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SIMILARITY, CONGRUENCE, AND HOMOTHETY FOR QUADRILATERALS

YU CHEN AND R.J. FISHER

ABSTRACT. Assume that Q = □ ABCD is a general quadrilateral; namely, it is nei-
ther cyclic nor orthocentric. Denote the intersection point of ℓAC and ℓBD by R. Let
Oa, Ob, Oc, and Od (resp., Na, Nb, Nc, and Nd) be the circumcenters (resp., nine-point
centers) of △BCD, △ACD, △ABD, and △ABC, respectively. It is proved in [1] that
Qo = □OaObOcOd and Qn = □ Na Nb Nc Nd are similar. In this paper, we prove that
when □ ABCD is a convex quadrilateral, Q and Qo are similar if and only if Q is a
trapezoid and that when ∠A > 180◦, Q and Qo are similar if and only if

−→
RD = −−→

RB
and

−→
RA · −→RC = −−→

RB · −→RD. Let Qoo and Qon be the circumcenter quadrilateral and the
nine-point center quadrilateral of Qo, respectively. Let Qno and Qnn be the circumcenter
quadrilateral and the nine-point center quadrilateral of Qn, respectively. We also prove
that Q, Qoo, and Qnn are homothetic and that Qon and Qno are congruent and homothetic.

1. INTRODUCTION

This paper is a sequel to [1]. Given two quadrilaterals □ ABCD and □ A′B′C′D′, write
□ ABCD ∼ □ A′B′C′D′ if there exists a positive number k which satisfies

AB
A′B′ =

BC
B′C′ =

CD
C′D′ =

AD
A′D′ =

AC
A′C′ =

BD
B′D′ = k. (1.1)

When k = 1 in (1.1), we also write □ ABCD ∼= □ A′B′C′D′. We say that □ ABCD
and □ A′B′C′D′ are similar (resp., congruent) quadrilaterals if □ ABCD ∼ □ I JKL (resp.,
□ ABCD ∼= □ A′B′C′D′), where (I, J, K, L) = (A′, B′, C′D′), (B′, C′, D,′ A′), (C′, D′, A′, B′),
(D′, A′, B′, C′), (D′, C′, B′, A′), (C′, B′, A′, D′), (B′, A′, D′, C′), or (A′, D′, C′, B′).
We say two similar quadrilaterals □ ABCD and □ A′B′C′D′ are homothetic or similarly
placed if their corresponding sides are parallel. By [2, Theorem 32 on page 38], when
□ ABCD and □ A′B′C′D′ are homothetic but not congruent, the lines ℓAA′ , ℓBB′ , ℓCC′ , and
ℓDD′ intersect at a common point S so that □ A′B′C′D′ is a dilation of □ ABCD through
S.
Given a quadrilateral □ ABCD, let Oa, Ob, Oc, and Od (resp., Na, Nb, Nc, and Nd) be
the circumcenters (resp., nine-point centers) of △BCD, △ACD, △ABD, and △BCD,
respectively. When □ ABCD is not cyclic (resp., not orthocentric), □OaObOcOd (resp.,
□ NaNbNcNd) is a quadrilateral. A general quadrilateral is a quadrilateral that is neither
cyclic nor orthocentric. It is proved in [1, Theorem 6.1] that if □ ABCD is a general
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quadrilateral, then □OaObOcOd ∼ □ NaNbNcNd. In the current paper, we determine the
conditions under which a general quadrilateral and its circumcenter are similar and also
prove that certain quadrilaterals generated by □ ABCD are similar, congruent, or homo-
thetic under the iteration by constructing circumcenter or nine-point center quadrilater-
als.
Given a quadrilateral □ ABCD, let R be the intersection point of ℓAC and ℓBD. Note that
{−→RB,

−→
RC} is a basis for the canonical vector space E of geometric vectors associated to

the plane. The vectors
−→
RA and

−→
RD are expressible as

−→
RA = −α

−→
RC and

−→
RD = −β

−→
RB,

where α, β ∈ R ∖ {0,−1}. In Theorem 3.1 and Theorem 3.2, we prove that a convex
general quadrilateral □ ABCD and its circumcenter quadrilateral are similar if and only
if □ ABCD is a trapezoid and that a nonconvex general quadrilateral □ ABCD with
∠A > 180◦ and its circumcenter quadrilateral are similar if and only if

−→
RD = −−→

RB
and

−→
RA · −→RC = −−→

RB · −→RD.
Assume that Q = □ ABCD is a general quadrilateral. Let Qo and Qn be the circumcenter
quadrilateral and the nine-point center quadrilateral of Q, respectively. Let Qoo and Qon

be the circumcenter quadrilateral and the nine-point center quadrilateral of Qo, respec-
tively, and let Qno and Qnn be the circumcenter quadrilateral and the nine-point center
quadrilateral of Qn, respectively. In Theorem 4.1 and Theorem 4.2, we prove that Q, Qoo,
and Qnn are homothetic. In Theorem 4.3, we prove that Qon and Qno are congruent and
homothetic; moreover, the center of the homothety is the center of mass of □ ABCD.
The paper is organized as follows. In §2, we collect all needed results from [1]. Theo-
rem 3.1 and Theorem 3.2 are proved in §3. Then Theorem 4.1, Theorem 4.2, and Theo-
rem 4.3 are proved in §4. In §4, we also introduce a natural family Q of quadrilaterals
generated by a general quadrilateral □ ABCD. Let Λ be the set of all words in the let-
ters o and n, including the empty word ∅. Set Q∅ = □ ABCD. For each w ∈ Λ, Qwo

and Qwn mean the circumcenter quadrilateral and the nine-point center quadrilateral of
Qw, respectively. If w1, w2 ∈ Λ, then Qw1 and Qw2 are similar whenever the lengths of
the words w1 and w2 have the same parity. Consequently, if the length of a word w is
even, then Qw and □ ABCD are similar, while if the length of w is odd, then Qw and
□OaObOcOd are similar. If □ ABCD and □OaObOcOd are similar, then all quadrilaterals
in Q are similar to each other.

