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A NOTE ON phv—SEMI-SLANT SUBMERSIONS

SUSHIL KUMAR, SUMEET KUMAR AND MURAT POLAT

ABSTRACT. In this article, we describe and study the concept of pointwise h-v-semi slant
submersions (phv— semi slant submersions, In short) and the almost phv— semi-slant
submersions whose base manifolds are almost quaternionic Hermitian manifolds. We
examine geometric properties of such submersions: the integrability of distributions, the
condition for such maps to be totally geodesic, the geometry of foliations, etc. Further-
more, we provide some illustrative examples of the almost phv—semi-slant submersions.

1. INTRODUCTIONS

In differential geometry, the geometry of submanifolds is a very productive field. One
of the ways to obtain a submanifold by using a smooth map between Riemann man-
ifolds is the subject of submersion. The study of Riemannian submersions originated
from the work of Gray [8] and O’Neill [18]. Then, Riemann submersions were discussed
with the help of differentiable structures of manifolds. In 1976, Watson [36] described
almost Hermitian submersions and investigated a kind of structural problems among
base manifolds and total manifolds.

In [29], Sahin defined the notion of anti-invariant Riemannian submersion from an al-
most Hermitian manifold (AHM) to a Riemannian manifold (RM). He also investigated
such submersions from Kahlerian manifolds to Riemannian manifolds [32]. Further,
he investigated slant submersions [31] and semi-invariant submersions [30]. Recently,
many new Riemann submersions between different types of manifolds have been iden-
tified and studied; such as hemi-slant submersions [[1],[35]], quasi-hemi-slant submer-
sions [[17],[26]], conformal anti-invariant submersions [14], quasi bi-slant submersions
[[24],[25],[27],[28]], conformal hemi-slant submersions [15], conformal quasi bi-slant sub-
mersions [16], H-slant submersions [19], H-semi-slant submersions [21], Almost h-conformal
semi-invariant submersion [23],V-semi-slant submersions [20], h-v-semi-slant submer-
sions [22], pointwise semi-slant submersion [34] etc.

We note that the notion of Riemannian submersions is most inventive topic presently due
to its wide applications in physics, mechanics and robotics. Such as: in Kaluza-Klein
theory ([12],[5]), the Yang-Mills theory [6], Space-time [13] Supersymmetry theory [7],
robotic chains [3], Betti Numbers [9],[10] etc. Latest developments regarding submersion
theory can be found in the book [33].
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This article is organized as follows: In Sec. 2; we give the fundamental equations and
concepts of Riemannian submersions. In Sec. 3; we present the definition of the phv—
semi slant submersion, almost phv— semi slant submersion and investigate their geo-
metric properties. In this section, the necessary and sufficient conditions for integrability
of distributions, totally geodesicness and some interesting results are also obtained. In
the last section, we supply proper examples of the almost phv— semi slant submersions.

2. PRELIMINARIES

LetY : (Mg, gm,) — (M;, gm,) be a Riemannian submersion between RMs [33].
For any vector fields Z;, Z, on M;, the O'Neill’s tensors [18] 7 and A define by

Azl Zyr = HVH21VZQ + VV’}-LZIHZ2, (2.1)

'TZI Zy = HVV21VZ2 + VVV21HZ2 (2.2)

where V is the Levi-Civita connection of gp,. We know that, on the tangent bundle
of My, Tz, and Az, are skew-symmetric operators which reversing the horizontal and
vertical distributions.

From (2.1) and (2.2), we obtain

Vy,Ys = Ty, Y2+ VVy Ya, 2.3)
Vy, Uy = Ty, Uy + HVy, U, (2.4)
Vi = Ay s+ VYV, Y, (2.5)
Vi, Va = HVu, Vo + Ay, Vs, (2.6)

for Y1,Y, € T(ker¥,) and Uy, V2 € T(ker )+, where HVy,U; = Ay, Ys, if Uj is basic
vector field. We can state that 7 plays role on the fibers as the second fundamental form,
while A plays role on the horizontal distribution and measures the obstruction to the
integrability of this distribution [4].

