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A NOTE ON phv−SEMI-SLANT SUBMERSIONS

SUSHIL KUMAR, SUMEET KUMAR AND MURAT POLAT

ABSTRACT. In this article, we describe and study the concept of pointwise h-v-semi slant
submersions (phv− semi slant submersions, In short) and the almost phv− semi-slant
submersions whose base manifolds are almost quaternionic Hermitian manifolds. We
examine geometric properties of such submersions: the integrability of distributions, the
condition for such maps to be totally geodesic, the geometry of foliations, etc. Further-
more, we provide some illustrative examples of the almost phv−semi-slant submersions.

1. INTRODUCTIONS

In differential geometry, the geometry of submanifolds is a very productive field. One
of the ways to obtain a submanifold by using a smooth map between Riemann man-
ifolds is the subject of submersion. The study of Riemannian submersions originated
from the work of Gray [8] and O’Neill [18]. Then, Riemann submersions were discussed
with the help of differentiable structures of manifolds. In 1976, Watson [36] described
almost Hermitian submersions and investigated a kind of structural problems among
base manifolds and total manifolds.
In [29], Şahin defined the notion of anti-invariant Riemannian submersion from an al-
most Hermitian manifold (AHM) to a Riemannian manifold (RM). He also investigated
such submersions from Kahlerian manifolds to Riemannian manifolds [32]. Further,
he investigated slant submersions [31] and semi-invariant submersions [30]. Recently,
many new Riemann submersions between different types of manifolds have been iden-
tified and studied; such as hemi-slant submersions [[1],[35]], quasi-hemi-slant submer-
sions [[17],[26]], conformal anti-invariant submersions [14], quasi bi-slant submersions
[[24],[25],[27],[28]], conformal hemi-slant submersions [15], conformal quasi bi-slant sub-
mersions [16], H-slant submersions [19], H-semi-slant submersions [21], Almost h-conformal
semi-invariant submersion [23],V-semi-slant submersions [20], h-v-semi-slant submer-
sions [22], pointwise semi-slant submersion [34] etc.
We note that the notion of Riemannian submersions is most inventive topic presently due
to its wide applications in physics, mechanics and robotics. Such as: in Kaluza-Klein
theory ([12],[5]), the Yang-Mills theory [6], Space-time [13] Supersymmetry theory [7],
robotic chains [3], Betti Numbers [9],[10] etc. Latest developments regarding submersion
theory can be found in the book [33].
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This article is organized as follows: In Sec. 2; we give the fundamental equations and
concepts of Riemannian submersions. In Sec. 3; we present the definition of the phv−
semi slant submersion, almost phv− semi slant submersion and investigate their geo-
metric properties. In this section, the necessary and sufficient conditions for integrability
of distributions, totally geodesicness and some interesting results are also obtained. In
the last section, we supply proper examples of the almost phv− semi slant submersions.

2. PRELIMINARIES

Let Ψ : (Mq, gMq) → (Mr, gMr) be a Riemannian submersion between RMs [33].
For any vector fields Z1, Z2 on Mq, the O’Neill’s tensors [18] T and A define by

AZ1 Z2 = H∇HZ1VZ2 + V∇HZ1HZ2, (2.1)

TZ1 Z2 = H∇VZ1VZ2 + V∇VZ1HZ2 (2.2)

where ∇ is the Levi-Civita connection of gMq . We know that, on the tangent bundle
of Mq, TZ1 and AZ1 are skew-symmetric operators which reversing the horizontal and
vertical distributions.
From (2.1) and (2.2), we obtain

∇Y1Y2 = TY1Y2 + V∇Y1Y2, (2.3)

∇Y1U1 = TY1U1 +H∇Y1U1, (2.4)

∇U1Y1 = AU1Y1 + V∇U1Y1, (2.5)

∇U1V2 = H∇U1V2 +AU1V2, (2.6)

for Y1, Y2 ∈ Γ(ker Ψ∗) and U1, V2 ∈ Γ(ker Ψ∗)⊥, where H∇Y1U1 = AU1Y1, if U1 is basic
vector field. We can state that T plays role on the fibers as the second fundamental form,
while A plays role on the horizontal distribution and measures the obstruction to the
integrability of this distribution [4].
Now, we remind that the representation of second fundamental form of a map between
two RMs. Let (Mq, gMq) and (Mr, gMr) be RMs and Ψ : (Mq, gMq) → (Mr, gMr) be a map
then the second fundamental form of Ψ is defined as

(∇Ψ∗)(V1, V2) = ∇Ψ
V1

Ψ∗(V2)− Ψ∗(∇N1
V1

V2) (2.7)

for V1, V2 ∈ Γ(TMq), where ∇Ψ is the pullback connection and we state for convenience
by ∇ the Riemannian connections of the metrics gMq and gMr .
We also remind that a differentiable map Ψ between two RMs is totally geodesic if

(∇Ψ∗)(V1, V2) = 0, for all V1, V2 ∈ Γ(TMq). (2.8)

Lemma 2.1. [11] Let (Mq, gMq) and (Mr, gMr) are RMs. If Ψ : (Mq, gMq) → (Mr, gMr) be a
Riemannian submersion, then for vertical vector fields U1, U2 any horizontal vector fields Y1, Y2,
then we obtain
(i) (∇Ψ∗)(Y1, Y2) = 0,
(ii) (∇Ψ∗)(U1, U2) = −Ψ∗(TU1U2) = −Ψ∗(∇U1U2),
(iii) (∇Ψ∗)(Y1, U1) = −Ψ∗(∇Y1U1) = −Ψ∗(AY1U1).
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Let Mq be a 4k-dimensional differentiable manifold, gMq be a Riemannian metric and
F be a rank 3 subbundle of End(TMq) such that for any point q ∈ Mq with its some
neighborhood V, there exists a local basis {P1, P2, P3} of sections of F on V satisfying for
all β ∈ {1, 2, 3}