2. PRELIMINARIES

In this section, we collect the results from [1] which are applied to prove the main theo-
rems in §3 and §4.
Given a quadrilateral □ ABCD, let R be the intersection point of ℓAC and ℓBD. There
are α, β ∈ R ∖ {0,−1} such that

−→
RA = −α

−→
RC and

−→
RD = −β

−→
RB. Let Oa, Ob, Oc, and

Od (resp., Na, Nb, Nc, and Nd) be the circumcenters (resp., nine-point centers) of △BCD,
△ACD, △ABD, and △ABC, respectively. By [1, Theorem 5.1], both □OaObOcOd and
□ NaNbNcNd are quadrilaterals.
By [1, Definition 3.1], the cyclic characteristic and the orthocentric characteristic of □ ABCD
are defined by

κc = (
−→
RA · −→RC −−→

RB · −→RD)2 (2.1)
and

κo = (
−→
RA · −→RC +

−→
RB · −→RD)2 − 4(

−→
RA · −→RB)(

−→
RC · −→RD). (2.2)
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By [1, Definition 4.1], the normalized cyclic characteristic and the normalized orthocentric
characteristic of □ ABCD are defined by

κ̄c =
κc

(
−→
RA·−→RC)(

−→
RB·−→RD)−(

−→
RA·−→RB)(

−→
RC·−→RD)

(2.3)

and

κ̄o =
κo

(
−→
RA·−→RC)(

−→
RB·−→RD)−(

−→
RA·−→RB)(

−→
RC·−→RD)

. (2.4)

The quadrilateral □ ABCD is cyclic (resp., orthocentric) if and only if κc = 0 (resp.,
κo = 0).

Lemma 2.1 ([1, Lemma 5.1]). Define x =
−→
RB · −→RC and Π = RB2 · RC2 − x2. The four

circumcenters of □ ABCD are given by

−−→
ROa =

(1−β)RB2·RC2+(βRB2−RC2)x
2Π

−→
RB + RB2[RC2−βRB2−(1−β)x]

2Π
−→
RC,

−−→
ROb =

RC2[β(α−1)x+αRC2−β2RB2]
2βΠ

−→
RB + (β2RB2−αRC2)x−β(α−1)RB2·RC2

2βΠ
−→
RC,

−−→
ROc =

(α2RC2−βRB2)x−α(β−1)RB2·RC2

2αΠ
−→
RB + RB2[α(β−1)x+βRB2−α2RC2]

2αΠ
−→
RC,

−−→
ROd = RC2[RB2−αRC2−(1−α)x]

2Π
−→
RB + (1−α)RB2·RC2+(αRC2−RB2)x

2Π
−→
RC.

The four nine-point centers of □ ABCD are given by

−−→
RNa =

−2(1−β)x2−(βRB2−RC2)x+(1−β)RB2·RC2

4Π
−→
RB + −2x2+(1−β)RB2x+RB2·RC2+βRB4

4Π
−→
RC,

−−→
RNb =

2β2x2+β(1−α)RC2x−β2RB2·RC2−αRC4

4βΠ
−→
RB + 2β(α−1)x2+(αRC2−β2RB2)x+β(1−α)RB2·RC2

4βΠ
−→
RC,

−−→
RNc =

2α(β−1)x2+(βRB2−α2RC2)x+α(1−β)RB2·RC2

4αΠ
−→
RB + 2α2x2+α(1−β)RB2x−α2RB2·RC2−βRB4

4αΠ
−→
RC,

−−→
RNd = −2x2+(1−α)RC2x+RB2·RC2+αRC4

4Π
−→
RB + −2(1−α)x2−(αRC2−RB2)x+(1−α)RB2·RC2

4Π
−→
RC.

Lemma 2.2 ([1, Lemma 5.2]). Define x =
−→
RB · −→RC and Π = RB2 · RC2 − x2. The six vectors

between circumcenters are

−−→
OaOb =

−(βRB2−αRC2)(RC2+βx)
2βΠ

−→
RB + (βRB2−αRC2)(βRB2+x)

2βΠ
−→
RC,

−−→
OaOc =

−(1+α)(βRB2−αRC2)x
2αΠ

−→
RB + (1+α)(βRB2−αRC2)RB2

2αΠ
−→
RC,

−−−→
OaOd = (βRB2−αRC2)(RC2−x)

2Π
−→
RB + (βRB2−αRC2)(RB2−x)

2Π
−→
RC,

−−→
ObOc =

(βRB2−αRC2)(αRC2−βx)
2αβΠ

−→
RB + (βRB2−αRC2)(βRB2−αx)

2αβΠ
−→
RC,

−−−→
ObOd = (1+β)(βRB2−αRC2)RC2

2βΠ
−→
RB + −(1+β)(βRB2−αRC2)x

2βΠ
−→
RC,

−−→
OcOd = (βRB2−αRC2)(αRC2+x)

2αΠ
−→
RB + −(βRB2−αRC2)(RB2+αx)

2αΠ
−→
RC.
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The six vectors between nine-point center vectors are

−−−→
NaNb =

2βx2+β(βRB2−αRC2)x−(βRB2+αRC2)RC2

4βΠ
−→
RB + 2αβx2−(βRB2−αRC2)x−β(βRB2+αRC2)RB2

4βΠ
−→
RC,

−−→
NaNc =

(1+α)(βRB2−αRC2)x
4αΠ

−→
RB + (1+α)[2αx2−(βRB2+αRC2)RB2]

4αΠ
−→
RC,

−−−→
NaNd = −2βx2+(βRB2−αRC2)x+(βRB2+αRC2)RC2

4Π
−→
RB + 2αx2+(βRB2−αRC2)x−(βRB2+αRC2)RB2

4Π
−→
RC,

−−→
NbNc =

−2αβx2+β(βRB2−αRC2)x+α(βRB2+αRC2)RC2

4αβΠ
−→
RB + 2αβx2+α(βRB2−αRC2)x−β(βRB2+αRC2)RB2

4αβΠ
−→
RC,

−−−→
NbNd = (1+β)[−2βx2+(βRB2+αRC2)RC2]

4βΠ
−→
RB + (1+β)(βRB2−αRC2)x

4βΠ
−→
RC,

−−−→
NcNd = −2αβx2−(βRB2−αRC2)x+α(βRB2+αRC2)RC2

4αΠ
−→
RB + −2αx2+α(βRB2−αRC2)x+(βRB2+αRC2)RB2

4αΠ
−→
RC.

