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TRIANGULAR INEQUALITIES RELATED TO AN INTERIOR POINT OF
TETRAHEDRON

ZHANG YUN

ABSTRACT. In this article, I will use elementary methods to provide several triangular
inequalities about an interior point of tetrahedron, which have certain theoretical value.

1. INTRODUCTION

Given a tetrahedron A;A;A3zA4. Let P be any a point in the interior of the tetrahedron
A1A2A3Ay. Put PA; = Ri(i = 1,2,3,4); let r; denote the distance from the point P to the
vertex A; opposite face. Then

(Rl + Ry + Rz + R4)3 > 432 (1’11’21‘3 + ror3ry + r3rary + 7’47’17’2) .

This is the famous Erdos-Mordell inequality in space [1]. Under the same conditions,
reference [2] provided the following result

R4 n R, + R; n Ry >3
Ri+r1 Ro+r Rz3+rs Ry+rg ™
Interestingly, we also have
Theorem 1.1.
i/ LAyA1 A3 LA3A1A, LA4A1Ay . LAPAs . LA3PAy, . LA4PA,
Ccos Ccos cos sin sin sin +
2 2 2 2 2 2
{,/ LA1A> Az LA1AL A, LA3AAy . LA1PAs . LAPAy . LA3PA4
cos Ccos Ccos sin sin sin +
2 2 2 2 2 2
i/ LA1AZA, LA1A3A, LAA3Ay . LA1PA, . LAPAy . LAPA,
Ccos cos Ccos sin sin sin +
2 2 2 2 2 2
6 LA1ALAS LA1ALA;S LAYALAs . LA1PA, . LAPA; . LAPAj
Ccos > cos > cos > sin > sin > sin >

< 2V3.
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2. PRELIMINARY KNOWLEDGE

In proving Theorem, we will need the following related results:
Lemma 1 In a triangle A; A A3, we have

A A A 9
2<Cosz—l+cosz—2+co 248 <

el 1
2 2 Ty =g @
A A A

1 < sinZ?1 —|—sin272 —l—sinZ?3 <1 2)

Proof Let R be the C1rcumrad1us and r the inradius, let A denote the area
Puts = 5 (a1 +ax+az) =5 1y ay,a1a0a3 = [T ax. Then

2 2 2

2 2_ 2 _
OSZAl:l—i—COSA1_1<1+a2 +a3 a1>:s(s ai)

2(12(13 anas
similarly
A s(s—a A s(s—a
ot B2 _s(5=m) oAs_ s(s—as)
2 aza 2 aiap
So that

A A A - - —
cos? 2L 4 cos? 22 4 cos? 22 = s(s—m) +S(S 22) + 35— )
2 2 2 a2a3 asaq a1az

S

= 26 — (af + a3 +a3)] = (Y _may —s*
a1axas a1axas

aa — as — _
By & A1 = A, = snA; =2Rand A = 2a1a2 sin Az = rs we obtain

ai1a2a3 = 4RA = 4Rrs

By Heron’s formula !l A = /s (s —ay) (s — a2) (s — a3) and aya2a3 = 4Rrs we get

Zﬂlﬂz = s> +4Rr + 1%
We consider Euler’s inequality R > 2r, then

A 2s 4R +r
2 k . _ 2 2 2y
) _cos = i ()_araz s = 1Rre (s* +4Rr +1° — %) SR
4R—|— sR 9
=" 2R 4
A 4R +r r
zi: g —_—
E Cos > R 2+ 7R > 2,

Thus

A A
2 431 2 412 2425
2 < cos 2 + cos > + cos 5
Through the proof of (1), it is easy to obtain the proof of (2), so the proof of (2) will be
omitted.