P2
β = −id, PβPβ+1 = −Pβ+1Pβ = Pβ+2, (2.9)

gMq(PβY1, PβY2) = gMq(Y1, Y2), (2.10)
for ∀Y1, Y2 ∈ Γ(TMq), where the indices belong to {1, 2, 3} modulo 3. Then (Mq, F, gMq)
is an almost quaternionic Hermitian manifold (AQHM) ([2], [11]). The basis {P1, P2, P3}
is called a quaternionic Hermitian basis. (Mq, F, gMq) is a quaternionic Kähler manifold
if there exist locally defined 1-forms ω1, ω2, ω3 such that for β ∈ {1, 2, 3}

∇Y1 Pβ = ωβ+2(Y1)Pβ+1 − ωβ+1(Y1)Pβ+2 (2.11)

where Y1 ∈ Γ(TMq) and the indices belong to {1, 2, 3} modulo 3. (N1, F, gMq) is a hy-
perkähler manifold (HKM) if ∇Pβ = 0 for β ∈ {1, 2, 3}. Moreover, gMq is called a hy-
perkähler metric and {P1, P2, P3, gMq} is called a hyperkähler structure on Mq.
Let (Mq, F1, gMq) and (Mr, F2, gMr) be AQHMs. If given a point x ∈ Mq, for any P ∈ (F1)x

there is P′ ∈ (F2)π(x) that satisfies

π∗ ◦ P = P′ ◦ π∗,

then a map Ψ : Mq → Mr is called a (F1 , F2)-holomorphic map.
A Riemannian submersion Ψ : Mq → Mr, which is an (F1, F2)-holomorphic map is called
a quaternionic submersion. Besides, if (Mq, F1, gMq) is a quaternionic Kähler manifold
then Ψ is called a quaternionic Kähler submersion. This is also called hyperkähler sub-
mersion.
Now, we remind some basic definitions that we will use later.

Definition 2.1. [33] Let Ψ : (Mq, gMq , P) → (Mr, gMr) be a Riemannian submersion from an
AHM to a RM. If the vertical distribution is invariant with respect to the complex structure P,
i.e., P(ker Ψ∗) = ker Ψ∗, then Ψ is an invariant Riemannian submersion.

Definition 2.2. [33] Let Ψ : (Mq, gMq , P) → (Mr, gMr) be a Riemannian submersion from an
AHM to a RM. If the Wirtinger angle ϑ(Z) between PZ and the space (ker π∗)q is independent
of the choice of the nonzero vector Z ∈ (ker π∗)q at each given point q ∈ Mq, then Ψ is a
pointwise slant submersion. Additionally, the angle ϑ can be considered as a function on Mq
which is called the slant function of the pointwise slant submersion.

Definition 2.3. A Riemannian submersion Ψ : (Mq, gMq , P) → (Mr, gMr) is called a pointwise
semi-slant submersion [33] if there is a distribution D ⊂ (ker Ψ∗) such that

ker Ψ∗ = D ⊕D1, P(D) = D,

and for q ∈ Mq and Y1 ∈ (D1)q, the angle ϑ = ϑ(Y1) between PY1 and the space (D1)q is
independent of the choice of the nonzero vector Y1, where D1 is the orthogonal complement of D
in ker Ψ∗. The angle ϑ is called pointwise semi-slant function of the slant submersion.

Definition 2.4. [22] Let (Mq, F, gMq) be an AQHM and (Mr, gMr) a RM. A Riemannian
submersion Ψ : (Mq, F, gMq) → (Mr, gMr) is called a h-v-semi-slant submersion if given a
point p ∈ Mq, with a neighborhood V, there exists a quaternionic Hermitian basis {I, P, L} of
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sections of F on V such that for any J ∈ {I, P, L}, there is a distribution D1 ⊂ (ker Ψ∗)⊥ on V
such that

(ker Ψ∗)
⊥ = D1 ⊕ D2, J(D1) = D1

and the angle ϑJ = ϑJ(X) between JX and the space D2 is constant for nonzero X ∈ (D2)p

and p ∈ V where D2 is the orthogonal complement of D1 in (ker Ψ∗)⊥. We call such a basis
{I, P, L} a h-v-semi-slant basis and the angles {ϑI , ϑP, ϑL} h-v-semi-slant angles.

Moreover, the map Ψ : (Mq, F, gMq) → (Mr, gMr) is called a strictly h-v-semi-slant sub-
mersion, the angle ϑ a strictly h-v-semi-slant angle and {I, P, L} a strictly h-v-semi-slant
basis if ϑ = ϑI = ϑP = ϑL.

Definition 2.5. Let (Mq, F, gMq) be an AQHM and (Mr, gMr) a RM. A Riemannian submer-
sion Ψ : (Mq, F, gMq) → (Mr, gMr) is called an almost h-v-semi-slant submersion if given a
point p ∈ Mq with a neighborhood V, there exists a quaternionic Hermitian basis {I, P, L} of
sections of F on V such that for each J ∈ {I, P, L}, there is a distribution D J

1 ⊂ (ker Ψ∗)⊥ on V
such that

(ker Ψ∗)
⊥ = D J

1 ⊕ D J
2, J(D J

1) = D J
1

and the angle ϑJ = ϑJ(X) between and the space is constant for nonzero and, where D J
2 is the

orthogonal complement of D J
1 in (ker Ψ∗)⊥. Where the angles {ϑI , ϑP, ϑL} is almost h-v-semi-

slant angles and a basis {I, P, L} is an almost h-v-semi-slant basis.

