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SUPER TWISTED PRODUCTS

TONG WU!, YONG WANG?2*, XUE WANG?

Abstract. In the paper,we define the Wy-curvature tensor on super Riemannian man-
ifolds. And we compute the curvature tensor, the Ricci tensor and the Wp-curvature
tensor on super twisted product spaces. Furthermore, we investigate the Wy-curvature
flat super twisted product manifolds. Finally, we get a result that a mixed Ricci-flat
super twisted product semi-Riemannian manifold can be expressed as a super warped
product semi-Riemannian manifold.

1. Introduction and motivations

The concept of warped products was first introduced by Bishop and ONeil (see [2]) to con-
struct examples of Riemannian manifolds with negative curvature. Singly warped prod-
ucts have a natural generalization. The (singly) twisted product B xj F of two pseudo-
Riemannian manifolds (B,gg) and (F,gr) with a smooth function & : B x F — (0,0)
is the product manifold B x F with the metric tensor ¢ = gp @ h*gr. Here, (B, gp) is
called the base manifold, (F,gr) is called as the fiber manifold and h is called as the
warping function. In Riemannian geometry, warped product manifolds and their generic
forms have been used to construct new examples with interesting curvature properties
since then. In [5], F. Dobarro and E. Dozo had studied from the viewpoint of partial
differential equations and variational methods, the problem of showing when a Riemann-
ian metric of constant scalar curvature can be produced on a product manifolds by a
warped product construction. In [6], Ehrlich, Jung and Kim got explicit solutions to
warping function to have a constant scalar curvature for generalized Robertson-Walker
space-times. In [1], explicit solutions were also obtained for the warping function to make
the space-time as Einstein when the fiber is also Einstein. It is shown that a mixed Ricci-
flat twisted product semi-Riemannian manifold can be expressed as a warped product
semi-Riemannian manifold in [10].

Pokhariyal and Mishra first defined the W-curvature tensor and they studied its physical
and geometrical properties in [11]. In [13] and [14], Sular and Ozgur studied warped
product manifolds with a semi-symmetric metric connection and a semi-symmetric non-
metric connection, they computed curvature of semi-symmetric metric connection and
semi-symmetric non-metric connection and considered Einstein warped product manifolds
with a semi-symmetric metric connection and a semi-symmetric non-metric connection. In
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[15], Wang studied the Einstein multiply warped products with a semi-symmetric metric
connection and the multiply warped products with a semi-symmetric metric connection
with constant scalar curvature.

On the other hand, in [3], the definition of super warped product spaces was given. Ein-
stein warped products were studied in [7]. In [8], several new super warped product
spaces were given and the authors also studied the Einstein equations with cosmolog-
ical constant in these new super warped product spaces. In [16], Wang studied super
warped product spaces with a semi-symmetric metric connection. In [12], Shenawy. S
and Unal. B studyed the W-curvature tensor on (singly) warped product manifolds as
well as on generalized Robertson-Walker and standard static space-time and investigated
Wh-curvature flat warped product manifolds. In this paper, we define the Wj-curvature
tensor on super twisted products. Our motivation is to study super twisted products and
explore the Ricci tensor and the Wh-curvature tensor on super twisted product manifolds.
This paper is organized as follows. In Section 2, we state some definitions of super man-
ifolds and super Riemannian metrics. We also define the Wj-curvature tensor on super
Riemannian manifolds. In Section 3, we compute the curvature tensor, the Ricci tensor on
super twisted product spaces. Further, we give the Wy-curvature tensor of the Levi-civita
connection on super twisted product spaces. In Section 4, we investigate W,-curvature
flat super twisted product manifolds. Finally, we get a result that a mixed Ricci-flat super
twisted product semi-Riemannian manifold can be expressed as a super warped product
semi-Riemannian manifold.

2. Preliminaries

In this section, we give some definitions about Riemannian supergeometry.

Definition 2.1. (Definition 1 in [3]) A locally Zj-ringed space is a pair S := (|S], Os)
where |S| is a second-countable Hausdorff space, and a Og is a sheaf of Zy-graded Z,-
commutative associative unital R-algebras, such that the stalks Oslp, p € |S| are local
rings.