Now, we remind that the representation of second fundamental form of a map between
two RMs. Let (Mg, gum,) and (M,, gm,) be RMsand ¥ : (Mg, gm,) — (My, gm,) be a map
then the second fundamental form of ¥ is defined as

(VY¥.)(V1, Va) = V¥ (Vo) — Yo (V] V2) 2.7)

for Vi,V € T(TMq), where VY is the pullback connection and we state for convenience
by V the Riemannian connections of the metrics gp, and g, -
We also remind that a differentiable map ¥ between two RMs is totally geodesic if

(VY.)(V1, Va) =0, forall V1, Vs € T(TM,). (2.8)

Lemma 2.1. [11] Let (Mg, gm,) and (My, gum,) are RMs. If ¥ : (Mg, gm,) — (My,8m,) bea
Riemannian submersion, then for vertical vector fields Uy, Uy any horizontal vector fields Y1,Y>,
then we obtain

(1) (V¥.)(Y1,Y2) =0,

(i) (V¥.) (U, Uz) = =¥+ (T, U2) = =¥ (Vi U2),

(i) (V) (Y, Uy) = —¥.(Vy,Uy) = —¥.(Ay, Uy).
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Let M, be a 4k-dimensional differentiable manifold, gy, be a Riemannian metric and
F be a rank 3 subbundle of End(TM,) such that for any point g € M, with its some

neighborhood V, there exists a local basis { P;, P», P3} of sections of F on V satisfying for
all g € {1,2,3}

P = —id, PgPgy1 = —Pp1Ps = Ppyo, (2.9)

qu(P‘BYL P‘BYZ) = qu(Yl,Yz), (210)
for VY1, Y> € T(TMy), where the indices belong to {1,2,3} modulo 3. Then (M,, F, gum,)
is an almost quaternionic Hermitian manifold (AQHM) ([2], [11]). The basis { Py, P>, P3}
is called a quaternionic Hermitian basis. (My, F, gu,) is a quaternionic Kahler manifold
if there exist locally defined 1-forms w1, wy, w3 such that for p € {1,2,3}

Vy, Pg = wp2(Y1)Ppi1 — wpy1(Y1) Ppsa (2.11)
where Y1 € T(TM;) and the indices belong to {1,2,3} modulo 3. (Ny,F,gu,) is a hy-
perkéhler manifold (HKM) if VPs = 0 for B € {1,2,3}. Moreover, gy, is called a hy-
perkéhler metric and { Py, P», P35, gm, q} is called a hyperkéhler structure on M,.

Let (M,, Pl,qu) and (M;, F,,gm,) be AQHMSs. If given a point x € M, forany P € (F),
there is P’ € (F2) () that satisfies

m.oP =P orm,
thenamap ¥ : M, — M, is called a (F,, F,)-holomorphic map.
A Riemannian submersion ¥ : M, — M,, which is an (F;, F;)-holomorphic map is called
a quaternionic submersion. Besides, if (Mg, F1,gu,) is a quaternionic Kéhler manifold
then Y is called a quaternionic Kdhler submersion. This is also called hyperkahler sub-

mersion.
Now, we remind some basic definitions that we will use later.

Definition 2.1. [33] Let ¥ : (My, gm,, P) — (M, 8gm,) be a Riemannian submersion from an
AHM to a RM. If the vertical distribution is invariant with respect to the complex structure P,
ie, P(ker¥,) = ker Y., then ¥ is an invariant Riemannian submersion.

Definition 2.2. [33] Let ¥ : (M,, M,/ P) — (M;, gm,) be a Riemannian submersion from an
AHM toa RM. If the Wirtinger angle §(Z) between PZ and the space (ker 1), is independent
of the choice of the nonzero vector Z € (ker . ), at each given point g € M,, then ¥ is a
pointwise slant submersion. Additionally, the angle ¢ can be considered as a function on M,
which is called the slant function of the pointwise slant submersion.

Definition 2.3. A Riemannian submersion ¥ : (M,, M,/ P) — (M, gm,) is called a pointwise
semi-slant submersion [33] if there is a distribution D C (ker¥.) such that

ker¥, =D& Dy, P(D) =D,
and for q € My and Yy € (Dy)g, the angle ¢ = (Y1) between PYy and the space (Dy), is

independent of the choice of the nonzero vector Y1, where D; is the orthogonal complement of D
in ker Y. The angle & is called pointwise semi-slant function of the slant submersion.

Definition 2.4. [22] Let (Mg, F,gum,) be an AQHM and (M;,gm,) a RM. A Riemannian
submersion ¥ : (Mg, F,gm,) — (My, gm,) is called a h-v-semi-slant submersion if given a
point p € My, with a neighborhood V, there exists a quaternionic Hermitian basis {I,P,L} of
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sections of F on V such that for any | € {I, P, L}, there is a distribution D1 C (ker ¥,)* on V
such that

(ker'¥.)" = Dy @ Dy, J(D1) = Dy
and the angle 9; = ©;(X) between JX and the space D, is constant for nonzero X € (Da),

and p € V where D, is the orthogonal complement of Dy in (ker Y.)*. We call such a basis
{I, P, L} a h-v-semi-slant basis and the angles {01, Op, 01} h-v-semi-slant angles.