3. phv− SEMI-SLANT SUBMERSIONS

Definition 3.1. A Riemannian submersion Ψ : (Mq, F, gMq) → (Mr, gMr) is called a phv−
semi-slant submersion if given a point q ∈ Mq with a neighborhood V, there exists a quaternionic
Hermitian basis {I, P, L} of sections of F on V so that for any J ∈ {I, P, L}, there is a distribution
D1 ⊂ (ker Ψ∗)⊥ on V such that

(ker Ψ∗)
⊥ = D1 ⊕ D2, J(D1) = D1

and the angle ϑJ = ϑJ(X) between JX and the space (D2)p is independent of the choice of nonzero
vector X ∈ (D2)p and p ∈ V, where D2 is the orthogonal complementary distribution of D1 in
(ker Ψ∗)⊥.

The angles {ϑI , ϑP, ϑL} are called phv− semi-slant functions and {I, P, L} is called a phv−
semi-slant basis. Moreover, if

ϑI = ϑP = ϑL = ϑ,

then Ψ : (Mq, F, gMq) → (Mr, gMr) is called a strictly phv− semi-slant submersion, the
function ϑ is called a strictly phv− semi-slant function, {I, P, L} is called a strictly phv−
semi-slant basis.

Definition 3.2. Let (Mq, F, gMq) be an AQHM and (Mr, gMr) a RM. A Riemannian submer-
sion Ψ : (Mq, F, gMq) → (Mr, gMr) is called an almost phv− semi-slant submersion if given a
point p ∈ Mq with a neighborhood V, there exists a quaternionic Hermitian basis {I, P, L} of
sections of F on V such that for any J ∈ {I, P, L}, there is a distribution D J ⊂ (ker Ψ∗)⊥ on V
such that

(ker Ψ∗)
⊥ = D J

1 ⊕ D J
2, J(D J

1) = D J
1,
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and the angle ϑJ = ϑJ(X) between JX and the space (D J
2)p is is independent of the choice of

the nonzero vector X ∈ (D J
2)p and p ∈ V, where D J

2 is the orthogonal complement of D J
2 in

(ker Ψ∗)⊥.

We call such a basis {I, P, L} an almost phv− semi-slant basis and the angles {ϑI , ϑP, ϑL}
almost phv− semi-slant function.
Let Ψ be a phv− semi-slant submersions from an AQHM (Mq, I, P, L, gMq) onto a RM
(Mr, gMr). Then, we have

TMq = ker Ψ∗ ⊕ (ker Ψ∗)
⊥. (3.1)

Now, for any vector field U1 ∈ Γ(ker Ψ∗)⊥, we put

U1 = WJU1 + QJU1, (3.2)

where WJ and QJ are projection morphisms of Γ(ker Ψ∗)⊥ onto D J
1 and D J

2, respectively.
For X1 ∈ (Γ ker Ψ∗), we set

JX1 = ϕJX1 + ωJX1, (3.3)
where ϕJX1 ∈ (Γ ker Ψ∗) and ωJX1 ∈ (Γ ker Ψ∗)⊥.
Also for any non-zero vector field Y1 ∈ Γ(ker Ψ∗)⊥, we have

JY1 = BJY1 + CJY1, (3.4)
where BJY1 ∈ Γ(ker Ψ∗) and CJY1 ∈ Γ(ker Ψ∗)⊥.

Lemma 3.1. Let Ψ be an almost phv− semi-slant submersion from an AQHM (Mq, I, P, L, gMq)
onto a RM (Mr, gMr) such that (I, P, L) is an almost phv− semi-slant basis. Then, we have

ϕ2
J X1 + BJωJX1 = −X1, ωJϕJX1 + CJωJX1 = 0,

ωJ BJX2 + C2
J X2 = −X2, ϕJ BJX2 + BJCJX2 = 0,

for all X1 ∈ Γ(ker Ψ∗) and Y2 ∈ Γ(ker Ψ∗)⊥ and J ∈ {I, P, L}.

Proof. Using equations (2.9), (3.3) and (3.4) , we have Lemma (3.1). □

The proof of the following Lemma is the same as Lemma in [22] therefore, we omit its
proof.

Lemma 3.2. Let Ψ be an almost phv− semi-slant submersion from an AQHM (Mq, F, gMq)
onto a RM (Mr, gMr) such that (I, P, L) is an almost phv− semi-slant basis. Then, we have
(i) C2

J V = −(cos2 ϑJ)V,
(ii) gMq(CJV, CJZ) = cos2 ϑJ gMq(V, Z),
(iii) gMq(BJV, BJZ) = sin2 ϑJ gMq(V, Z),
for all V, Z ∈ Γ(D J

2), where J ∈ {I, , P, L}.

