6(v) = 0, then
we have b(, ,1(v) = 0, and since b, ,) is bijective, therefore v = 0. Hence, the map J is
injective. Consequently, (da)y is of max1mum rank, and furthermore, we have

rank(6) = dim(¢y) = dim(Im(J))
. However, since da has constant rank, rank(d) = rank((da),) = 2h, which means that
dim(Im(9)) = dim(¢y) = 2h.

Now let H be the vector subspace of §, spanned by Z,. We denote its annihilator by
HC. Let us show that H? is equal to Im(6). Let B be an element of H’. Since the map
) P Bx — Sy is bijective, there exists v € §y such that:

p = b(n Q) (Z))
= (v
ay (v

+ ax<v)1xx + 1v<d77 + dlx)x
0y + ip(da)y. (3.1)

)11
)
However, since € H, then B(Z,) = 0,Which means, according to relation (14), that
ax(v) = 0. Consequently, B = i,(da), hence B belongs to Im(d), thus

H° C Im(9). (3.2)
Conversely, let B be an element of Im(J). Then there exists v such that B = 5(v). We have
B(Zy) = 6(v)
= iy(da)y(Zy)
— 0, (3.3)
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which means, according to relation (3.3), that f is an element of H?, thus
Im(8) € HC. (3.4)

From relations (3.2) and (3.4), we can conclude that H? = Im(5). According to Annihi-
lator Theorem we have

dim H + dim H° = dim g,

and since dim(H) = 1 and dim H° = dim(Im(6)) = 2h we obtain

dim §y = 21 + 1. (3.5)
Now let us consider the spaces & and ¢’ defined by

&, = kera, Nker(da), and ¢, = ker 7, Nker a, Nker(da),.

Let us consider the map ¢’ : ¢!, — &} defined by

§(0) = io(dy)s,
the map ¢’ is injective. Indeed, let v be an element of . Assume that ¢'(v) = 0, then

we have b, ,)(v) = 0, and since b, ,) is bijective, therefore v = 0. Hence, the map ¢’ is
injective. Consequently, (d7), is of maximum rank, and furthermore, we have

rank(6") = dim(¢&,) = dim(Im(d"))
. However, since dy has constant rank, rank(6) = rank((dn),) = 2k, which means that
dim(Im(d8")) = dim(¢&%,) = 2k.

Now let K be the vector subspace of &, spanned by Ry. We denote its annihilator by
K. Let us show that K° is equal to Im(d’). Let B be an element of K. Since the map

b(w) : &y — &} is bijective, there exists v € &, such that:
B = b(q,vc) (U)
= (V) + ax(v)ay +ip(dy + da)y
= 1x(0)nx + ix(dn)x. (3.6)

However, since g € K, then B(R,) = 0,Which means, according to relation (3.6), that
x(v) = 0. Consequently, B = i,(d1), hence B belongs to Im(é'), thus

K° C 1m(d"). (3.7)

Conversely, let B be an element of Im(d’). Then there exists v such that § = ¢'(v). We
have

B(Ry) = d'(v)

= iy(dn)x(Rx)
= 0, (3.8)
which means, according to relation (3.8), that § is an element of K’, thus
Im(&") C K. (3.9)

From relations (3.7) and (22), we can conclude that K = Im(4’). According to Annihi-
lator Theorem we have
dimK + dimK° = dim &,,
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and since dim(K) = 1 and dim K° = dim(Im(é')) = 2k we obtain

dim &, = 2k + 1. (3.10)
Relations (3.5) and (3.10) imply that M is (2k + 2h + 2)-dimensional, and moreover 1 A
(dn)¥ A a A (da)" is a volume forme on M. Hence, (77, ) is a contact pair on M. O

Now, we will define the notion of a weakly regular value of the momentum map J.

Definition 3.1. y € G* is a weakly regular value if My, = ]~*{u} is a closed submanifold and
forall x € M, TyM,, = kerd,].