In this context, Zs-commutative means that any two sections s,t € Og(|U|), |U| C
|S| open, of homogeneous degree |s| € Z;, and |t| € Z; commute up to the sign rule
st = (—1)blltlts. Zy-ring space U™ := (U, Ciin ® ARR™), is called standard superdomain
where C{J. is the sheaf of smooth functions on U and AIR" is the exterior algebra of R".
We can employ (natural) coordinates x! := (x,¢4) on any Z,-domain, where x* form a
coordinate system on U and the & are formal coordinates.

Definition 2.2. (Notation and preliminary concepts in [4]) A supermanifold of dimension
m|n is a super ringed space M = (|M|, Oy) that is locally isomorphic to R™" and |M|
is a second countable and Hausdorff topological space.

The tangent sheaf TM of a Zjy-manifold M is defined as the sheaf of derivations of
sections of the structure sheaf, i.e., TM(|U|) := Der(Onm(|U|)), for arbitrary open set
|U| C |M]|. Naturally, this is a sheaf of locally free Op-modules. Global sections of the
tangent sheaf are referred to as vector fields. We denote the Ops(|M|)-module of vector
fields as Vect(M). The dual of the tangent sheaf is the cotangent sheaf, which we denote
as T *M. This is also a sheaf of locally free Op-modules. Global section of the cotangent
sheaf we will refer to as one-forms and we denote the Ops(|M|)-module of one-forms as

QY(M).
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Definition 2.3. (Definition 4 in [3]) A Riemannian metric on a Zjy-manifold M is a Zj-
homogen

-eous, Zp-symmetric, non-degenerate, Op-linear morphisms of sheaves (—, —) g’ TM®
TM — Op. A Zjp-manifold equipped with a Riemannian metric is referred to as a
Riemannian Zj-manifold.

We will insist that the Riemannian metric is homogeneous with respect to the Z;-degree,
and we will denote the degree of the metric as |g| € Z,. Explicitly, a Riemannian metric
has the following properties:

MHX,Y) [ = X[+ Y]+ 8],

2)(X, V), = (-1)XIM (Y, X),,

(3) If (X,Y), =0 for all Y € Vect(M), then X =0,

(4) <fX + Y’ Z>g = f <X’ Z>g + <Y/Z>g/

for arbitrary (homogeneous) X,Y,Z € Vect(M) and f € C®(M). We will say that a
Riemannian metric is even if and only if it has degree zero. Similarly, we will say that a
Riemannian metric is odd if and only if it has degree one. Any Riemannian metric we
consider will be either even or odd as we will only be considering homogeneous metrics.

Definition 2.4. (Definition 9 in [3]) An affine connection on a Z;-manifold is a Zj-degree
preserving map

V : Vect(M) x Vect(M) — Vect(M); (X,Y)— VxY,

which satisfies the followings
1) Bi-linearity

Vx(Y+Z)=VxY+VxZ, VxyZ=VxZ+VyZ,
2)C®(M)-linearrity in the first argument
VixY = fVxY,
3)The Leibniz rule
Vx(fY) = X())Y + ()X fvxy,
for all homogeneous X,Y,Z € Vect(M) and f € C®(M).

Definition 2.5. (Definition 10 in [3]) The torsion tensor of an affine connection
Ty : Vect(M) ®ce(my Vect(M) — Vect(M) is defined as

Ty(X,Y) := VxY — (-1)XIMvyx - [X,Y],

for any (homogeneous) X,Y € Vect(M). An affine connection is said to be symmetric if
the torsion vanishes.

Definition 2.6. (Definition 11 in [3]) An affine connection on a Riemannian Zj-manifold
(M, g) is said to be metric compatible if and only if

X(Y,Z), = (VxY, Z),+ (=) (v,vxZ),,
for any X,Y,Z € Vect(M).
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Theorem 2.1. (Theorem 1 in [3]) There is a unique symmetric (torsionless) and metric
compatible affine connection V% on a Riemannian Z,-manifold (M, g) which satisfies the
Koszul formula

2 <v§<y,z>g = X(Y,Z), +([X,Y],Z),
+ (=1)XIY 2D (y (Z,X
— (=D ZIUXI+IY])
(1) (Z(X,Y),
for all homogeneous X,Y,Z € Vect(M).

Definition 2.7. (Definition 13 in [3]) The Riemannian curvature tensor of an affine con-
nection

~ ~
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(2.1)

Ry : Vect(M) ®cw(p) Vect(M) ®@ce(p) Vect(M) — Vect(M)
is defined as
Ry(X,Y)Z = VxVy — (-1)X NV, Vy - Vixy Z, (2.2)
for all X,Y and Z € Vect(M).
Directly from the definition it is clear that
Ry(X,Y)Z = —(-1)X ¥Ry (Y, X)Z, (2.3)
for all X,Y and Z € Vect(M).