Moreover, the map ¥ : (M,, F, qu) — (M, gum,) is called a strictly h-v-semi-slant sub-

mersion, the angle ¢ a strictly h-v-semi-slant angle and {I, P, L} a strictly h-v-semi-slant
basis if ¢ = 19[ = l9p = l9L.

Definition 2.5. Let (Mg, F, gum,) be an AQHM and (M;, gm,) a RM. A Riemannian submer-
sion ¥ : (Mg, F,gm,) — (My,8um,) is called an almost h-v-semi-slant submersion if given a
point p € M, with a neighborhood V, there exists a quaternionic Hermitian basis {I,P,L} of
sections of F on V such that for each | € {I, P, L}, there is a distribution D{ C (ker¥.)tonV
such that

(ker'¥.)" = Dj® DL, J(Dj) = DJ

and the angle O; = 0;(X) between and the space is constant for nonzero and, where Dé is the

orthogonal complement of D{ in (kerY.)t. Where the angles {8;,9p, 0.} is almost h-v-semi-
slant angles and a basis {I, P, L} is an almost h-v-semi-slant basis.

3. phv— SEMI-SLANT SUBMERSIONS

Definition 3.1. A Riemannian submersion ¥ : (Mg, F,gm,) — (My, 8, ) is called a phv—
semi-slant submersion if given a point q € M, with a neighborhood V, there exists a quaternionic
Hermitian basis {1, P, L} of sections of F on V so that forany | € {I, P, L}, there is a distribution
D; C (ker¥.)* on V such that

(ker¥.)* = D1 ® Dy, J(Dy) = Dy

and the angle 97 = 0;(X) between ] X and the space (D2 ), is independent of the choice of nonzero
vector X € (D3), and p € V, where D is the orthogonal complementary distribution of Dy in
(ker ¥.)*.

The angles {¢;, 9p, 91 } are called phv— semi-slant functions and {I, P, L} is called a phv—
semi-slant basis. Moreover, if
then ¥ : (M, F, qu) — (My, gMm,) is called a strictly phv— semi-slant submersion, the

function ¢ is called a strictly phv— semi-slant function, {I, P, L} is called a strictly phv—
semi-slant basis.

Definition 3.2. Let (Mg, F, gum,) bean AQHM and (M;, gm,) a RM. A Riemannian submer-
sion'¥ : (Mg, F,gm,) — (My, gm,) is called an almost phv— semi-slant submersion if given a
point p € M, with a neighborhood V, there exists a quaternionic Hermitian basis {I, P, L} of
sections of F on V such that for any | € {I, P, L}, there is a distribution D! C (ker¥,)* on V
such that

(ker¥.)* = D] @ D}, J(D]) = D],

87



Sushil Kumar, Sumeet Kumar and Murat Polat

and the angle 97 = 0;(X) between JX and the space (Dé)p is is independent of the choice of

the nonzero vector X € (Dé)p and p € V, where Dé is the orthogonal complement of Dé in
(ker¥.)*.

We call such a basis {I, P, L} an almost phv— semi-slant basis and the angles {¢;, 9p, 9.}
almost phv— semi-slant function.

Let ¥ be a phv— semi-slant submersions from an AQHM (Mq, I,P L, qu) onto a RM
(M;, gm,)- Then, we have

TM, = ker¥, & (ker ¥,)". (3.1)
Now, for any vector field U € T'(ker ¥.)*, we put
Uy = Wil + Qjl, (3.2)

where W) and Q; are projection morphisms of I'(ker ¥..)* onto D{ and Dé, respectively.
For X; € (Tker¥.), we set

X1 = (P]X1 —+ w]Xl, (3.3)
where ¢;X; € (Tker¥,) and w;X; € (Tker ¥,)= .
Also for any non-zero vector field Y; € I'(ker ¥.)+, we have

Y, = B]Yl + C]Yl, (3.4)
where BjY; € I'(ker ¥,) and C;Y; € T'(ker ¥.)*.

Lemma3.1. Let ¥ be an almost phv— semi-slant submersion froman AQHM (M, I, P, L, gm,)
ontoa RM (M,, g¢m,) such that (I, P, L) is an almost phv— semi-slant basis. Then, we have

¢7 X1 + BjwyXy = — Xy, wi; X1 + Cjwy Xy =0,
wB; Xz + CiXz = —Xa,¢yBjX2 + B;CjX2 =0,
forall X; € T(ker¥,) and Yo € T'(ker ¥, )+ and ] € {I,P,L}.
Proof. Using equations (2.9), (3.3) and (3.4) , we have Lemma (3.1). O

The proof of the following Lemma is the same as Lemma in [22] therefore, we omit its
proof.