Lemma 3.3. Let Ψ be a phv− semi-slant submersion from a HKM (Mq, I, P, L, gMq) onto a
RM (Mr, gMr) such that (I, P, L) is an almost phv− semi-slant basis. Then, we have

V∇Y1 ϕJY2 + TY1 ωJY2 = ϕJV∇Y1Y2 + BJTY1Y2, (3.5)

TY1 ϕJY2 +H∇Y1 ωJY2 = ωJV∇Y1Y2 + CJTY1Y2, (3.6)
V∇X1 BJX2 +AX1 CJX2 = ϕJAX1 X2 + BJH∇X1 X2, (3.7)
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AX1 BJX2 +H∇X1 CJX2 = ωJAX1 X2 + CJH∇X1 X2, (3.8)

V∇Y1 BJX1 + TY1 CJX1 = ϕJTY1 X1 + BJH∇Y1 X1, (3.9)

TY1 BJX1 +H∇Y1 CJX1 = ωJTY1 X1 + CJH∇Y1 X1 (3.10)

V∇X1 ϕJY1 +AX1 ωJY1 = BJAX1Y1 + ϕJV∇X1Y1, (3.11)

AX1 ϕJY1 +H∇X1 ωJY1 = CJAX1Y1 + ωJV∇X1Y1 (3.12)

for any Y1, Y2 ∈ Γ(ker Ψ∗) and X1, X2 ∈ Γ(ker Ψ∗)⊥.

Proof. Using equations (2.3)−(2.6), (3.3) and (3.4), we get equations (3.5)−(3.12). □

Now, we define
(∇U1 ϕJ)U2 = V∇U1 ϕJU2 − ϕJV∇U1U2, (3.13)

(∇U1 ωJ)U2 = H∇U1 ωJU2 − ωJV∇U1U2, (3.14)

(∇X1 CJ)X2 = H∇X1 CJX2 − CJH∇X1 X2, (3.15)

(∇X1 BJ)X2 = V∇X1 BJX2 − BJH∇X1 X2, (3.16)

for any U1, U2 ∈ Γ(ker Ψ∗) and X1, X2 ∈ Γ(ker Ψ∗)⊥.

Lemma 3.4. Let Ψ be an almost phv− semi-slant submersion from a HKM (Mq, I, P, L, gMq)
onto a RM (Mr, gMr) such that (I, P, L) is an almost phv− semi-slant basis. Then, we have

(∇X1 ϕJ)X2 = BJTX1 X2 − TX1 ωJX2,

(∇X1 ωJ)X2 = CJTX1 X2 − TX1 ϕJX2,

(∇Y1 CJ)Y2 = ωJAY1Y2 −AY1 BJY2,

(∇Y1 BJ)Y2 = ϕJAY1Y2 −AY1 CJY2

for any vectors X1, X2 ∈ Γ(ker Ψ∗) and Y1, Y2 ∈ Γ(ker Ψ∗)⊥.

Proof. Using equations (3.5)−(3.8) and (3.13)−(3.16) we get all equations of Lemma (3.4).
□

Theorem 3.1. Let Ψ be a phv− semi-slant submersion from a HKM (Mq, I, P, L, gMq) onto
a RM (Mr, gMr) such that (I, P, L) is a phv− semi-slant basis. Then, it can be said that the
following conditions are valid:
(a) D J

1 is integrable.
(b)

CI(H∇Y2 IY1 −H∇Y1 IY2) = ωI(AY1 IY2 − AY2 IY1),

for Y1, Y2 ∈ Γ(DI
1).

(c)
CP(H∇Y2 PY1 −H∇Y1 PY2) = ωP(AY1 PY2 −AY2 PY1),

for Y1, Y2 ∈ Γ(DP
1 ).

(d)
CL(H∇Y2 LY1 −H∇Y1 LY2) = ωL(AY1 LY2 −AY2 LY1),

for Y1, Y2 ∈ Γ(DL
1 ).
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Proof. For Y1, Y2 ∈ Γ(D J
1), Z1 ∈ Γ(D J

2) and J ∈ {I, P, L}. Using equations (2.6), (2.10), (3.3)
and (3.4), we have

gMq([Y1, Y2], Z1)

= gMq(∇Y1 JY2, JZ1)− gMq(∇Y2 JY1, JZ1),

= gMq(AY1 JY2 −AY2 JY1, JZ1)− gMq(H∇Y2 JY1 −H∇Y1 JY2, JZ1),

= −gMq(ωJ(AY1 JY2 −AY2 JY1), Z1) + gMq(CJ(H∇Y2 JY1 −H∇Y1 JY2), Z1)

which completes the proof. □

Theorem 3.2. Let Ψ be a phv− semi-slant submersion from a HKM (Mq, I, P, L, gMq) onto
a RM (Mr, gMr) such that (I, P, L) is a phv− semi-slant basis. Then, it can be said that the
following conditions are valid:
(a)slant distribution D J

2 is integrable.
(b)

gMq(AZ1 BI Z2 −AZ2 BI Z1, IU1)

= gMq(AZ1 BICI Z2 −AZ2 BICI Z1, U1),

for all Z1, Z2 ∈ Γ(DI
1) and U1 ∈ Γ(DI

2).
(c)

gMq(AZ1 BPZ2 −AZ2 BPZ1, PU1)

= gMq(AZ1 BPCPZ2 −AZ2 BPCPZ1, U1),

for all Z1, Z2 ∈ Γ(DP
1 ) and U1 ∈ Γ(DP

2 ).
(d)

gMq(AZ1 BLZ2 −AZ2 BLZ1, LU1)

= gMq(AZ1 BLCLZ2 −AZ2 BLCLZ1, U1),

for all Z1, Z2 ∈ Γ(DL
1 ) and U1 ∈ Γ(DL

2 ).