From this definition, the following consequences follow

Consequence 3.1. if  is a weakly regular value (and thus, in particular, a reqular value) of |,
then for all x € My,

TeMy = {v € TM | (V¢ € G)(w +dy)(v,Em(x)) = 0} (3.11)

Proposition 3.2. If u is a weakly reqular value (and thus, in particular, a regular value) of |,
then the set M, is a submanifold of M**+2'2 and @ induces a smooth action of G, on M,,.

Proof. By definition, it is clear that M, is a submanifold of M?+21+2 1 et x be an element
of M,,. For every ¢ belonging to G, we have from Proposition2.6,

]<1>g(x) = ‘Fg(]x)

= Yl

=
Thus @, (x) is an element of M,,. Hence the set M, is invariant for the restriction of ® to
Gy.. Therefore, @ induces a smooth action of Gy on My,. O

Theorem 3.1. Given a restricted Hamiltonian action of a Lie group G on a contact pair manifold
(M2+2142 1 &) with momentum map |, let u € G* be a weakly regular value of | and assumed
the induced action of G, on M, = ] '{u} is simple. Then the quotient space P, = M, /Gy
admits a contact pair structure (1, «,) such that
ju () = 70 () and j (&) = 717, (ap)

with j, : My — M2 the inclusion map and 7, : My, — Py, the canonical projection.
Furthermore if ¢ € C*(M,R) is invariant under ® such that Z,(¢) = Zy(¢) = 0, then
X, is tangent to | ~1{yu} and its restriction to ["'{u} projects onto the reduced contact- pair
(P, 1, ). Moreover, its projection (X)), is again a restricted Hamiltonian vector field, i.e.

(Xo)u = Xo,/
for some @y, satisfying ¢\j-17,,y = TPy

Proof. Since the induced action of G, on M, is simple, then the orbit space P, admits a
smooth manifold structure such that the canonical projection

is a surjective submersion. The fundamental vector fields of this action are the ¢, where

¢ € Gy, which show that the pair (77, «) is basic. So, it exist an unique forms 77, and &), on
P, such that
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*

MM, = 71;77,1 and XM, = Ty
Now, we show that (77,, &, ) is a contact pair on P,,.
Observe that since
ﬂ;dm, = dey and n]jdocy = doc|M#,

and since the forms 75, and a);, are non-closed, then the forms 7, and &), are non-
closed. Furthermore, let x be an element of M,,, we have forall { € G,

TJ(Zy)(§) = duJe(Zyx)
= 0

and

Tx](Zax)(g) = dx]é(ztxx)
= 0.

This means that Z;, and Z,, belong to the kernel of T, ], and since y is weakly regular,
Zyx and Z,, belong to Ty M,,. Hence, the Reeb vector fields Z, and Z, are adapted to M.
Also, for every ¢ in G, we have
n([m, Zy]) = Lz,(n(Em)) — L&y (n(Zy)) — dn(Em, Zy)
= Lz,(0) — Lg, (1) +iz,dn(Em)
= 0, (3.12)

a([Cm, Zyl) = Lz, (a(m)) — Ley (a(Zy)) — da(Em, Zy)
= Lz,(0) — Lg,,(0) + iz, da(Em)
= 0, (3.13)

iy z, @M = Ley(iz,dn) —iz, (Le,dy)
Lg, (0) =iz, (0)

0 (3.14)
and
i[CM/Zq]dlx = LgM(iZ”dLK) — Z'Z”(LgMdOC)
— 0. (3.15)
From relations (3.12), (3.13), (3.14), and (3.15), we deduce that b(, ,)([{m, Zy]) is zero,
and since b(, ,) is an isomorphism, then [, Z;] = 0. Consequently, Z, is invariant

under Gy. Likewise, we have

n([6m, Za]) = Lz,(1(&m)) — Ley (1(Za)) — dn(Em, Za)
= Lz,(0) — Lg,, (1) + iz, dn(Sm)
_ o, (3.16)
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a([Em,Zd]) = Lz (a(Gm)) — Ley(2(Za)) — da(Gm, Za)
= Lz,(0) — Lg,, (0) + iz, da(Gm)
= 0, (3.17)

ez = Leyliz,dn) —iz, (Leydn)
L¢, (0) —iz,(0)

0 (3.18)
and
i[CM,Za}d“ = LgM (izada) — Z'Z“(LgMdIX)
= Lg,(0) —iz(0)

0. (3.19)
From relations (3.16), (3.17), (3.18), and (3.19),, we deduce that b, ,)([Cm, Z4]) is zero,
and since b(w) is an isomorphism, then [y, Z,] = 0. Consequently, Z, is invariant
under Gy,.