Lemma 3.2. Let ¥ be an almost phv— semi-slant submersion from an AQHM (M, F,gm,)
ontoa RM (M,, g¢m,) such that (I, P, L) is an almost phv— semi-slant basis. Then, we have

(i) C;V = —(cos®8)V,

(11) qu(C]V, C]Z) = COS2 19] qu(V,Z),

(iii) qu(BIV' B]Z) = sin® 19] qu(V/ Z)r

forall V,Z € F(Dé), where | € {I,,P,L}.

Lemma 3.3. Let Y be a phv— semi-slant submersion from a HKM (Mq, I,P L, qu) onto a
RM (M, gm,) such that (1, P, L) is an almost phv— semi-slant basis. Then, we have

VVyl(P]Yz + 7-1/1(4)]1/2 = (P]VVyl Ys + B]7-Y1Y2, (3.5)
7}14)]}/2 + HVY1CU]Y2 = w]VVy] Y, + C]7-y1 Ys, (3.6)
VVXl B]Xz + .AX1C]X2 = 4)]./4)(1 Xo + B]HVXI X>, (3.7)

88



A note on phv—semi-slant Submersions

Ax,Bj Xy + HVx,C1 X = wjAx, Xa + C/HV x, Xa, (3.8)
VVy.Bi X1 + Tv,C; X1 = ¢y Ty, X1 + B/HVy, X4, (3.9)
Ty, B X1 + HVy,C1 X1 = w; Ty, X1 + C/HVy, X (3.10)
VVx Y1 + Ax, )Yy = BjAx, Y1 + ¢;VVx, Vi, (3.11)
Ax, Y1 + HVx,w Yy = CpAx, Vi + wVVx, Yy (3.12)

forany Y1,Y, € T(ker¥,) and Xq, X, € T'(ker ¥,)*.
Proof. Using equations (2.3)—(2.6), (3.3) and (3.4), we get equations (3.5)—(3.12). O

Now, we define

(Vu, @)U = VVi, ol — ¢ V'V, Uy, (3.13)
(Viyw))Up = HV y,wily — wjVVy, Uy, (3.14)
(Vx,C))Xa = HVx,C X, — CyHVx, X2, (3.15)
(Vx,Bj)X2 = VVx,BjXs — B/HVx, Xa, (3.16)

for any Uy, U, € T(ker ¥.) and X1, X, € T'(ker ¥.)*.

Lemma 3.4. Let ¥ be an almost phv— semi-slant submersion from a HKM (M,, 1, P, L, qu)
ontoa RM (M,, gm,) such that (I, P, L) is an almost phv— semi-slant basis. Then, we have

(Vx,¢7) X2 = BjTx, Xo — Tx,w;Xo,
(Vx,wy)Xa = CjTx, X2 — Tx, $1 X2,
(Vy,C))Ys = wj Ay, Yo — Ay, BjYs,
(Vy,Bp)Ys = ¢1 Ay, Y2 — Ay, Ci Y2
for any vectors X1, X, € T(ker ¥.) and Y1,Y, € T(ker ¥.,)*.

Proof. Using equations (3.5)—(3.8) and (3.13)—(3.16) we get all equations of Lemma (3.4).
O

Theorem 3.1. Let Y be a phv— semi-slant submersion from a HKM (Mq, I,P, L, qu) onto
a RM (M,, gm,) such that (I1,P,L) is a phv— semi-slant basis. Then, it can be said that the
following conditions are valid:

(a) D{ is integrable.
(b)
C[(HVyzlyl - HVylle) = wI(Ay11Y2 — AY21Y1)/

forY1,Y, € F(D{).
(c)

CP(HVYZPYl — HVylez) = CUp(Aylez — .AYZPYl),
forY1,Y, € F(Df).
(d)

CL(HVYZLYl — HVylLYZ) = wL(.AylLYz — AYZLYl),
forY1,Y, € F(DlL).
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Proof. For Y1, Y, € F(D{),Zl € F(Dé) and ] € {I, P,L}. Using equations (2.6), (2.10), (3.3)
and (3.4), we have
gm, (Y1, Y2], Z4)
= &m, (Vv JY2, JZ1) — gm,(Vv, Y1, ] Z1),
= em,(Ay,JY2 — Av,JY1,]Z1) — gm,(HV v, ]Y1 = HVy, Y2, ] Z4),
= —gm, (wj(Ay,JY2 — Ay, JV1), Z1) + 8m,(C1(HVy, Y1 — HV Y, [ Y2), Z1)

which completes the proof. O

Theorem 3.2. Let ¥ be a phv— semi-slant submersion from a HKM (Mq, I,P, L, qu) onto
a RM (M,, gm,) such that (I,P,L) is a phv— semi-slant basis. Then, it can be said that the
following conditions are valid:

(a)slant distribution D£ is integrable.
()
gm, (Az,B1Zs — Az,B1Z4, 1)
= gm,(AzBiC1Zy — Az,BC1Zy, Uh),
forall Zy,Z, € T(D}) and U, € T(D)).
()
gm,(Az,BpZs — Az,BpZy, PU)
= gm,(Az BpCpZy — Az,BpCpZy, Uy),
forall Zy,Z, € T(DY) and U, € T(DY).
(d)
gm,(Az,BLZy — Az,BLZ1, LUs)
= gm,(Az,BLCLZy — Az,BL.C1Zy, Uy),

forall Zy,Z, € T(DLY) and U, € T(DY).