Definition 2.8. (Definition 14 in [3]) The Ricci curvature tensor of an affine connection is
the symmetric rank-2 covariant tensor defined as

1
Ricy (X, Y) := (—1)@1WBXIIHX\HYD% [Rv(ax,,xw + (—1)|X\|Y|Rv(ax,,mx} ,(24)

where X, Y € Vect(M) and [ ]! denotes the coefficient of 9,1 and 9, is the natural frame
of TM.

Definition 2.9. (Definition 16 in [3]) Let f € C®(M) be an arbitrary function on a Rie-
mannian Zp-manifold (M, g). The gradient of f is the unique vector field grad, f such

that

X(f) = (~1)fs/ (X, grad, f ) (2.5)

g/
for all X € Vect(M).

Definition 2.10. (Definition 17 in [3]) Let (M, g) be a Riemannian Zj-manifold and let
VI be the associated Levi-Civita connection. The covariant divergence is the map Divy :
Vect(M) — C®(M), given by

Div (X) = (—1)‘axl|(|a’f"+‘x|)(VaY,X)I, (2.6)
for any arbitrary X € Vect(M).

Definition 2.11. (Definition 18 in [3]) Let (M, g) be a Riemannian Z,-manifold and let V*
be the associated Levi-Civita connection. The connection Laplacian (acting on functions)
is the differential operator of Z,-degree |g| defined as

Ne(f) = DiVL(gradgf), (2.7)
for any and all f € C®(M).
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Definition 2.12. Let (M, g) be a Riemannian Zy-manifold and V be the Levi-Civita con-
nection associated to the Riemannian metric gM. Let D C TM be a super distribution and

D+ C TM is the orthogonal distribution to D, then g™ = ¢P +ng. Let 7P : TM — D,
7P" : TM — D= be the projections. For X,Y € I'(D), we define VRY = 70(VxY),
then we have the fundamental form of submanifold on Riemannian Zy-manifold (M, g)

VxY = VRY +B(X,Y), (2.8)
Vx& = —(—1)XIEAX + LyE, (2.9)

where B(X,Y) = 7P VxY, Lx& = P Vx¢ and nPVx¢ = —(~1)XIEIA:X for any
homogenous ¢ € T(D+) and X,Y € T(D).

Then
B(fX,Y) = fB(X,Y), B(X,fY)=(-1)IXIB(X,Y)
B(X,Y) = (-1)XIVIB(Y, X) + nP7[X, Y];

ApX = fAX, AfX = ()94, gP(B(X,Y),&) = (—1)XIMHENgP (v, A,X).
(2.10)

When D is a submanifold of M, we also have similar formula.

Definition 2.13. Let (M™", ¢) be a Riemannian Z-manifold, the W-curvature tensor is
also given by

Wa(X,Y,Z,T) = g(K(X,Y)T,Z), (2.11)

for any homogenous X, Y, Z, T € Vect(M) and where
v
(m—n—1)

3. The Wj-curvature tensor on super twisted products

K(X,Y)T := R(X,Y)T — [X - Ric(Y,T) — (—1)MITRic(X, T)Y]. (2.12)

Let (M = My x, My, gy = 1581 + 715 (1) m382) be the super twisted product with [g| =
1g1] = |g2| = 0 and |p| = 0 and u € C®(M) and its body €(u) > 0. For simplicity, we
assume that y = h? with || = 0. Let V¥ be the Levi-Civita connection on (M, g;) and
VEML (vesp. VIM2) be the Levi-Civita connection on (Mg, g1) (resp. (My, £2)).
Lemma 3.1. For X,Y, Z € Vect(M;) and U, W,V € Vect(M;), we have
(1)Viy = viMy,
X(h)

@Vy'U="==U,

h
@vix = -yl Xy
(4) VLW = u;lh) W+ (—1)”'W,§h) u-— (—H'”'”*W')@(i’ W) grad, I
— hg> (U, W)grad, i + V ;"2 W. (3.1)
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Proof. (1)By (2.1) and [X, V] = 0, we have g,(V"'Y,Z) = g1(VX™Y, Z) and
gy(V;’}lY, V) =0, so (1) holds.
(2)Similarly, we have g, (Vy"U,Y) = 0 and 2g,(Vy'U, V) = Xe, (1, V), s0 (2) holds
by u = h2.
(3)By (2) and VI having no torsion, we have (3).
(4)By (2.1) and (2.5), we have