Since the Reeb vector fields Z, and Z, are adapted to M, and invariant under G, they
are projectable to Zy, and Zy, on Py The vector fields Zy, and Zy, satisfy the following
relations:

”;W(Zn) = n(Zy)
= 1

Now we know that,

77;’71/ (Zy) = nu(musZy)

= ’7;4(217;1)
Thus, we obtain
”;W(er) = 1(Zs)
= 0.
Now we know that,
”;W (Zy) = nu(musZa)
= Wy(za;t)
Thus, we obtain
Hu(Zay) = 0. (3.21)
= 1.
Now we know that,
e (Ze) = ou(mpeZa)
= ay(Zay)
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Thus, we obtain

Now we know that,

Thus, we obtain

Now we know that,

Thus, we obtain

Now we know that,

Thus, we obtain

Now we know that,

Thus, we obtain

Now we know that,

ay(Zay) = 1.
n;ucy(ZW) = «(Zy)
= 0.
0 (Zy) 0y (s Zy)
= au(Zyy)
wy(Zyy) = 0.
iz, T, = iz, dy
= 0.
iz, Ty = dnu(7usZy)
= dnu(Zyy)
izwdﬂy =0.
iz, iy = iz dy
0.
iz, iy = dn(mysZs)
= d’?y(zay)
iZaydW]’{ :O.
izqn;jdzxy = iz, duo
0.
= day(Zy)
Z.delxy =0.
iz, Ay = iz du
0.
izan;dzxy docy, (705 Za)
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Thus, we obtain
izwdzxy =0. (3.27)

Let us consider the map b( : TPy — T*P, defined by

M)
(X)) + 0 (X )y + ix, (dny +day)
. Let v be an element of TP,. Suppose that b(, ,(v) = 0. Then, according to the
relations (3.20),(3.21),(3.22),(3.23),(3.24),(3.25),(3.26),(3.27) we obtain
7u(v) =0, ay(v) = 0 and iy(dy, + day) = 0.
Since v € TP, then there exists u € TM,, such that 77,.u = v. Hense, we have

a(u) = mau(u)
=y (7mysu)
= au(v)
0 (3.28)

n(u) = m(u)
= u(7Tpsut)
()
0 (3.29)

iy(dy +da) = iu(dm,n, +dme)

= iy7t, (dnu + doy)
T (A + docy)
ip(dny +day,)
0. (3.30)
Relations (3.28), (3.29) and (3.30) give b(, o) (1) = 0, and since b(, 4 is an isomorphism,
then u = 0. This implies that v = 0. Consequently, b(, ) is an isomorphism.

To complete the proof, we now demonstrate that the two forms d, and da, have con-
stant rank. let x € P,. We have

rank(dn,x) = dimP,, — dim ker (dn,x),

where
ker(dn,x) = {v € TyPy : ivdijux = 0}.
Since 71, is surjective there exists p € M, such that x = 71,(p). Let v be an element of
dp7ty(kerdny,, ). Then there exists u € Ty M, such thatv = dy7t(u)(u) and iydy p,, =0,
we have
oy = g, (u)@1ux

= (”;dﬁu)p(“r)

= iudeW

= 0. (3.31)
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The relation (3.31) implies that
dprty(kerdny,, ) C kerdnyy. (3.32)

Let v be an element of ker diy,,x, then we have i,d7,, = 0. Since 77, is a submersion then
there exist u € T, M, such that v = d, 7, (u). So we have

idprc;,(u)dﬂ}lx =0
(”;d’ht)p(”r> =0

iwdijpg, = 0. (3.33)
The relation (3.33) implies that
kerdi,. C dprry(kerdiy,,) (3.34)
According to the relation (3.32) and (3.34), we obtain
kerdiy. = dprry(kerdn ). (3.35)