Proof. For Z1, Z2 ∈ Γ(D J
2) and U1 ∈ ΓD J

1), we have

gMq([Z1, Z2], U1) = gMq(∇X1 X2, U1)− gMq(∇Y2Y1, U1).

Using equations (2.5), (2.6), (2.10), (3.4) and Lemma 3.2, we get

gMq([Z1, Z2], U1)

= gMq(∇Z1 JZ2, JU1)− gMq(∇Z2 JZ1, JU1),

= gMq(∇Z1 BJZ2, JU1) + gMq(∇Z1 CJZ2, JU1)− gMq(∇Z2 BJZ1, JU1)−
gMq(∇Z2 CJZ1, JU1),

= gMq(AZ1 BJZ2 + V∇Z1 BJZ2, JU1) + cos2 ϑJ gMq(∇Z1 Z2, U1)−
2 sin ϑJ cos ϑJ Z1(ϑJ) gMq(Z2, U1)− gMq(∇Z1 BJCJZ2, U1)−
gMq(AZ2 BJZ1 + V∇Z2 BJZ1, JU1)− cos2 ϑJ gMq(∇Z2 Z1, U1) +

2 sin ϑJ cos ϑJ Z2(ϑJ) gMq(Z1, U1) + gMq(∇Z2 BJCJZ1, U1).
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Now, we have

sin2 ϑJ gMq([Z1, Z2], U1)

= gMq(AZ1 BJZ2 −AZ2 BJZ1, JU1)−
gMq(AZ1 BJCJZ2 −AZ2 BJCJZ1, U1),

which completes the proof. □

Theorem 3.3. Let Ψ be a phv− semi-slant from a HKM (Mq, I, P, L, gMq) onto a RM (Mr, gMr)
such that (I, P, L) is a phv− semi-slant basis. Then, it can be said that the following conditions
are valid:
(a) the horizontal distribution (ker Ψ∗)⊥ defines a totally geodesic.
(b)

sin2 ϑI gMq([Y1, Z1], Y2)− cos2 ϑI gMq(H∇Z1WIY1, Y2)

= −gMq(H∇Z1 IWIY1, Y2)− gMq(TZ1 IWIY1, Y2)−
gMq(V∇Z1 BIQIY1, BIY2)− gMq(TZ1 BIQIY1, CIY2) +

gMq(TU1 BICIQIY1, Y2) + sin 2ϑI Z1[ϑI ]gMq(QIY1, QIY2).

for Y1, Y2 ∈ Γ(ker Ψ∗)⊥ and Z1 ∈ Γ(ker Ψ∗).
(c)

sin2 ϑP gMq([Y1, Z1], Y2)− cos2 ϑP gMq(H∇Z1WPY1, Y2)

= −gMq(H∇Z1 PWPY1, Y2)− gMq(TZ1 PWPY1, Y2)−
gMq(V∇Z1 BPQPY1, BPY2)− gMq(TZ1 BPQPY1, CPY2) +

gMq(TU1 BPCPQPY1, Y2) + sin 2ϑP Z1[ϑP]gMq(QPY1, QPY2).

for Y1, Y2 ∈ Γ(ker Ψ∗)⊥ and Z1 ∈ Γ(ker Ψ∗).
(d)

sin2 ϑL gMq([Y1, Z1], Y2)− cos2 ϑL gMq(H∇Z1WLY1, Y2)

= −gMq(H∇Z1 LWLY1, Y2)− gMq(TZ1 LWLY1, Y2)−
gMq(V∇Z1 BLQLY1, BLY2)− gMq(TZ1 BLQLY1, CLY2) +

gMq(TU1 BLCLQLY1, Y2) + sin 2ϑL Z1[ϑL]gMq(QLY1, QLY2).

for Y1, Y2 ∈ Γ(ker Ψ∗)⊥ and Z1 ∈ Γ(ker Ψ∗).

Proof. For Y1, Y2 ∈ Γ(ker Ψ∗)⊥ and Z1 ∈ Γ(ker Ψ∗), using equations (2.3), (2.4), (2.10), (3.2), (3.4)
and Lemma 3.2, we get

gMq(∇Y1Y2, Z1) = −gMq([Y1, Z1], Y2)− gMq(∇Z1Y1, Y2),

= −gMq([Y1, Z1], Y2)− gMq(∇Z1 JWJY1, JY2)−
gMq(∇Z1 BJQJY1, JY2) + gMq(∇Z1 BJCJQJY1, Y2)−
cos2 ϑJ gMq(∇Z1 QJY1, Y2) + sin 2ϑJ Z1[ϑJ ]gMq(QJY1, Y2).
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Now, we obtain

sin2 ϑJ gMq(∇X1 X2, U1)

= − sin2 ϑJ gMq([Y1, Z1], Y2) + cos2 ϑJ gMq(H∇Z1WJY1, Y2)−
−gMq(H∇Z1 JWJY1, Y2)− gMq(TZ1 JWJY1, Y2)−
−gMq(V∇Z1 BJQJY1, BJY2)− gMq(TZ1 BJQJY1, CJY2) +

−gMq(TU1 BJCJQJY1, Y2) + sin 2ϑJ Z1[ϑJ ]gMq(QJY1, QJY2).