Lemma 2.3 ([1, Lemma 5.3]). Assume that □ ABCD is not cyclic. Let Ro be the intersection
point of ℓOaOc and ℓObOd , i.e.,

−−→
RRo =

(1−β)RB2·RC2−(1−α)RC2x
2Π

−→
RB + (1−α)RB2·RC2−(1−β)RB2x

2Π
−→
RC.

Then
−−→
RoOa = − α

−−→
RoOc,

−−→
RoOd = − β

−−→
RoOb,

RoO2
b = α

β · κ̄cRC2

4 , RoO2
c = β

α · κ̄cRB2

4 ,
−−→
RoOb ·

−−→
RoOc = κ̄c

4 (
−→
RB · −→RC),

−−→
RoOb·

−−→
RoOc

RoOb·RoOc
= sgn (αβ)

−→
RB·−→RC
RB·RC .

Consequently, if κ̄′c and κ̄′o represent the normalized cyclic characteristic and the normalized or-
thocentric characteristic of □OaObOcOd, respectively, then κ̄′c = κ̄c and κ̄′o = κ̄o.

Lemma 2.4 ([1, Lemma 5.4]). Assume that □ ABCD is not orthocentric. Let Rn be the inter-
section point of ℓNa Nc

and ℓNb Nd
, i.e.,

−−→
RRn = (1−β)RB2·RC2+(1−α)RC2x−2(1−β)x2

4Π
−→
RB + (1−α)RB2·RC2+(1−β)RB2x−2(1−α)x2

4Π
−→
RC.

Then
−−−→
RnNa = − α

−−→
RnNc,

−−−→
RnNd = − β

−−−→
RnNb,

RnN2
b = α

β · κ̄o RC2

16 , RnN2
c = β

α · κ̄o RB2

16 ,
−−−→
RnNb ·

−−→
RnNc = κ̄o

16 (
−→
RB · −→RC),

−−−→
Rn Nb·

−−−→
Rn Nc

Rn Nb·Rn Nc
= sgn (αβ)

−→
RB·−→RC
RB·RC .

Consequently, if κ̄′′c and κ̄′′o represent the normalized cyclic characteristic and the normalized
orthocentric characteristic of □ NaNbNcNd, respectively, then κ̄′′c = κ̄c and κ̄′′o = κ̄o.

Lemma 2.5 ([1, Lemma 6.1]). Given any pairwise distinct I, J, K, L ∈ {A, B, C, D}, we have
OiO2

j =
cI J κ̄c

4 KL2 and NiN2
j =

cI J κ̄o

16 KL2, where

cAB = α
β , cBC = 1

αβ , cAC = β(1+α)2

α(1+β)2 , cCD = β
α , cAD = αβ, and cBD = α(1+β)2

β(1+α)2 .
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3. QUADRILATERALS AND THEIR CIRCUMCENTER QUADRILATERALS

In this section, we find the conditions under which a noncyclic quadrilateral □ ABCD
and its circumcenter quadrilateral □OaObOcOd are similar. By [1, Theorem 2.3], we have
□ ABCD ∼= □OaObOcOd if □ ABCD is orthocentric. We assume that □ ABCD is a gen-
eral quadrilateral.
A trapezoid is a quadrilateral with at least one pair of parallel sides. A trapezoid ABCD is
a convex quadrilateral, so its diagonals AC and BD intersect at a point R. See Figure 1. In
this case, we have

−→
RA = −α

−→
RC and

−→
RD = −β

−→
RB, where α and β are positive numbers.

Show Action Buttons

R

A

B C

D

Figure 1. Trapezoid ABCD

Lemma 3.1. (1) □ ABCD is a trapezoid with AD//BC if and only if α = β.
(2) □ ABCD is a trapezoid with AB//CD if and only if α = 1

β .

Proof. (1) Suppose that □ ABCD is a trapezoid with AD//BC. Then △RBC ∼ △RDA so
that α = RA

RC = RD
RB = β.

Conversely, suppose that α = β for □ ABCD. By [1, Lemma 3.1], α and β are positive
numbers. Since RA

RC = α = β = RD
RB and ∠ARD = ∠CRB, we get △RBC ∼ △RDA. Then

we have ∠RAD = ∠RCB, so AD//BC
The statement (2) can be proved similarly. □

Theorem 3.1. Let □ ABCD be a convex general quadrilateral. Then □ ABCD and its circum-
center quadrilateral □OaObOcOd are similar if and only if □ ABCD is a trapezoid.

Proof. Since the general quadrilateral □ ABCD is not cyclic, we have ∠A +∠C ̸= 180◦

and ∠B + ∠D ̸= 180◦. As labelled in Figure 2, let K, L, M, and N be the midpoints
of AB, BC, CD, and AD, respectively. Consider the circles C(AOc), C(BOd), C(COa),
and C(DOb) with diameters AOc, BOd, COa, and DOb, respectively. By the convexity of
□ABCD,

∠A+∠Oc = 180◦, ∠B+∠Od = 180◦, ∠C+∠Oa = 180◦, and ∠D+∠Ob = 180◦.