We denote by §1 = kera Nkery Nkerdn and §» = kery Nkera Nkerda. It is clear that
the restriction of da to §; is symplectic, as is the restriction of dry to §>. We observe that
T,M decomposes uniquely as follows Ty,M = F1, © F2p ® vect{Z;p, Zup}. This decom-
position induces the following decomposition

TyMy = S1pu D S2pp © Go (3.36)
where
Sipp = {v€F1/VE €, (dn+da)(v,imp) =0}
= {veF,/VEe G dy(v,émp) =0}
= (T,0N 31]0){ (3.37)

where (T,O N §1,)* design orthogonal symplectic of (T,O N F1,) compared with a
restriction of 2-form da, on §1y,

3'2,,;, = {U S Szp/vg eg, (dﬂ + d(X)(ZJ, CMP) = 0}
= {veFp/V¢e G du(v,imp) =0}
= (T,0NFyp)", (3.38)

where (T,O N J2p) "+ design orthogonal symplectic of (T,O N Fzp)® compared with a
restriction of 2-form d7, on §2,. And &g = vect{ZWp, Zap}. Now let v be an element of
Ty My, then there exists v1 € 1y, V2 € Fapy and v3 € &g such that v = vy + vy + v3. We
assume that v be an element of ker dm M, We obtain

iUdT”MM;
io, A1\ p,, + 0,10, + o dl|p, =
oy, = 0. (3.39)
Relation (3.37) implies that v be an element of F1,, @ ker(dm MW) 10 © G0, hence
ker dijy,, = S1pu ® ker(dnp,, )5, © o

Thus we obtain
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dimkerdiy;,, = dim §1p, + dimker(dnp,,, )|z, + dim &g

Now the 2-form <d17|Mw)\31pu is symplectic on §1,y, so dim ker(deW)‘glpy = 0. which
implies, according to relation (3.38) that

dimkerdsny,, = dimFp, +2

= dim%lw +2
dim §1, — dim T,0 N §1p + 2
2k +2 —dim T,O N F1p.

And since the dimension of the intersection dim T, N §1, is independent of the point
p, then dimkerdyy;,, is constant. Hence, according to relation (3.35), the form di,, has
constant rank. Likewise we have

ker dayx = dyrr,(kerday,,) (3.40)
and

dim ker d“\MW = dim Fopy + dim ker(d“\MW)l&W + dim &

Now the 2-form (du, MW)|32W is symplectic on F2p,, so dim ker(da Mw)|32mz = 0. which
implies, according to relation (3.38) that
dim ker doc‘MW = dimFp, +2
= dim Fopy +2
= dimJz, —dimT,0 N Fzp +2
= 2142 —dim T,0 N Fap.
And since the dimension of the intersection dim T, O N §2, is independent of the point

p, then dimkerda ), is constant. Hence, according to relation (3.35), the form da,, has

constant rank. Therefore, according to the proposition3.1, the pair (17}4, zxﬂ) is a contact
pair on P;,. Now, let ¢ be an Hamiltonian function invariant under &. Since ¢ is invariant
under ®, then according to theorem2.2 | is constant along the orbits of X, which means

that for all x € ]*1{}1},
(Xp)x € ker T, ].

Consequently X, is tangent to M,,. Moreover, for every ¢ in G, we have

n(m Xol) = Lx, (1(Em)) — Ley (1(Xg)) —dip(Em, Xy)
= Lx, (0) — L), (0) — igydn (Xo)
= —ig,dn(Xy), (3.41)

a([m, Xgl) = Lx,(a(Em)) — Ley (a(Xyp)) — da(Em, Xop)
= LXq,(O) — LCM (0) — iCMd(X(X(P)
= iz, du(X,), (3.42)
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lew x4 = Ley(ix,dn) —ix, (Le,dn)

= Lg,(ix,dn) (3.43)
and
Iy x,00% = Lg, (ix,do) —ix, (Lg,de)
Lgy, (ix,da) —ix,(0)
= Lg,(ix,da). (3.44)