□

Theorem 3.4. Let Ψ be a phv− semi-slant from a HKM (Mq, I, P, L, gMq) onto a RM (Mr, gMr)
such that (I, P, L) is a phv− semi-slant basis. Then, it can be said that the following conditions
are valid:
(a) the vertical distribution (ker Ψ∗) defines a totally geodesic.
(b)

gMq(V∇U1U2, BICIW1)

= gMq(V∇U1 ϕIU2, BIW1) + gMq(TU1 ωIU2, BIW1),

for U1, U2 ∈ Γ(ker Ψ∗) and W1 ∈ Γ(ker Ψ∗)⊥.
(c)

gMq(V∇U1U2, BPCPW1)

= gMq(V∇U1 ϕPU2, BPW1) + gMq(TU1 ωPU2, BPW1),

for U1, U2 ∈ Γ(ker Ψ∗) and W1 ∈ Γ(ker Ψ∗)⊥.
(d)

gMq(V∇U1U2, BLCLW1)

= gMq(V∇U1 ϕLU2, BLW1) + gMq(TU1 ωLU2, BLW1),

for U1, U2 ∈ Γ(ker Ψ∗) and W1 ∈ Γ(ker Ψ∗)⊥.

Proof. For U1, U2 ∈ Γ(ker Ψ∗) and W1 ∈ Γ(ker Ψ∗)⊥, using equations (2.3), (2.4), (2.10), (3.2)
and (3.4), we have

gMq(∇U1U2, W1)

= gMq(∇U1 JU2, JW1),

= gMq(V∇U1 ϕJU2, BJW1) + gMq(TU1 ωJU2, BJW1) +

cos2 ϑJ gMq(∇U1U2, W1)− gMq(V∇U1U2, BJCJW1).

Now, we get

sin2 ϑJ gMq(∇U1U2, W1)

= gMq(V∇U1 ϕJU2, BJW1) + gMq(TU1 ωJU2, BJW1)

−gMq(V∇U1U2, BJCJW1).

□
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Theorem 3.5. Let Ψ be a phv− semi-slant submersion from a HKM (Mq, I, P, L, gMq) onto
a RM (Mr, gMr) such that (I, P, L) is a phv− semi-slant basis. Then, it can be said that the
following conditions are valid:
(a) the invariant distribution D J

1 defines a totally geodesic.
(b)

gMq(AX1 IX2, BIY1) = gMq(AX1 X2, BICIY1),

gMq(AX1 IX2, ϕIY2) = −gMq(H∇X1 IX2, ωIY2),

for X1, X2 ∈ Γ(DI
1), Y1 ∈ Γ(DI

2) and Y2 ∈ Γ(ker Ψ∗).
(c)

gMq(AX1 PX2, BPY1) = gMq(AX1 X2, BPCPY1),

gMq(AX1 PX2, ϕPY2) = −gMq(H∇X1 PX2, ωPY2),

for X1, X2 ∈ Γ(DP
1 ), Y1 ∈ Γ(DP

2 ) and Y2 ∈ Γ(ker Ψ∗).
(d)

gMq(AX1 LX2, BLY1) = gMq(AX1 X2, BLCLY1),

gMq(AX1 LX2, ϕLY2) = −gMq(H∇X1 LX2, ωLY2),

for X1, X2 ∈ Γ(DL
1 ), Y1 ∈ Γ(DL

2 ) and Y2 ∈ Γ(ker Ψ∗).

Proof. For X1, X2 ∈ Γ(D J
1), Y1 ∈ Γ(D J

2) and Y2 ∈ Γ(ker Ψ∗). Using equations (2.6), (2.10), (3.4)
and Lemma 3.2, we have

gMq(∇X1 X2, U1)

= gMq(∇X1 JX2, BJY1)− gMq(∇X1 X2, C2
J Y1)− gMq(∇X1 X2, BJCJY1),

= gMq(AX1 JX2, BJY1) + cos2 ϑJ gMq(∇X1 X2, Y1)− gMq(AX1 X2, BJCJY1).

Now, we get

sin2 ϑJ gMq(∇X1 X2, Y1)

= gMq(AX1 JX2, BJY1)− gMq(AX1 X2, BJCJY1).

Now, again using equations (2.6), (2.10) and (3.3), we have

gMq(∇X1 X2, Y2) = gMq(∇X1 JX2, JY2),

= gMq(∇X1 JX2, ϕJY2 + ωJY2),

= gMq(AX1 JX2, ϕJY2) + gMq(H∇X1 JX2, ωJY2),

which completes the proof. □

Theorem 3.6. Let Ψ be a phv− semi-slant submersion from a HKM (Mq, I, P, L, gMq) onto
a RM (Mr, gMr) such that (I, P, L) is a phv− semi-slant basis. Then, it can be said that the
following conditions are valid:
(a) the slant distribution D J

2 defines a totally geodesic.
(b)

gMq(AX1 BI X2, IY1) = gMq(AX1 BICI X2, Y1),
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sin2 ϑI gMq([X1, Y2], X2)

= −gMq(TY2 BI X1, CI X2)− gMq(V∇Y2 BI X1, BI X2) +

sin 2ϑI Y2[ϑI ] gMq(X1, X2) + gMq(TY2 BICI X1, X2),

for X1, X2 ∈ Γ(DI
1), Y1 ∈ Γ(DI

2) and Y2 ∈ Γ(ker Ψ∗)⊥.
(c)

gMq(AX1 BPX2, PY1) = gMq(AX1 BPCPX2, Y1),

sin2 ϑP gMq([X1, Y2], X2)

= −gMq(TY2 BPX1, CPX2)− gMq(V∇Y2 BPX1, BPX2) +

sin 2ϑP Y2[ϑP] gMq(X1, X2) + gMq(TY2 BPCPX1, X2),

for X1, X2 ∈ Γ(DP
1 ), Y1 ∈ Γ(DP

2 ) and Y2 ∈ Γ(ker Ψ∗)⊥.
(d)

gMq(AX1 BLX2, LY1) = gMq(AX1 BLCLX2, Y1),

sin2 ϑL gMq([X1, Y2], X2)

= −gMq(TY2 BLX1, CLX2)− gMq(V∇Y2 BLX1, BLX2) +

sin 2ϑL Y2[ϑL] gMq(X1, X2) + gMq(TY2 BLCLX1, X2),

for X1, X2 ∈ Γ(DL
1 ), Y1 ∈ Γ(DL

2 ) and Y2 ∈ Γ(ker Ψ∗)⊥.