⇒) At least one of the angles of □ ABCD is not equal to 90◦, since □ ABCD is not cyclic.
Without loss of generality, we assume that ∠C ̸= 90◦. Then ∠Oa = 180◦ −∠C ̸= 90◦.
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Show Action Buttons

Oc

Ob

Oa

K

N

M

L

Od

A

B
C

D

Figure 2. Convex General □ ABCD and Its Circumcenter Quadrilateral

Assume one of the eight possible correspondences between □ ABCD and □OaObOcOd
is a similarity correspondence, say, □WXYZ ∼ □OaObOcOd. Then W /∈ {A, C}. For
otherwise, if W = A, then ∠A = ∠Oa = 180◦ − ∠C implies that ∠A + ∠C = 180◦, a
contradiction; on the other hand, if W = C, then ∠C = ∠Oa = 180◦ −∠C implies that
∠C = 90◦, a contradition. Consequently, we have W = B or D.
If W = B, then ∠B = ∠Oa = 180◦ −∠C, or equivalently, ∠B +∠C = 180◦. So □ ABCD
is a trapezoid with AB//CD.
If W = D, then ∠D = ∠Oa = 180◦ −∠C, or equivalently, ∠C +∠D = 180◦. So □ ABCD
is a trapezoid with AD//BC.
⇐) Assume that □ ABCD is a trapezoid with AD//BC. By Lemma 3.1, we get α = β.
Since △RBC ∼ △RDA, we also have AD = αBC. By Lemma 2.5,

OaO2
b = ακ̄c

4β CD2 = κ̄c
4 CD2,

ObO2
c = κ̄c

4αβ AD2 = κ̄c
4α2 AD2 = κ̄c

4 BC2,

OcO2
d = βκ̄c

4α AB2 = κ̄c
4 AB2,

OaO2
d = αβκ̄c

4 BC2 = α2κ̄c
4 BC2 = κ̄c

4 AD2,

OaO2
c = β(1+α)2κ̄c

4α(1+β)2 BD2 = κ̄c
4 BD2,

ObO2
d = α(1+β)2κ̄c

4β(1+α)2 AC2 = κ̄c
4 AC2.

So □ABCD ∼ □OdOcObOa.
Assume that □ ABCD is a trapezoid with AB//CD. By Lemma 3.1, we get β = 1

α . An
analogous argument can prove that □ ABCD ∼ □ObOaOdOc. □

Theorem 3.2. Let □ ABCD be a nonconvex general quadrilateral with the interior angle at
vertex A greater than 180◦. Then □ ABCD and its circumcenter quadrilateral □OaObOcOd are
similar if and only if

−→
RD = −−→

RB and
−→
RA · −→RC = −−→

RB · −→RD.

Proof. Since □ ABCD is nonconvex and ∠BAD > 180◦, we have α < 0 and β > 0.
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Show Action Buttons

Oc

Od

Ob

M

L

K

N

A

R

Oa

B

C D

Figure 3. Nonconvex Quadrilateral □ ABCD and It Circumcenter Quadrilateral

⇒) Assume that □ ABCD and □OaObOcOd are similar, say, □WXYZ ∼ □OaObOcOd.
Since ∠ObOaOd > 180◦, we have W = A and Y = C; that is, either □ ADCB ∼
□OaObOcOd or □ ABCD ∼ □OaObOcOd. See Figure 3.
Case 1: □ ADCB ∼ □OaObOcOd

By Lemma 2.3, we have
−−→
RoOd = −β

−−→
RoOb. Since □ ADCB ∼ □OaObOcOd, we also have

−→
RB = −β

−→
RD. Then

−→
RD = −β

−→
RB and

−→
RB = −β

−→
RD force β = 1, i.e.,

−→
RD = −−→

RB. Note
that △RBC ∼ △RoOdOc and RoOb = RoOd. By Lemma 2.3,

RoO2
d

RB2 = RoO2
c

RC2 ⇒ RoO2
b

RB2 = RoO2
c

RC2

⇒ ακ̄cRC2

4RB2 = κ̄cRB2

4αRC2

⇒ α2RC4 = RB4

⇒ −αRC2 = RB2

⇒ −→
RA · −→RC = −−→

RB · −→RD.

Case 2: □ ABCD ∼ □OaObOcOd
Note that △RBC ∼ △RoObOc. By Lemma 2.3,

RoO2
b

RB2 = RoO2
c

RC2 ⇒ ακ̄cRC2

4βRB2 = βκ̄cRB2

4αRC2

⇒ α2RC4 = β2RB4

⇒ −αRC2 = βRB2

⇒ −→
RA · −→RC = −−→

RB · −→RD
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and
−−→
RoOb·

−−→
RoOc

RoOb·RoOc
=

−→
RB·−→RC
RB·RC ⇒ sgn(αβ)

−→
RB·−→RC
RB·RC =

−→
RB·−→RC
RB·RC

⇒ −
−→
RB·−→RC
RB·RC =

−→
RB·−→RC
RB·RC

⇒ −→
RB · −→RC = 0

⇒ (
−→
RA · −→RB)(

−→
RC · −→RD) = 0.

Then κo = (
−→
RA · −→RC+

−→
RB · −→RD)2 − 4(

−→
RA · −→RB)(

−→
RC · −→RD) = 0, so □ ABCD is orthocentric,

a contradiction. This case cannot occur.
⇐) Since □ ABCD is a nonconvex quadrilateral with

−→
RD = −−→

RB and
−→
RA · −→RC = −−→

RB ·
−→
RD, we have α < 0 and β = 1. By Lemma 2.3,

−−→
RoOa = −α

−−→
RoOc,

−−→
RoOd = −β

−−→
RoOb = −−−→

RoOb,

RoO2
b = ακ̄cRB2

4β = ακ̄cRC2

4 ,

RoO2
c = βκ̄cRB2

4α = κ̄cRB2

4α ,
−−→
RoOb·

−−→
RoOc

RoOb·RoOc
= sgn(αβ)

−→
RB·−→RC
RB·RC = −

−→
RB·−→RC
RB·RC .

Next, we check the four similarities: (1) △RDC ∼ △RoObOc, (2) △RAD ∼ △RoOaOb,
(3) △RCB ∼ △RoOcOd, and (4) △RAB ∼ △RoOaOd. All of these similarities follow
from Lemma 2.3 and the hypotheses that RD = βRB = RB and

−αRC2 =
−→
RA · −→RC = −−→

RB · −→RD = βRB2 = RB2.