Lemma 2 In a triangle A1 Ay A3z, we get
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0 < sin® A + sin® Ay + sin? Az < Z 3)
Z < cos? A1 + cos® Ay + cos? Az < 3. (4)

@ _ap a3
Proof By sinA; = sin Ap T sin Az

4R? + 4Rr + 3r%, we obtain

= 2R and Gerretsen’s inequality [!ls? <

. 1 1 2 252 — Y. ma s> — 4Rr — 1?
Yosin® A = g0 Lk = g | (D) — 2 anme] = =572 = =

_ 4R’ +4Rr +3° —4Rr—1* 2R* 477 2R+ 3R 9

= 2R2 - R~ R2 Ty
ZSinZAk>O,

Hence
.2 .2 ) 9
0 < sin“ Ay + sin“ Ay + sin” Az < i

The proof of (4) will be omitted.
Lemma 3 In a triangle A; Ay A3, the following inequalities holds:

0 <sinAj +sinA, +sinAz < 3\2/5 5)
3
1 < cos Ay + cosAy + cosAz < > (6)

with equality if and only if A} = Ay = A3 = 7.

3. MAIN RESULTS AND PROOF
Proof of Theorem The left-hand side

1 LAA
<z Coszilz%-l-cos%—i—cos ZA4A1A2+COS 4A1A2A3+COSM
6 2 2 2 2 5
LA3AA LA1A3A LA1A3A LAy A3A LA1ALA
+COS$+ 132+ 134+ 234+ #—{_

> CcOos > COs > CcOos f COs >
s LA1ALA3 4 cos 4A2A4A3> n 1 (sin LAyPA3 4 sin LA3PAy St 4A4PA2_|_

0 2 2 6 2 T T

. LA1PAj3 . LA1PAy . LA3PAy . LA1PA, . LA1PAy
+sin—— +sin—— +s1n? sm? sm?

. LAyPAy . LA1PA, . LA1PA;3 . LA,PAj3
sm—+sin——+simm———4+simn ———
2 2 2 2

_ 1 LArA1A3 LA1A Az LA1A3A> 1 LA3A1A,
—6<cos2+<:osz~|—c:os2 +8 Cosf%—

LA1A3A, LA1ALA;S 1 LA A1 A, LA1AL A, LA1ALAS
CcoSs — 0 -+ cos — Y + 5 Ccos 5 -+ cos 5 -+ cos — Y
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+ 1 < S 74143?2144 + cos 74142?3144 -+ cos 4A2§14A3> + % <sin 74A22PA3 +

6

ZA1PA LA

+ sin et ek + sin 71PA2 + 1 sin 74A1PA3 + sin 7ZA1PA4 + sin 74A3PA4 +
2 6 2 2 2

1/ . LA PAy, . ZAPAy, . /ZAyPA4 1/ . LAPA; . LAyPA4

5 < T—ksmTjLsmT +6 sm?%—smT—k

. 4A3PA4>
sm? .

According to the properties of trihedral angles [1], we get

0 < LAyPAs + /A PAs + /A PA;y < 271
0 < LA1PA; + LA {PAy + /A3PAy < 271
0 < /A PAy + /A{PAy + /AsPAy < 271
0 < LAyPAs + /AsPAy + /A3PA, < 271

1 1 1
1 1 1

0< EZA1PA3 + EZA1PA4 + EZA3PA4 < T,

0< %ZAlpAz + %ZA1PA4 + %ZA2PA4 < T,

1 1 1
0< EAAZPAS + EAAZPAAL + EZA3PA4 < TT.