)
Proof. For 74,7, € F(D )and U; € TD{), we have
gm, ([Z21, Zo], Un) = gm, (Vx, X2, Un) — gm, (Vy, Ya, Un).
Using equations (2.5), (2.6), (2.10), (3.4) and Lemma 3.2, we get
gm, ([21, 23], Uh)
= gm,(Vz,]Z2,JU1) — gm,(Vz,]Z1, JUh),
= 8m,(Vz,BjZo, JUy) +8m,(Vz,C1Zy, JUn) — gm, (V2,B)Z1, JUh) —
gm, (V2,C1Zy, JUh),
= gm,(AzBjZo + V'V 2,B;Zy, JUy) 4 cos® &) gm, (Vz, 2o, Uy) —
2sin 8 cos ¥ Z;1 () qu(Zz, up) — qu(Vle]C]ZZ, up) —
gum,(Az,BjZ1 + VV 2,B1Z1, JUy) — cos? O em,(Vz,Z1,Un) +
2sin ¥y cos ¥ Za(8;) gm, (Z1, Ur) + gm,(Vz,B1CyZy, Uy).
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Now, we have

sin® 8; gum, ([Z1, Z2], Uy)
= gm,(Az BjZa — Az,B;Z1,JUy) —
§m,(Az BjC1Zy — Az,B)CiZy, Un),

which completes the proof. O

Theorem 3.3. Let ¥ be a phv— semi-slant froma HKM (Mg, 1, P, L, gum,) ontoa RM (M, gum, )
such that (I, P, L) is a phv— semi-slant basis. Then, it can be said that the following conditions
are valid:

(a) the horizontal distribution (ker Y¥..)" defines a totally geodesic.

(b)
sin® 97 g, ([Y1, Z1], Ya) — cos® 81 gu, (HV 2, WiY1, Y2)
= —gm,(HVzIWY1,Y2) — gm, (T2, IWIY1, Y2) —
gm,(VVz,B1QiY1, B1Y2) — gm, (Tz,B1Q1Y1,CrYa2) +
gm, (Tu, BiC1Q1Y1, Y2) + sin 28 Z1[81]gm, (Q1Y1, QrYa).
for Y1,Y, € T(ker ¥.)* and Z; € T(ker ¥.).
(c)
Sil’l2 l9p qu([Yl,Zl], Yz) — COS2 l9p qu (HVZIWPYL Yz)
= —8m,(HVz PWpY1,Ya) — gm, (T2, PWpY1,Y2) —
gm, (VVz, BpQpY1, BpY2) — gm, (T2, BrQpY1,CpY2) +
gm, (Tu, BPCpQpY1, Y2) + sin20p Z1[0p]gm, (QpY1, QpY2).
for Y1,Ys € T(ker ¥.)* and Z; € T(ker ¥..).
(d)
SiI'l2 1.9L qu([Yl, Zl],Yz) — COS2 19L qu (HVleLyl,Yz)
= —gm,(HVZ LWL, Y2) — gm, (T2, LWLY1, Y2) —
sm,(VVz,BLQiY1, BLY2) — gm, (T2, BLQLY1,CLY2) +
gm, (Tu, BLCLQLY1, Y2) +sin28; Z1[01]gm, (QLY1, QLY2).

for Y1,Y, € T(ker Y.+ and Z; € T(ker ¥.).
Proof. ForYy,Y, € T(ker ¥.)* and Z; € T'(ker ¥.), using equations (2.3), (2.4), (2.10), (3.2), (3.4)

and Lemma 3.2, we get
sm, (Vv Y2, Z1) = —gm, (Y1, Z1],Y2) — gm, (V2 Y1, Y2),
= —gm ([Y1,Z1],Y2) — gm,(V 2, JWi Y1, ]Y2) —
gm,(Vz,BjQiY1, JY2) 4+ gm, (V2 B1CjQpY1, Y2) —
cos® 8 gm, (Vz,Q)Y1, Ya) + sin28) Zy[8)]gm, (Qj Y1, Ya).
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Now, we obtain
sin® 8; g, (Vx, X2, Uy)
= —sin’d gm, (Y1, Z1], Y2) + cos? 8 gm,(HV WY1, Y2) —
—sm, (HV 2, JWY1,Y2) — gm, (T2, JWiY1, Ya) —
—&m,(VVz,BjQY1, BiY2) — gm, (T2, BjQY1, CrY2) +
—gum, (Ti, BICIQ Y, Ya) + sin28; Z1[8)]gm, (Q)Y1, Q)Y2).
]