They imply that □ ADCB ∼ □OaObOcOd with similarity factor
√
−κ̄c
2 .

(1) △RDC ∼ △RoObOc
Since

RoO2
b

RD2 = ακ̄cRC2

4βRB2 = ακ̄cRC2

4RB2 = − κ̄c
4 = κ̄cRB2

4αRC2 = βκ̄cRB2

4αRC2 = RoO2
c

RC2 ⇒ RoOb
RD =

√
−κ̄c
2 = RoOc

RC

and
−−→
RoOb·

−−→
RoOc

RoOb·RoOc
= sgn(αβ)

−→
RB·−→RC
RB·RC = −

−→
RB·−→RC
RB·RC =

−→
RC·−→RD
RC·RD ⇒ ∠DRC = ∠ObRoOc,

we get △RDC ∼ △RoObOc.
In addition, we have

ObOc
CD = RoOb

RD =
√
−κ̄c
2 ,

OaOc
AC = RoOc−RoOa

RC−RA = RoOc+αRoOc
RC+αRC = (1+α)RoOc

(1+α)RC = RoOc
RC =

√
−κ̄c
2 ,

ObOd
BD = RoOb+RoOd

RB+RD = RoOb+βRoOb
RB+βRB = (1+β)RoOb

(1+β)RD = RoOb
RD =

√
−κ̄c
2 .

(2) △RAD ∼ △RoOaOb
Since

RoO2
a

RA2 = α2RoO2
c

α2RC2 = RoO2
c

RC2 = − κ̄c
4 ⇒ RoOa

RA =
√
−κ̄c
2 ⇒ RoOa

RA = RoOb
RD

64



Similarity, Congruence, and Homothety for Quadrilaterals

and
−−→
RoOa·

−−→
RoOb

RoOa·RoOb
= −α(

−−→
RoOb·

−−→
RoOc)

−α(RoOb·RoOc)
=

−−→
RoOb·

−−→
RoOc

RoOb·RoOc
= sgn(αβ)

−→
RB·−→RC
RB·RC = −

−→
RB·−→RC
RB·RC

=
−→
RC·−→RD
RC·RD =

− 1
α (
−→
RA·

−−→
RD)

− 1
α (RA·RD)

=
−→
RA·−→RD
RA·RD ⇒ ∠ARD = ∠OaRoOb,

we get △RAD ∼ △RoOaOb.
In addition,

OaOb
AD = RoOb

RD =
√
−κ̄c
2 .

(3) △RCB ∼ △RoOcOd
Since

RoO2
d

RB2 =
β2RoO2

b
1

β2 RD2 =
RoO2

b
RD2 = − κ̄c

4 ⇒ RoOd
RB =

√
−κ̄c
2 ⇒ RoOd

RB = RoOc
RC

and
−−→
RoOc·

−−−→
RoOd

RoOc·RoOd
= −β(

−−→
RoOb·

−−→
RoOc)

β(RoOb·RoOc)
= −

−−→
RoOb·

−−→
RoOc

RoOb·RoOc
= −sgn(αβ)

−−→
RoOb·

−−→
RoOc

RoOb·RoOc
=

−→
RB·−→RC
RB·RC ⇒ ∠BRC = ∠OdRoOc,

we get △RCB ∼ △RoOcOd.
In addition,

OcOd
BC = RoOc

RC =
√
−κ̄c
2 .

(4) △RAB ∼ △RoOaOd
Since

RoO2
a

RA2 = α2RoO2
c

α2RC2 = RoO2
c

RC2 = − κ̄c
4 =

RoO2
b

RD2 =
1

β2 RoO2
d

β2RB2 =
RoO2

d
RB2 ⇒ RoOa

RA =
√
−κ̄c
2 = RoOd

RB

and
−−→
RoOa·

−−−→
RoOd

RoOa·RoOd
= αβ(

−−→
RoOb·

−−→
RoOc)

−αβ(RoOb·RoOc)
= −

−−→
RoOb·

−−→
RoOc

RoOb·RoOc
= −sgn(αβ)

−→
RB·−→RC
RB·RC =

−→
RB·−→RC
RB·RC

=
− 1

α (
−→
RA·−→RB)

− 1
α (RA·RB)

=
−→
RA·−→RB
RA·RB ⇒ ∠ARB = ∠OaRoOd,

we get △RAB ∼ △RoOaOd.
In addition,

OaOd
AB = RoOa

RA =
√
−κ̄c
2 .

Finally, the equations
OaOb
AD = OaOc

AC = OaOd
AB = ObOc

CD = ObOd
BD = OcOd

BC =
√
−κ̄c
2

lead to □ ADCB ∼ □OaObOcOd. □

Corollary 3.1. Assume that △BCD is a triangle such that C /∈ C(BD), the circle with diam-
eter BD, and C /∈ ℓBD . Let A be the inverse of C in C(BD). Then □ ABCD is a nonconvex
quadrilateral that is similar to its circumcenter quadrilateral.

Proof. Without loss of generality, we assume that □ ABCD is not an orthocentric qudri-
lateral; otherwise, □OaObOcOd and □ ABCD are congruent by [1, Theorem 2.3].
Since R is the midpoint of BD, we have

−→
RD = −−→

RB. Next, by definition of inversion
in a circle, A is the point on the ray beginning at R and passing through C such that
RA · RC = RB2 = RB · RD, i.e.,

−→
RA · −→RC = −−→

RB · −→RD. Also the points A and C lie on
the same side of ℓBD, so □ ABCD is a nonconvex quadrilateral. Since □ ABCD is neither
cyclic nor orthocentric, it is a general quadrilateral. If C lies outside C(BD), then the
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interior angle of □ ABCD at vertex A is greater than 180◦, while the interior angle at
vertex C is greater than 180◦ when C lies inside C(BD) . By Theorem 3.2, □ ABCD and
□OaObOcOd are similar. Figure 4 illustrates the construction of □ ADCB. □

Show Action Buttons

Oc

Od

Ob

M

L

K

N

A

R

Oa

B

C D

Figure 4. Constructing a Nonconvex □ ABCD Similar to Its Circumcenter Quadrilateral

4. HOMOTHETIC AND CONGRUENT QUADRILATERALS UNDER ITERATION

Let □ ABCD be a general quadrilateral. As earlier, □OaObOcOd represents the circum-
center quadrilateral of □ ABCD. Denote the circumcenter quadrilateral of □OaObOcOd
by □O′

aO′
bO′

cO′
d.