Proof. For X1, X2 ∈ Γ(D J
1), Y1 ∈ Γ(D J

2) and Y2 ∈ Γ(ker Ψ∗)⊥. Using equations (2.5), (2.10), (3.4)
and Lemma 3.2, we have

gMq(∇X1 X2, Y1)

= gMq(∇X1 JX2, JY1),

= gMq(∇X1 BJX2, JY1) + cos2 ϑJ gMq(∇X1 X2, Y1)− gMq(∇X1 BJCJX2, Y1).

Now, we have

sin2 ϑJ gMq(∇X1 X2, Y1)

= gMq(AX1 BJX2, JY1)− gMq(AX1 BJCJX2, Y1).

Next, from equations (2.4), (2.10), (3.4) and Lemma 3.2, we have

gMq(∇X1 X2, Y2)

= −gMq([X1, Y2], X2)− gMq(∇Y2 X1, X2),

= −gMq([X1, Y2], X2)− gMq(∇Y2 BJX1, JX2)− cos2 ϑJ gMq(∇Y2 X1, X2)

+ sin 2ϑJ Y2[ϑJ ]gMq(X1, X2) + gMq(∇Y2 BJCJX1, X2).

Now, we have

sin2 ϑJ gMq(∇X1 X2, Y2)

= − sin2 ϑJ gMq([X1, Y2], X2)− gMq(TY2 BJX1, CJX2)−
gMq(V∇Y2 BJX1, BJX2) + sin 2ϑJ Y2[ϑ]gMq(X1, X2) +

gMq(TY2 BJCJX1, X2).

□
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Theorem 3.7. Let Ψ be a phv− semi-slant submersion from a HKM (Mq, I, P, L, gMq) onto
a RM (Mr, gMr) such that (I, P, L) is a phv− semi-slant basis. Then, it can be said that the
following conditions are valid:
(a) Ψ is a totally geodesic map.
(b)

CITU1 ϕIU2 + ωIV∇U1 ϕIU2 + CIH∇U1 ωIU2 + ωITU1 ωIU2 = 0,

CIH∇U1 IZ1 + ωITU1 IZ1 = 0,

CITU1 BI X1 + ωIV∇U1 BI X1 + TU1 BICI X1 − cos2 ϑI H∇U1 X1 + sin 2ϑI U1[ϑI ]X1 = 0,

for U1, U2 ∈ Γ(ker Ψ∗), Z1 ∈ Γ(DI
1) and X1 ∈ Γ(DI

2).
(c)

CPTU1 ϕPU2 + ωPV∇U1 ϕPU2 + CPH∇U1 ωPU2 + ωPTU1 ωPU2 = 0,

CPH∇U1 PZ1 + ωPTU1 PZ1 = 0,

CPTU1 BPX1 + ωPV∇U1 BPX1 + TU1 BPCPX1 − cos2 ϑP H∇U1 X1 + sin 2ϑP U1[ϑP]X1 = 0,

for U1, U2 ∈ Γ(ker Ψ∗), Z1 ∈ Γ(DP
1 ) and X1 ∈ Γ(DP

2 ).
(d)

CLTU1 ϕLU2 + ωLV∇U1 ϕLU2 + CLH∇U1 ωLU2 + ωLTU1 ωLU2 = 0,

CLH∇U1 LZ1 + ωLTU1 LZ1 = 0,

CLTU1 BLX1 + ωLV∇U1 BLX1 + TU1 BLCLX1 − cos2 ϑL H∇U1 X1 + sin 2ϑL U1[ϑL]X1 = 0,

for U1, U2 ∈ Γ(ker Ψ∗), Z1 ∈ Γ(DL
1 ) and X1 ∈ Γ(DL

2 ).

Proof. Since Ψ is a Riemannian submersion, we get

(∇Ψ∗)(W1, W2) = 0,

for W1, W2 ∈ Γ(ker Ψ∗)⊥.
For U1, U2 ∈ Γ(ker Ψ∗), using (2.3), (2.4), (2.7), (3.3) and (3.4), we get

(∇Ψ∗)(U1, U2)

= −Ψ∗(∇U1U2),
= Ψ∗(J∇U1 JU2),
= Ψ∗(JTU1 ϕJU2 + JV∇U1 ϕJU2 + JH∇U1 ωJ J2 + JTU1 ωJU2),
= Ψ∗(BJTU1 ϕJU2 + CJTU1 ϕJU2 + ϕJV∇U1 ϕJU2 + ωJV∇U1 ϕJU2 +

BJH∇U1 ωJU2 + CJH∇U1 ωJU2 + ϕJTU1 ωJU2 + ωJTU1 ωJU2).