By Lemma 3, we obtain

U (n £42PAs | o ZAPA; | ZAPA) 1 3VE V3
3\° 2 ° 2 S 2 372 T 2
similarly
1/.1 1 1 V3
3 <sm EAA1PA3 + sin ELA1PA4 + sin 24A3PA4> < X
Ui /APy +sin L /A PA, +sin Lzapa,) < Y2
3 %2 2 2 2
L in )/ AspAs 1 sin -2 AsPA, +sin Lz aspA, ) < V2.
3\%2 2 2 2
Thus
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: (Smm% +sin AP +sin4AlPAz> 41 (sinll“l% +sin £41PA

6 2 2 2 6 2 2
. LA3PA4 1 . LA1PA, . LA1PA4 . LA PAy 1 . LArPA;3
—|—sm2> + 8 (sm2 —l—smT —l—smT + 6 sm?
+sin%+sin% <4 x @ = \/E
2 2 4
Since

Zcosz%> Zcos% ?
3 - 3

A
By Lemma 1, }_cos? 5 < 3,
we have

Ak \/1 Ak \/1 9 3\/5
Ecos2 33§cos2 33><4_2,

1 < LArA1 A3 LA1A2 A3 4A1A3A2> 1 < LA3A1 Ay LA1A3A,
— | cos —————— + cos -+ cos + Ccos -+ cos

6 2 2 2 6 2 2
LA1ALAS 1 LA A1 A, LA1AL Ay LA1ALAS 1

+ cos 2> +8 <cos > + cos > +cos# + 5

<coséA32AZA4 +COS£A22ABA4+COSM22A4A3> <4 x % X 3\2@ = \f3

This completes the proof of Theorem.

Corollary 3.1.
{,/, LAYA1As . LAZA1Ay . LA A1A4 ZA>PA3 L A3PA, LA PA,
sin sin sin Ccos cos Ccos +
2 2 2 2 2 2
f/, LA1AAs . LA1AAy . LA3AA, ZA1PA; LA 1PA, ZA3PA,
sin sin sin CcoSs cos Ccos +
2 2 2 2 2 2
{j/, LA1A3Ay . LA1A3Ay . LArA3A4 ZA1PA; /L A1PA, LA PA,
sin sin sin Ccos CcoSs Ccos +
2 2 2 2 2 2
f/_ LA1ALAy . LA1ALAs . LA ALA3 ZA1PA, LA 1PA; ZAyPA3
sin sin sin CcoSs cos Ccos
2 2 2 2 2 2
<1++3.

3.1. Proof Just like the proof method of Theorem, we can obtain. The left-hand side
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= 2 Sth—5 St 2 2

AAZPA4) 1 < . LA1AA3 . LA1AA, . LA3A A, ZA1PA;
_ sSin ——— + sin + sin + cos +

! (an At g AN g AN AR o LT

teos—y 6 2 2 2 2
/A{PA L A3PA 1 LA1A3A LA1ASA LA A3A
cosi1 4—{—(:0373 4>~|— (sin 1433 2—l—sin 143 4+Sin72 3 4+

2 2 6 2 2 2

~+ cos 4A12PA2 + cos 4A12PA4 + cos 4A22PA4> + % (sin 74141?4142 + sin 74141?4143 +

LAY ALA;S ZA1PA, ZA1PA; L A>PA;
sin — s Ccos — + cos > + cos >

1 ZAyPA3 ZA1PA3 ZA1PA; 1 ZA3PA4
=5 co ?—FCOST-{—COS? + - COS?—F

6

< LA1PAy 4 cos 4A1PA3> " 1 (cos LAyPAy 1 cos LA1PA, 1 cos AAlPA2>

CO:

2 2 6 2 2 2

1 LA3PA LA>PA LA>PA 1 LAA1A
+ - (cos324+C05224+C08223> +8 <sin2213+

6

LA

+sin M sin M + 1 sin L4444 + sin Lhds Ay + sin M +

2 2 6 2 2 )

1 LA

— | si LhiAsdy +sin% —i—sin% _}_1 sin%+5in%+
. 4A3A2A4>

sm# .