Set Q = □ ABCD, Qo = □OaObOcOd, and Qoo = □O′
aO′

bO′
cO′

d. We call Qo the iteration
of Q by circumcenter quadrilateral, and Qoo the iteration of Qo by circumcenter quadrilateral.
By [1, Theorem 5.1], Qoo is a well-defined quadrilateral.
Next, we argue that corresponding sides of Q and Qoo are parallel and hence

∠A = ∠O′
a, ∠B = ∠O′

b, ∠C = ∠O′
c, and ∠D = ∠O′

d. (4.1)

Let K, L, M, and N be the midpoints of AB, BC, CD, and AD, respectively. We have
ℓOcOd = ℓOcK and ℓObOc = ℓOc N . Then ℓO′

aO′
b
⊥ ℓOcOd and ℓOcK ⊥ ℓAB imply that ℓO′

aO′
b
//ℓAB

and ℓO′
aO′

d
⊥ ℓObOc and ℓOc N ⊥ ℓAD imply ℓO′

aO′
d
//ℓAD. In the same way, we argue that

ℓI J//ℓO′
iO

′
j
for all distinct i, j ∈ {a, b, c, d}. The equations in (4.1) follow immediately. Note

that the convexity of Q in the above argument is not relevant. That said, the two figures
in Figure 5 illustrate ∠A = ∠O′

a in both the convex and nonconvex cases.

In the same way, we can define the iterations Qn = □ NaNbNcNd and Qnn = □ N′
aN′

bN′
cN′

d
of Q by nine-point center quadrilaterals. Since Qo ∼ Qn, we get

∠A = ∠N′
a, ∠B = ∠N′

b, ∠C = ∠N′
c, and ∠D = ∠N′

d. (4.2)

Both (4.1) and (4.2) suggest that□O′
aO′

bO′
cO′

d and□ N′
aN′

bN′
cN′

d could be similar to□ ABCD.
The next two theorems establish this fact in a strong sense.
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Show Action Buttons
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Figure 5. Two Iterations by Circumcenter Quadrilateral

Two similar quadrilaterals □ ABCD and □ A′B′C′D′ are said to be similarly placed or ho-
mothetic if □ ABCD ∼ □ A′B′C′D′ and their corresponding sides are parallel. In this
case, if □ ABCD ̸∼= □ A′B′C′D′, then the four lines ℓAA′ , ℓBB′ , ℓCC′ , and ℓDD′ are concur-
rent at a point S and □ A′B′C′D′ is obtained by dilating □ ABCD through S by either ±
the homothetic ratio A′B′

AB = B′C′

BC = C′D′

CD = D′A′

DA . See [2, Theorem 32 on page 38].

Theorem 4.1. If Q = □ ABCD is a noncyclic quadrilateral, then Qoo = O′
aO′

bO′
cO′

d, the
iteration of Qo = OaObOcOd by circumcenter quadrilateral, and Q are homothetic.

Proof. As observed earlier, O′
iO

′
j//I J for all distinct i, j ∈ {a, b, c, d}. To compete the proof,

we only need to check that □ ABCD ∼ □O′
aO′

bO′
cO′

d.
Next, we prove that

O′
aO′

b
AB =

O′
bO′

c
BC =

O′
cO′

d
CD =

O′
dO′

a
DA = O′

aO′
c

AC =
O′

bO′
d

BD = |κ̄c|
4 .

Apply Lemma 2.5 first to □OaObOcOd and then to □ ABCD as follows:

(O′
aO′

b)
2 = ακ̄c

4β OcO2
d = ακ̄c

4β · βκ̄c
4α AB2 = κ̄2

c
16 AB2.

By analogy, (O′
iO

′
j)

2 = κ̄2
c

16 I J2for all distinct i, j ∈ {a, b, c, d}. So □ ABCD ∼ □O′
aO′

bO′
cO′

d

and κ̄c
4 is the homothetic ratio. □

Theorem 4.2. If Q = □ ABCD is a nonorthocentric quadrilateral, then Qnn = □ N′
aN′

bN′
cN′

d,
the iteration of Qn = □ NaNbNcNd by nine-point center quadrilateral, and Q are homothetic.

Proof. Let Rn be the intersection point of ℓNa Nc and ℓNb Nd . To argue that □ N′
aN′

bN′
cN′

d and
□ ABCD are homothetic, we will prove that for all distinct i, j ∈ {a, b, c, d},

−−→
N′

i N′
j =

κ̄o
16
−→
I J , (4.3)

which implies that N′
i N′

j//I J for all distinct i, j ∈ {a, b, c, d} and□ N′
aN′

bN′
cN′

d ∼ □ ABCD.
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Set x =
−→
RB · −→RC and Π = RB2 · RC2 − x2. The following equations hold:

−−−→
RnN′

a =
4αβ(1−β)x2−2αβ(1−α)RC2x−α(1−β)(βRB2+αRC2)RC2

16αβΠ
−→
RB

+ 4αβx2−2αβ(1−β)RB2x−(βRB2+αRC2)(βRB2+α2RC2)
16αβΠ

−→
RC,

−−−→
RnN′

b =
−4αβ2x2−2αβ(1−α)RC2x+β(βRB2+αRC2)(RB2+αRC2)

16αβΠ
−→
RB

+ 4αβ(1−α)x2−2αβ(1−β)RB2x−β(1−α)(βRB2+αRC2)RB2

16αβΠ
−→
RC,

−−→
RnN′

c =
4αβ(1−β)x2−2αβ(1−α)RC2x−α(1−β)(βRB2+αRC2)RC2

16αβΠ
−→
RB

+ −4α2βx2−2αβ(1−β)RB2x+α(βRB2+αRC2)(βRB2+RC2)
16αβΠ

−→
RC,

−−−→
RnN′

d = 4αβx2−2αβ(1−α)RC2x−(βRB2+αRC2)(β2RB2+αRC2)
16αβΠ

−→
RB

+ 4αβ(1−α)x2−2αβ(1−β)RB2x−β(1−α)(βRB2+αRC2)RB2

16αβΠ
−→
RC.