281 (Vi W, X) = —(=1) XD X () o (U, W)

—(—)XIUEWD g (X, grad, (11))g2(U, W)

= —&u(g2(U, W)grad, (u), X). (3.2)
And
28V(VZVW/ V)
= U(I)g2(W, V) + (=)W (H) g2 (U, V) — (=) IUHWDY (%) 0 (U, W)
+2g,(V oW, V), (3.3)

then we have

phag Ly — Ul(ih)w . (_1)|U|szih>u _ (—1)|V|<U+Wl>g2(i'mgradg2h, (3.4)

so (4) holds. O

Let RI# denotes the curvature tensor of the Levi-Civita connection on (M™",g,) and
let REMi (vesp. REM2) be the curvature tensor of the Levi-Civita connection on (Mg, ¢1)
(resp. (M, 82)). Let Hjy (X,Y) 1= XY (h) — VMY (h), then H} (fX,Y) = fHY (X,Y)
and HYy (X, fY) = (-1)/IXIfHY, (X,Y), where HJij is a (0,2) tensor.

Proposition 3.1. For X,Y, Z € Vect(M;) and U, V,W € Vect(M,), we have

()R (X,Y)Z = RFM(X,Y)Z,

Hj, (X,Y)

(2)RM(V, X)Y = —(=1)VIIXI+IYD v,

(4RY(V, W)X = (~1)WIXly (X;h)> W — (—1) VW XDy (X](1h)> v
(5)RM (X, VYW = (—1)IXHIVDIWIpy <X§lh)> Vv (_1)|X|(|V|+\W|)+|V\|W\g2(wl V)

(V, W
X;h) _ (—1)|X(|V+Wl>&(h>v§ng(

grad,, grad, h),

(6)RV(V, W)U = R (v, W)U + (~1)U1Vlg, (v, U)grad, Y1) — (1)l

i+ (8radg, ) () , ) (8Fadg, 1) ()
h? 2

g (W, Wpgrad, "W (1) (W, W)V + (1)
@ (V, U)W. (3.5)
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Proof. (1)By Lemma 3.1 and (2.2), we can get (1).
(2)By Lemma 3.1 and the Leibniz rule, we have

L,MlY h
vhigliy — <_1)V|<X|+Y)Vxh()V, _ybigbiy — _(_1)V(X|+|Y>XYh(h>V

(3.6)
by (2.2) and [V, X] = 0 and the definition of HY, (X)Y), we get (2).

(3) By Lemma 3.1, we have Vy ;[VL”V = XY( )V and by (2.2) and the definition of [X, Y],
we get (3).
(4)By Lemma 3.1, we have

VX = (—1)WIX] [V <X(h)> W+ (—1)|V|XX§lh)V€’”W} , (3.7)

h
_V‘L/\,/yve,yx = —(=1)VIix| [W <X§lh)> vV + (_1)IWIXX£]1)V§&HV] , (3.8)
vk X = (_1)(V|+|w>|xX§lh)[V, W], (3.9)

then by (2.2) and VI having no torsion, we get (4).
(5)For Wy € Vect(M3), by (4) and (4.12) in [9], we have

gu(RM(X, V)W, Wy)
= (1) (XIHVDWIHWD ¢ (RLE (W, W)X, V)

_ (1) (X VDOWE WD g (1) XMy <X1(1h)> Wy — (—1) (X1 WD Wiy, <X51h)> W, V)
(1) (XD VIR Ly < <h)> g (Wh, V) — (1) (XEHWDIRAL VW) py, (X;h)

gu(W, V), (3.10)
by (2.5), we have

Wy (X;lh)> = (—1)|W1|X'gz(gradgle(jl),wl), (3.11)
then,
PMRRLA(X, VYW = (—1)XI0VI+WD py <X§l’l)> V — (1) XIVIEWDHVIW g, (7 1)
grad, Xélh)
(3.12)
By Proposition 9 in [3] and (2.2), we have
gu(RM (X, V)W,Y) = _(_1)|W\|Y\gV(RL,H(X’ V)Y,W) =—(-1 )(\MHW)M&
su(V,W). (3.13)
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By the definition of grad, (h) and VEM1 preserving the metric, we can get
gl(v’;ng(gradglh),Y) = (-nMalHl (X,Y) = Hy (X,Y), (3.14)

§u(RE# (X, V)W, ¥) = — (-1 g, S ) Gt o i) v). (3.15)
3.