Theorem 3.4. Let ¥ be a phv— semi-slant froma HKM (M, 1, P, L, qu) ontoa RM (M,, gum,)

such that (I, P, L) is a phv— semi-slant basis. Then, it can be said that the following conditions
are valid:

(a) the vertical distribution (ker ¥, ) defines a totally geodesic.

(b)
gm,(VVu, Uz, BICiWy)
= gm,(VVu,¢1lz, BiW1) + gm, (Tu,wila, BiWg),
for Uy, Uy € T(ker ¥..) and Wy € T'(ker ¥.,)".
(c)
gm, (VVu, Uz, BpCpWy)
= gm,(VVu,¢pUz, BpW1) + gm, (Tu,wpUa, BpWi),
for Uy, Uy € T(ker ¥.) and Wy € T'(ker ¥.,)*.
(d)
gm, (VVu, Uz, BLCL W)
= gm,(VVu,¢rlz, BLW) + gum, (Tuy LUz, BLWy),
for Uy, Uy € T(ker ¥..) and Wy € T'(ker ¥.,)*.

Proof. For Uy, U, € T'(ker ¥.) and W; € I'(ker ¥.)*, using equations (2.3), (2.4), (2.10), (3.2)
and (3.4), we have

gm, (Vu, Uz, Wy)
= &m,(Vu, JUz, JWh),
= gm,(VVu,¢Uz, ByWi) + gm, (T, wyUy, ByWh) +
cos? 8y gm, (Vu, Uz, W) — gm, (VVu, U, B;C;W1).
Now, we get
sin? 8 gm, (Vu, Uz, Wi)

= &m,(VVu, ¢y, BjW1) + gum, (Tu,wyll, BjWh)
—qu(VVul Uz, B]C]Wl).
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Theorem 3.5. Let ¥ be a phv— semi-slant submersion from a HKM (Mg, I, P, L, gu,) onto
a RM (M,, gm,) such that (I,P,L) is a phv— semi-slant basis. Then, it can be said that the
following conditions are valid:

(a) the invariant distribution D{ defines a totally geodesic.

(b)
gm, (Ax, X2, BY1) = gm,(Ax, X2, BiICiY1),
M, (Ax [Xo,1Y2) = —gm,(HVx, [Xo, wiY2),
for X1, X, € T(DI),Y; € T(D}) and Y, € T (ker ¥.).
(c)
gm, (Ax, PXo, BpY1) = gm,(Ax, Xo, BpCpY1),
M, (Ax, PXo, ¢pY2) = —gm (HVx,PXa, wpY2),
onr)Xl,Xz e (D), Yy, e T(DY) and > € T(ker ¥..).
d

gm, (Ax, LX2, BLY1) = gm,(Ax, X2, BLCLY1),
M, (Ax, LX2, ¢LY2) = —gm, (HVx, LX2, wLY2),

for X1, X, € T(D}), Y1 € T(DL) and Y, € T(ker ¥.,).

Proof. For X1, X, € T(D]),Y; € T(D)) and Y, € T'(ker ¥.). Using equations (2.6), (2.10), (3.4)
and Lemma 3.2, we have
gm, (Vx, Xa, Up)
= em,(Vx,JX2, BY1) — gum, (Vx, X2, CPY1) — g, (Vx, X2, BIC Y1),
= &M, (AX1]X2/ B]Yl) + cos? 19] &M, (VXlXZ, Yl) — &M, <.AX1X2, B]C]Yl).
Now, we get
sin2 19] qu(Vxle, Yl)
= gm,(Ax,JX2, BjY1) — gm, (Ax, X2, BjCjY1).
Now, again using equations (2.6), (2.10) and (3.3), we have
sm,(Vx, X2, Y2) = gm (Vx, ] X2, JY2),
= gm,(Vx,J X2, 92 + wjYa),
= gm,(Ax, ] X2, ¢Y2) + gm,(HV x, ] X2, w)Y2),
which completes the proof. O