(4.4)

Proving the equations in (4.4) takes some work. Accepting these equations for the mo-
ment, observe that

−−−→
N′

aN′
b =

−−−→
RnN′

b −
−−−→
RnN′

a =
κo

16αβΠ
−→
RB + ακo

16αβΠ
−→
RC = κ̄0

16 (
−→
RB + α

−→
RC) = κ̄0

16
−→
AB.

In the same way, the remaining five cases in (4.3) hold as well.
To justify (4.4), we proceed as follows.
First, apply Lemma 2.1 to the pair of □ NaNbNcNd and □ N′

aN′
bN′

cN′
d as follows: Set R =

Rn, Na = N′
a, B = Nb, and C = Nc. Define x′ =

−−−→
RnNb ·

−−→
RnNc, Π′ = RnN2

b · RnN2
c − (x′)2,

and

fa =
(1−β)Rn N2

b ·Rn N2
c −(βRn N2

b−Rn N2
c )x′−2(1−β)(x′)2

4Π′ ,

ga =
Rn N2

b ·Rn N2
c +βRn N4

b+(1−β)Rn N2
b x′−2(x′)2

4Π′ .

By Lemma 2.4, x′ = κ̄o
16 x and Π′ = κ̄2

o
162 Π. So

fa =
(1−β)RB2·RC2−(αRC2− β

α RB2)x−2(1−β)x2

4Π ,

ga =
RB2·RC2+ α2

β RC4+ α(1−β)
β RC2x−2x2

4Π .

Then
−−−→
RnN′

a = fa
−−−→
RnNb + ga

−−→
RnNc.

Note that
−−→
RRn =

−−→
RNa +

α
1+α

−−→
NaNc.

Then
−−−→
RnNb =

−−→
RNb −

−−→
RRn =

−−→
RNb −

−−→
RNa − α

1+α

−−→
NaNc =

−−−→
NaNb − α

1+α

−−→
NaNc.

In the same way, we get
−−→
RnNc =

−−→
NaNc − α

1+α

−−→
NaNc. In turn,

−−−→
RnN′

a = fa
−−−→
NaNb +

ga
1+α

−−→
NaNc.
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Finally, apply Lemma 2.2 to the vectors
−−−→
NaNb and

−−→
NaNc. Define

fab =
2βx2+β(βRB2−αRC2)x−(βRB2+αRC2)RC2

4βΠ ,

gab =
2αβx2−(βRB2−αRC2)x−β(βRB2+αRC2)RB2

4βΠ ,

fac =
(1+α)(βRB2−αRC2)x

4αΠ ,

gac =
(1+α)[2αx2−(βRB2+αRC2)RB2]

4αΠ .

Then −−−→
RnN′

a = ( fagab +
ga fac
1+α )

−→
RB + ( fa fab +

gagac
1+α )

−→
RC.

We can show that

fagab +
ga fac
1+α = 4αβ(1−β)x2−2αβ(1−α)RC2x−α(1−β)(βRB2+αRC2)RC2

16αβΠ ,

fa fab +
gagac
1+α = 4αβx2−2αβ(1−β)RB2x−(βRB2+αRC2)(βRB2+α2RC2)

16αβΠ .

The remaining three equations in (4.4) are checked in the same manner. □

Theorem 4.3. Let □ ABCD be a general quadrilateral. Let Qno = □O′′
a O′′

b O′′
c O′′

d , the iteration
of Qn = □ NaNbNcNd by circumcenter quadrilateral. Let Qon = □ N′′

a N′′
b N′′

c N′′
d , the iteration

of Qo = □OaObOcOd by nine-point center quadrilateral. Then Qno and Qon are congruent and
homothetic; moreover, the center of the homothety is the center of mass of □ ABCD.

Show Action Buttons
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Figure 6. Two Iterations by Circumcenter and Nine-Point Center Quadrilaterals

Proof. To prove that Qno and Qon are congruent and homothetic, it suffices to check that
−−−→
O′′

i O′′
j = −

−−−→
N′′

i N′′
j for all distinct i, j ∈ {a, b, c, d}.

First, we express the vectors
−−−→
RnN′′

a ,
−−−→
RnN′′

b ,
−−−→
RnN′′

c , and
−−−→
RnN′′

d as the linear combinations
of

−→
RB and

−→
RC. Apply Lemma 2.1 to the pair of Qo and Qon. This means replace

−−→
RNa,
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−−→
RNb,

−−→
RNc,

−−→
RNd,

−→
RB and

−→
RC in Lemma 2.1 with

−−−→
Ro N′′

a ,
−−−→
Ro N′′

b ,
−−−→
Ro N′′

c ,
−−−→
Ro N′′

d ,
−−→
RoOb, and

−−→
RoOc, respectively. Recall that x =

−→
RB · −→RC and Π = RB2 · RC2 − x2. Using Lemma 2.3,

we get

−−−→
Ro N′′

a = − (βRB2−αRC2)[α(1−β)RC2+2βx]
8αβΠ

−→
RB + (βRB2−αRC2)[(βRB2+α2RC2)+2α(1−β)x]

8αβΠ
−→
RC,

−−−→
Ro N′′

b = (βRB2−αRC2)[(RB2+αRC2)−2(1−α)x]
8αΠ

−→
RB + (βRB2−αRC2)[(1−α)RB2−2αx]

8αΠ
−→
RC,

−−−→
Ro N′′

c = − (βRB2−αRC2)[(1−β)RC2−2βx]
8βΠ

−→
RB − (βRB2−αRC2)[(βRB2+RC2)−2(1−β)x]

8βΠ
−→
RC,

−−−→
Ro N′′

d = − (βRB2−αRC2)[(β2RB2+αRC2)+2β(1−α)x]
8αβΠ

−→
RB + (βRB2−αRC2)[β(1−α)RB2+2αx]

8αβΠ
−→
RC.