For each group of trihedral angles,such as £ A, PA3z, ZA;PAy, ZA3PA4, we can first obtain
3L AsPA3, 5/ AsPAy, s/ A3PAy, and 0 < 5 ZAPA3 + 5/ APAy+ 5 ZA3PA, < 1. We can
approximate %AAQPA;;, %ZAZPA4, and %4A3PA4 as the three interior angles of a triangle.
According to Lemma 3, for triangle A1A2A3,1 < cos A; + cosAp + cos Az < % with
equality if and only if A} = A = A3 = 7. S01 < cos éAzsz3 + cos 4A22PA4 + cos % <
3. Similarly

1 < cos 74A1PA3 + cos LA PA + cos £A3PA < %/
2 2 2 2
3
2

/A{PA /A1PA L A>PA
1<cos+2+cos ;_ 4+cos 22 4<

LA1PA LA{PA LA>PA 3
1 < cos 12 2chos 12 3—Fcos 22 3<§

Using Lemma 3, we have
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1 L A>PA; n ZA1PA; n ZA1PA, n 1 L A3PA, n /A1PA,
G cos — cos — cos — G cos — 5 cos —
/A1PA; 1 L AyPA, ZA1PA, ZA1PA, 1 /A3PA,
+ cos > > + 6 (cos > + cos > ~+ cos > ) + 6 (COS >
ZA>PA LA PA 1 LArA1A LA1AA LA1A3A
toos TEETE 4 cos SRR ) 2 (sin SRS | gin SR8 L i SN2 )
2 6 2 2 2
1 in LA1ALAs 4 sin LA1A3A, +sin LA3A1A, L 1 n LA1ALA) L sin LA1A Ay
6 \° 2 > 2 > 2 6 \° 2 ® 2
LA
+ sin 72A1A4 + ! sin £A2A443 + sin £A2A3A4 + sin 74A3A2A4
2 6 2 2 2
1 3V3 1 3
4><6><T+4 6><§_1+\f3.
So we complete the proof of Corollary 3.1.
Let P be a point in the interior of a triangle A; A A3, then
Corollary 3.2.
\/ LAyA1A; . /AyPA; \/ /A1 AA; . /A PA; \/ /A A3A, . /A PA,
Ccos sin + 1/ cos sin + 1/ cos sin
2 2 2 2 2 2
< —3\/5
- 2

with equality if and only if the triangle A1 A A3 is equilateral and P is its center.
Proof.
\/ LAyA1As . L/AsPA;3 \/ /A1AyAs . /A PA3 \/ /A1A3Ay . /APA;
Ccos sin + 1/ cos sin + 1/ cos sin
2 2 2 2 2 2
1 1 1 1 1 1
< 5 cos §4A2A1A3 + sin ELAZPAg + > cos ELA1A2A3 + sin §4A1PA3 +

1 1 1
5 <COS EZA1A3A2 -+ sin 24A1PA2>

LA 4A1PA2 1 3\/ 1 \/ 2 4A1PA2
- Zcos +3 Z Sy X T X )_sin
e 93
4 2V374 2

With equality if and only if cos ZAzflAs = sin 4A22P A cos 4A1?2A3 = sin% ZA1PA3, cos % =

in % or the triangle A1AyA3 is an equilateral and P is its center. ]
Corollary 3.3.

LAA1A3 . LAPA3 LA1AA3 . LA1PA3 LAyA3A . LAPA,
cos sin + cos sin + cos sin
2 2 2 2 2 2
<2
4
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with equality if and only if the triangle A A A3 is equilateral and P is its center.

Corollary 3.4.
LArA1A3 ZA>PA; LA1AL Az ZA1PA; L ArAzAq ZArPA,
cos -+ cos cos -+ cos CcoSs

oS/ 2 2 2 2 2
LAyAAs . LAPAs . LAAAs . LAPAs . LAyAsAL . LAPA
Sin Sin + Sin Sin + Sin Sin
2 2 2 2 2 2
< 73\/5
=7y

4. CONCLUDING REMARKS

Above, we discussed two trigonometric inequalities regarding an interior point of a
tetrahedron [2, 3, 4, 5]. Next, I would like to ask : Can the Theorem in this article be
extended to n-dimensional simplex? If possible, what form will it take?
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