Theorem 3.6. Let Y be a phv— semi-slant submersion from a HKM (Mq, I,P L, qu) onto
a RM (M,, gm,) such that (I1,P,L) is a phv— semi-slant basis. Then, it can be said that the
following conditions are valid:
(a) the slant distribution D} defines a totally geodesic.
(b)

gm, (Ax, BrXa, IY1) = gm, (Ax, BIC1 X2, Y1),
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sin® 8; g, ([X1, Ya], X2)
= —gm,(T,B1X1,C1X2) — gm,(VVy,B1 X1, B X2) +
sin 281 Ya[01] gm, (X1, X2) + gm, (Ty, BiC1 X1, X2),

for X1,X, € T(D}),Y; € T(D)) and Y, € T(ker ¥,)*.
“ gm, (Ax, BpXa, PY1) = gum, (Ax, BpCpXa, Y1),
sin® 0p gum, ([X1, 2], X2)
= —gm,(Ty,BpX1,CpXa) — gm,(VVy,BpXy, BpXz) +
sin28p Y2[0p] gm, (X1, X2) + gm, (Tv,BrCpX1, X2),
for X1,X2 € T(DY), Y, € T(DY) and Y, € T(ker ¥.)=.

d
@ gm, (Ax, BL X2, LY1) = gm, (Ax, BLCL X2, Y1),
sin® 8, g, ([X1, V2], Xa2)
= —gm,(Ty,BLX1,CLX2) — gm, (VVy,BL X1, BLX2) +
sin 281 Ya[0L] gm, (X1, X2) + gm, (Ty, BLCL.X1, Xa2),
for Xy, Xp € F(DlL),Yl € T(DZL) and Y, € T(ker ¥,)*.
Proof. For X1, X, € T(D]),Y; € T(D})and Y, € T'(ker ¥..)*. Using equations (2.5), (2.10), (3.4)
and Lemma 3.2, we have
gm, (Vx, X2, Y1)
= gm,(Vx,JX2, V1),
= gm,(Vx,Bj X2, JY1) + cos® 9 g, (Vx, X2, Y1) — gm, (Vx, BjC1 X2, Y1).
Now, we have
sin® 9 g, (Vx, X2, Y1)
= gu,(Ax,B; X2, JY1) — gum, (Ax, BICy X2, V1).
Next, from equations (2.4), (2.10), (3.4) and Lemma 3.2, we have
gm, (Vx, X2, Y2)
= —gm,([X1, Ya], X2) — gm, (Vy, X1, X2),
= —gm, ([X1, Ya], X2) — gm, (Vy, B X1, ] X2) — cos® 9 g, (Vy, X1, X2)
+sin 207 Ya[0)]gm, (X1, X2) + gm, (Vy, BjCr X1, X2).
Now, we have
sin® 8; gum, (Vx, X2, Y2)
= —sin® &) gum, ([X1, Y], X2) — gum, (Ty, Bj X1, CXz) —
qu(VVyzB]Xl, B]Xz) + sin 24 Yz[ﬁ]qu (X1, X2) +
qu(ﬂzB]C]Xl, X7).
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Theorem 3.7. Let ¥ be a phv— semi-slant submersion from a HKM (Mg, I, P, L, gu,) onto
a RM (M,, gm,) such that (I,P,L) is a phv— semi-slant basis. Then, it can be said that the
following conditions are valid:

(a) ¥ is a totally geodesic map.

(b)
CrTu, 1z + wrVVy,prls + CrHVy,wils + wiTy,wily =0,

C[HVul 171+ wﬂ'ul 171 =0,

C]TulB[X1 + aJ[VVul B X1 + TU] B;C; X — cos? 9 %VU1X1 +sin2¢; U [191]X1 =0,

for Uy, U € T(ker¥.),Z; € T(D!) and Xy € T(D)).
(c)
CrTu,¢rUs + wpVVy,¢ppUy + CpHV g, wpUs + wpTiwpls = 0,

Cp?'qu1PZ1 + wPTUIPZ1 =0,

CpTu, BpXq + wpVVuy, BpXq + Tu, BpCpXq — cos® 0p HVy, Xq + sin28p Uy [9p] X1 = 0,

for Uy, Uy € T(ker¥,),Z, € T(DY) and X, € T(DY).
(d)
CrTu, ol + wrVV Uy + CLHV yywrUs + wi Ty, wip Us =0,

CLHVulel + wLTulLZ1 =0,

CrTu,BLX1 +wr V'V, Br Xy + Tu, BLCL X1 — cos? 8 HV y, X1 +sin 20, Uy [01]X1 = 0,
for Uy, Uy € T(ker¥.),Z; € T(DL) and Xy € T(D%).
Proof. Since Y is a Riemannian submersion, we get
(V¥.) (W, W,) =0,

for Wy, W, € T'(ker ¥.)*.
For Uy, U, € T'(ker ¥,), using (2.3), (2.4),(2.7),(3.3) and (3.4), we get
(VY¥.) (U, Uz)
= —Y.(Vy ),
= Y.(JVuyJUz),
= Y.(JTu¢Uz + JVV ¢ Uz + JTHV g, w2 + J T wila),
= Yu(B/Tu, ¢yl + CTuy ¢yl + ¢ VVu, ¢y Uz + w0V Vu, ¢y Us +
B]HVulw]UQ + C]HVulw]UZ + QD]TUICU]UZ + w]Tulw]llz).