From relations (3.41), (3.42), (3.43), and (3.44), we deduce that

b(fy,oc)([gM/ Zﬂ]) = Lé‘M(iX(p (dﬂ + d“)) - iCM (dW(X(P) + d“(X(P))
dd]@(X(P) — iéer o d(P + dIC(X(P)
0 (3.45)
, and since b(w) is an isomorphism, then [{ym, X, = 0. Consequently, X, is invariant

under G,. This implies that the induced action of G, on M, commutes with the flow of
Xp|m,- Therefore Hence, the latter induces canonically a flow on P, and we denote its

infinitesimal generator by (X, ),. Let ¢, € C®(P,) be the unique function determined
by ¢|m, = 7,¢u. We have

X, e & )+t (Ko, ) + jut Koy, )it = dgim,

£, Tty + 70 5) + 7 (X giaa, )70+ T (Xogi, ) = AP,
Since 71,(Xy)u = Xp,, and @)y, = 77,9y, then we obtain

*

i”f;(Xq))V Ut}td“” + n;dﬂﬂ) + 7[;77?‘(7{; (X¢>V)HZUV + n;“#(”;(XqJ)y)ﬂy“u = ﬁ;d%p
Consequently we have

Z'(X(,,),, (do + digp) + 175 (X)) 11 + 00 ((Xo) )y = depy,
ie
D o) (X)) = doy

b(ﬂ;fr“y)((xq)).”) = I’(nwy)(xq’y)'
Now since b, , ) is an isomorphism then
(Xp)u = Xg,-

4. SOME EXAMPLES

Example 4.1. Let (M%+2%2 4 &) be a contact pair manifold and @; a complete flow of restricted
Hamiltonian vector field Xy. ¢y is a restricted Hamiltonian R-action of momentum map H :
M?+2142 5 R, The affine action associated to @y is defined by ;(a) = a. Let a be a reqular
value of H. We know that M, = H~(a) is a sub-manifold of M?**2'+2  of codimension one and
the isotropy group G, is equal to R. Since H is constant a long of integral curves of Xy, then the
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orbits of induced action of R on M, are the integral curves of Xy. If the induced action of R on
M, is simple then the set P, of curve integral of Xy on M, admits a contact pair (1,, &) such
that

ja (1) = 755 (a) and jg () = 715 (aa)
with j, : My — M?**+2h+2 the inclusion map and 7, : M, — P, the canonical projection.
The reduced Hamiltonian H : P, — R is constant equal to a and the Hamiltonian vector field
Xp is nil identically.
Example 4.2. We consider R**+2"*2 equipped to standard contact pair structure n = £5_ x;dy; +
dzy o = X! pidq; + dz,. We take the Hamiltonian

1
H =S (S (G + 1) + Zin (pf +4)-

The corresponding Hamiltonian vector field is
Xu = T (yi0x' — x9y; + x79z1) + Ei_1 (4:9p; — pidq; + p7oza).

The Hamilton's equation are given by

Xi =Y

Yi= —X;

pi = qi

i = —piz1 = X7 = p}

Their solution taking the value x = (x9,49,z1,p%, 4%, z5) at t = 0 is
pi(x) = (tyi +x7, —txi + Y7, 07, 40+ pi, —tpi + 40, tp7).
Observe that 0 is an unique critical value of H. Let y be a number reel.
o fu <0, H(4) = .

o Ifu >0, H () is the fibre in sphere /2u radius Sg;k%)*l x R? over R. The integral

curves of Xy situated on the fibre Sggﬁh)*l x R? are a super circle, orbit of S'-action on
2(k+h)—1
Sou .

The reduced contact pair manifold is the fibre P2**2"R x R2. The restriction

mr: QA1 P2H2RR2 of the canonical projection 7ty is called the Hopf's fibra-
tion. In homogeneous coordinates the induced contact-symplectic structure on the re-
duced manifold P*F2"R x R? is

Z?:lxidyi

Y pidg
e =Hr"g +dzy and ay = ;471:1]7 1

H
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