Next, apply Lemma 2.1 to the pair of Qn and Qno. Replace
−−→
RNa,

−−→
RNb,

−−→
RNc,

−−→
RNd,

−→
RB and

−→
RC with

−−−→
RnO′′

a ,
−−−→
RnO′′

b ,
−−−→
RnO′′

c ,
−−−→
RnO′′

d ,
−−−→
RnNb, and

−−→
RnNc, respectively. Using Lemma 2.4, we

get

−−−→
RnO′′

a = − α(1−β)(βRB2+αRC2)RC2−2β(βRB2−α2RC2)x
8αβΠ

−→
RB − (βRB2−α2RC2)(βRB2+αRC2)−2α2(1−β)RC2x

8αβΠ
−→
RC,

−−−→
RnO′′

b = − (RB2−αRC2)(βRB2+αRC2)−2β(1−α)RB2x
8αΠ

−→
RB − (1−α)(βRB2+αRC2)RB2−2α(RB2−αRC2)x

8αΠ
−→
RC,

−−−→
RnO′′

c = − (1−β)(βRB2+αRC2)RC2+2β(βRB2−RC2)x
8βΠ

−→
RB + (βRB2−RC2)(βRB2+αRC2)+2α(1−β)RC2x

8βΠ
−→
RC,

−−−→
RnO′′

d = (β2RB2−αRC2)(βRB2+αRC2)+2β2(1−α)RB2x
8αβΠ

−→
RB − β(1−α)(βRB2+αRC2)RB2+2α(β2RB2−αRC2)x

8αβΠ
−→
RC.

For all distinct i, j ∈ {a, b, c, d},
−−−→
O′′

i O′′
j =

−−−→
RnO′′

j −
−−−→
RnO′′

i and
−−−→
N′′

i N′′
j =

−−−→
Ro N′′

j −
−−−→
Ro N′′

i .

Using the above formulas, we have
−−−→
O′′

i O′′
j = −

−−−→
N′′

i N′′
j for all distinct i, j ∈ {a, b, c, d}.

Finally, by Lemma 2.3 and Lemma 2.4, the homothety center is given by the vector

RS = 1
2 (
−−→
RN′′

a +
−−→
RO′′

a )

= 1
2 (
−−−→
Ro N′′

a +
−−−→
RnO′′

a ) +
1
2 (
−−→
RRo +

−−→
RRn)

= 1−β
4
−→
RB + 1−α

4
−→
RC.

On the other hand, the center of mass G of □ ABCD is given by the vector equation

−→
RG = 1

4 (
−→
RA +

−→
RB +

−→
RC +

−→
RD)

= 1
4 (
−→
RB +

−→
RD) + 1

4 (
−→
RA +

−→
RC)

= 1−β
4
−→
RB + 1−α

4
−→
RC.

It is well known that the center of mass of a quadrilateral is the intersection of the diag-
onals of its midpoint parallelogram. Figure 6 illustrates this fact. □

Use the letters o and n to represent the circumcenter and the nine-point center, respec-
tively. Define Λ to be the set of all words consisting of o and n including the empty word
∅. Given w = w1w2 · · · wk with wi ∈ {o, n}, we call k the length of w, written ℓ(w) = k.
Write ℓo(w) for the number of times o occurring in w and ℓn(w) for the number of times
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n occurring in w. For example,

Qo = □OaObOcOd, Qn = □ NaNbNcNd, Qoo = □O′
aO′

bO′
cO

′
d,

Qnn = □ N′
aN′

bN′
cN′

d, Qon = □ N′′
a N′′

b N′′
c N′′

d , Qno = □O′′
a O′′

b O′′
c O′′

d .

Set Q∅ = □ ABCD. Given w = w1w2 · · · wk ∈ Λ and wk+1 ∈ {o, n}, set w′ = w1w2 · · · wkwk+1
and

Qw′ =

{
the circumcenter quadrilateral of Qw if wk+1 = o,
the nine-point center quadrilateral of Qw if wk+1 = n. (4.5)

Then Q = {Qw | w ∈ Λ} is a family of quadrilaterals generated by □ ABCD, where
all quadrilaterals have the same normalized cyclic and orthocentric characteristics by [1,
Theorem 5.1].
We use the sides of □ ABCD to label the corresponding sides of Qw; for example, we
write Qon(I J) = N′′

i N′′
j for any distinct I, J ∈ {A, B, C, D}.

(1) Let w ∈ Λ. By Lemma 2.5,

|Qw(I J)|2 =


κ̄
ℓo(w)
c κ̄

ℓn(w)
o

4ℓo(w)+2ℓn(w) I J2 if ℓ(w) is even,
cI J κ̄

ℓo(w)
c κ̄

ℓn(w)
o

4ℓo(w)+2ℓn(w) KL2 if ℓ(w) is odd
(4.6)

for all distinct I, J ∈ {A, B, C, D},.
(2) If w1, w2 ∈ Λ satisfy ℓ(w1) ≡ ℓ(w2) (mod 2), then Qw1 and Qw2 are similar; more-

over, if ℓo(w1) = ℓo(w2) and ℓn(w1) = ℓn(w2), then Qw1 and Qw2 are congruent
by (4.6).

Consequently, if Q∅ is not similar to Qo, then Q partitions into two sets, namely, [Q∅]
and [Qo], the similarity classes represented by Q∅ and Qo, respectively; otherwise, Q
does not partition according to the parity of word length, since Q∅ is similar to Qo.
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