For U1 ∈ Γ(ker F∗) and Z1 ∈ Γ(D J
1), using (2.4), (2.7), (3.3) and (3.4), we have

(∇Ψ∗)(U1, Z1)

= −Ψ∗(∇U1 Z1),
= Ψ∗(J∇U1 JZ1),
= Ψ∗(BJH∇U1 JZ1 + CJH∇U1 JZ1 + ϕJTU1 JZ1 + ωJTU1 JZ1).
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For U1 ∈ Γ(ker Ψ∗) and X1 ∈ Γ(D J
2), using (2.3), (2.4), (2.7), (3.3), (3.4) and Lemma 3.2,

we obtain

(∇Ψ∗)(U1, X1)

= −Ψ∗(∇U1 X1),
= Ψ∗(J∇U1 JX1),

= Ψ∗(J∇U1 BJX1 +∇U1 BJCJX1 +∇U1 C2
J X1),

= Ψ∗(BJTU1 BJX1 + CJTU1 BJX1 + ϕJV∇U1 BJX1 + ωJV∇U1 BJX1 +

TU1 BJCJX1 + V∇U1 BJCJX1 − cos2 ϑJ H∇U1 X1 − cos2 ϑJTU1 X1 +

sin 2ϑJ U1[ϑJ ]X1).

□

4. EXAMPLE

Let R4t be a Euclidean space with coordinates (u1, u2, ....., u4t). Complex structures I, P, L
on R4t can be chosen as:

I(
∂

∂u4r+1
) =

∂

∂u4r+2
, I(

∂

∂u4r+2
) = − ∂

∂u4r+1
, I(

∂

∂u4r+3
) =

∂

∂u4r+4
,

I(
∂

∂u4r+4
) = − ∂

∂u4r+3
, P(

∂

∂u4r+1
) =

∂

∂u4r+3
, P(

∂

∂u4r+2
) = − ∂

∂u4r+4
,

P(
∂

∂u4r+3
) = − ∂

∂u4r+1
, P(

∂

∂u4r+4
) =

∂

∂u4r+2
, L(

∂

∂u4r+1
) =

∂

∂u4r+4
,

L(
∂

∂u4r+2
) =

∂

∂u4r+3
, L(

∂

∂u4r+3
) = − ∂

∂u4r+2
, L(

∂

∂u4r+4
) = − ∂

∂u4r+1
,

for r ∈ {0, 1, 2, ...., ..., t − 1}.
Then we easily check that (I, P, L) is a hyperkähler structure on R4t, where ⟨, ⟩ indicates
the Euclidean metric on R4t.

Example 4.1. We describe a map Ψ : R8 → R6 by

Ψ(u1, u2, ........., u8) = (
u1 − u3√

2
, u4, u5, u6, u7, u8).

Then, we have

ker Ψ∗ =

〈
∂

∂u1
+

∂

∂u3
,

∂

∂u2

〉
,

(ker Ψ∗)
⊥ =

〈
∂

∂u1
− ∂

∂u3
,

∂

∂u4
,

∂

∂u5
,

∂

∂u6
,

∂

∂u7
,

∂

∂u8

〉
,

It is easy to see that

DI
1 =

〈
∂

∂u5
,

∂

∂u6
,

∂

∂u7
,

∂

∂u8

〉
, DI

2 =

〈
∂

∂u1
− ∂

∂u3
,

∂

∂u4

〉
,

DP
1 =

〈
∂

∂u5
,

∂

∂u6
,

∂

∂u7
,

∂

∂u8

〉
, DP

2 =

〈
∂

∂u1
− ∂

∂u3
,

∂

∂u4

〉
,

DL
1 =

〈
∂

∂u5
,

∂

∂u6
,

∂

∂u7
,

∂

∂u8

〉
, DL

2 =

〈
∂

∂u1
− ∂

∂u3
,

∂

∂u4

〉
.

96



A note on phv−semi-slant Submersions

Thus the map Ψ is an almost phv− semi-slant submersion with the almost phv− semi-slant
angle {ϑI =

π
4 , ϑP = π

2 , ϑL = π
4 }.

Example 4.2. Let (R8, gR8 , P) be a hyperKähler manifold endowed with usual metric gR8 and
(R3, gR3) be a RM endowed with Riemannian metric

sin2 u1 + cos2 u5 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1


.

Now, we describe a map Ψ : R8 → R4 by

Ψ(u1, u2, ........., u8) = (cos u1 − sin u5, u6, u7, u8, ).

Then, we have

ker Ψ∗ =

〈
(cos u5

∂

∂u1
− sin u1

∂

∂u5
),

∂

∂u2
,

∂

∂u3
,

∂

∂u4

〉
,

(ker Ψ∗)
⊥ =

〈
(sin u1

∂

∂u1
+ cos u5

∂

∂u5
),

∂

∂u6
,

∂

∂u7
,

∂

∂u8

〉
,

It is easy to see that

DI
1 =

〈
∂

∂u7
,

∂

∂u8

〉
, DI

2 =

〈
(sin u1

∂

∂u1
+ cos u5

∂

∂u5
),

∂

∂u6

〉
,

DP =

〈
∂

∂u6
,

∂

∂u8

〉
, DP

1 =

〈
(sin u1

∂

∂u1
+ cos u5

∂

∂u5
),

∂

∂u7

〉
,

DL =

〈
∂

∂u6
,

∂

∂u7

〉
, DL

1 =

〈
(sin u1

∂

∂u1
+ cos u5

∂

∂u5
),

∂

∂u8

〉
.

Thus, the map Ψ is a phv− semi-slant submersion with the almost phv− semi-slant function
{ϑI = ϑP = ϑL = u5}.
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