For U, € I'(kerF,) and Z; € T(D)), using (2.4), (2.7), (3.3) and (3.4), we have

(VY¥.) (U, Z1)
= —Y.(Vu ),
= Y.(VuJZ),
= ‘P*(B]HVU1]Z1 + C}HVU1]Z1 + (P]TuJZl + C(J]Tulle).
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For U € T(ker¥,) and X; € I'(D)}), using (2.3), (2.4), (2.7), (3.3), (3.4) and Lemma 3.2,

we obtain
(VY.) (U, X1)
= —Y.(VyXi),
= Y.(JVuJX1),
= Y.(JVuBjXi + Vu, BjCr X1 + Vi, Cj X1),

= ‘F*(B]Tu] Bj Xy + C]Tul Bj X1+ ¢ V'V, Bi Xy +wVVy, B Xy +
TulB]C]Xl + VVulB]C]Xl — COS2 19] HVule - COS2 ﬁ]Tule +

sin 219] Ll1 [19]]X1)

4. EXAMPLE

Let R* be a Euclidean space with coordinates (u1, u, ....., us). Complex structures I, P, L

on R* can be chosen as:

d d d J 0 0
I R = P I = — 7 I - 7
( Ollgri1 ) Ougrio’ " Olgrin ) Olgr i1 ( Ollgr i3 Ollgri4
d d 0 0 J
Qgria’  OUaris  OUarp1’  Olgyys’ Oarin’  Ollarps’
d d d d d d
Ougrys’  Olgrr OUgrs’  Ollarsn OUgyy1’  Ollaris’
d d d d d
= s = - 7 L = - 7
Jllgy 2 Ougry3” Olgry3 Ougryn”  OUgryig Ougy i1

forr € {0,1,2,....,...,.t — 1}.

Then we easily check that (I, P, L) is a hyperkéhler structure on R*, where (, ) indicates

the Euclidean metric on R*.

Example 4.1. We describe a map ¥ : R® — R® by

U —u
Y (ug, ug, e Jug) = ( 1\@ 3,u4, Us, Ug, Uz, Ug).

Then, we have
0 0 0
ker¥Y, = <aul + 873’ au2> ’

0 d 9 o0 9 9 Jd
k T*L: 5. N ’A.. /™. 7™, 7N, A, 7
(ker¥.) <8u1 ouz’ duy’ ous’ dug Jduy 8u8>

It is easy to see that

pi—(2 9 9 9N [9 9 9
1 8u5'au6’8u7'8u8 172 E)u1 8u3'8u4 !

pp - (9 9 9 90N p /O 9 0
= 8u5'8u6’8u7'8u8 T2 aul 8u3'8u4 !

d d d 0 0 Jd 0

L _ s v v L__/ - 7 Z
br = <8u5' oug’ ouy’ dug > D> <au1 ous’ 8u4> '
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Thus the map Y is an almost phv— semi-slant submersion with the almost phv— semi-slant
angle {8; = J,0p = 5,01 = T }.

Example 4.2. Let (RS, ggs, P) be a hyperKihler manifold endowed with usual metric ggs and
(R3, ggs) be a RM endowed with Riemannian metric
2

sinu; +cos’us 0 0 0
0 1 00
0 010
0 0 01
Now, we describe a map ¥ : R® — R* by
Y (ug, U, e ,ug) = (cosuy — sinus, ug, Uy, ug, ).
Then, we have
0 0o o0 0
k T* = Y N JrN. 7N 7N ’
er <(cos Us i sin uq s ) Sy 303’ s >
0 0 0o o0 0
k IY* L - i N, )78, 742, A, /7
(ker¥,) <(sm U u; + cos us 8u5) IRETE 8u8>

9 0 d d . 0
P _ v v p_ ; . )
D" = <8u6' 8u8>'D1 <(Smu18u1 + cos u5au5), 8u7> ,

0 0 d ) d
L _ /92 9 L/ (ginu— 2y <
D" = <au6'8u7>'D1 <(smulau1 —|—cosu5au5), 8u8>'
Thus, the map Y is a phv— semi-slant submersion with the almost phv— semi-slant function
{191 = 1913 = 19L = M5}.
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