By
(6

(3.7) and (3.10), we get (5).
By (2.5), we have
L

)
gu(RM(V, W)U, X) = —(—1)XIMlg, (RM*(V, W)X, )
— _(—1)Xlulg (—1)XIMy (X(h)> W — (—1)IVIXFW)

h
w (X0 v,u

_ (—1) XU VIO W gy <X§1h)> V) — (—1) Xl
gu(V <X§Zh)> w, u). (3.16)

By XW = (=1)XIWIWX and XV = (-1)XIVIVX, we have

W (h V(h
PMRLA(V, W)U = (—1)MIWlg (v, U)gradgz}(l) (1) uEWVIg U>gradgzﬁl)'
(3.17)
By Definition 2.7 and Definition 2.12, we have
RP(X,Y)Z = (R(X,Y)Z)" — (_1)‘YHZ‘AB(X,Z)Y+ (_1)‘XK‘Y'HZDAB(Y,Z)X/

where RP (resp. R) denotes the curvature tensor of VP (resp. V) and RT denotes
tangential component of R.
Then by g(B(X,Y),¢&) = (—1)V+EDIXlg(y, AzX), we have

g(A:X,Y) = (~D)MIXFEDg (v, Acx) = (—1)EIIX+Mg(B(X, ), 8), (3.18)
g(RP(X,Y)Z,W)
= g(R(X,V)Z),W) — (~1)"WZlg(Apx 7)Y, W) + (=) XIHZD g (Ap y 7) X, W)
=9(R(X,Y)Z),W) — (_1)|X\(|Y\+\W|)+\W||Z\g(B(Y, W),B(X,Z)) + (_1)\W|(\Y|+|Z\)
§(B(X,W),B(Y,Z)). (3.19)

By B(U, W) = ~hgy(U, W)grad  h = — &)

grad h, we have
gu(RM2(V, W)U, Wy)
- gy(RL'V(X,Y)Z),Wl) _ (_1)\VI(\W|+|W1|)+\W1I\U|gy(3(wl Wi), B(V, U))

+ (_1)|W1|(\W|+|U\)gV(B(V, Wi), B(W, U))
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|grad, k|2
= gu(RM(X,Y)Z), W) + (=)D =, (W, U) gy (V, Wh)

lgrad,_ K|
_ (_1)\WHU| 7}1281 ggH(V, U)gH(W, Wh),

=@wwmmﬂmm+@ﬂvmﬂm@mﬁwm@muwuwm>
_ (_1)W|U|Wgy(vl U)gy(W,Wl), (3.20)

then, we get (6). O

In the following, we compute the Ricci tensor of manifold M™". Let My (resp. Mp) have
the (p,my) (resp. (gq,my)) dimension, where ny = p—my, np = q—my and m —n =
ni+mny. Let 0 = {0xe, dga} (vesp. 0, = {0,p,0,5}) denote the natural tangent frames
on M (resp. M). Let Ric™* (resp. RicPMi, Rict™2) denote the Ricci tensor of (M, Su)
(resp. (My,81), (M2,42)). Then by (2.4), (2.7) and (3.5), we have

Proposition 3.2. The following equalities holds

(1)Ricl* (3,1, 0,¢) = RickM1 (9,1, 9.4 ) — ("_h"”)HmaxL,axK),

@RI (@3,3,) = ~(q = ma ~ 1)(-1) Vg, (241,

. . Ag (h) (grad, h)(h)
(4)R1CL'V(8yL,8yj) = RICL’M2 (ayL,ay]) - gy(ayL,ay]) : [ gll’l + (6] —mp — 1)—g1 .
(3.21)

Proof. (1)By Definition 2.8 and Proposition 3.1, we have
Ricl# (9,1, 9.x)

— Z —1)l0ul(10,1 10,1+, K‘)Z[RLH(ax,,axL)axK + (=1) PPk REH# (9,1, 9,4)0 2]
3711, 1+0.. |+
3 1)l R0t 2D 2 RER Dy, 8,010, + (1) 2 s RE 3,000,

_ RiCL’Ml(axL,axx) + Z(_1)|ay1|(\ay1\HaxLH\aXK\)

h
[_ (1) P +2c]) Hig (O k)
J

h

NI —

H (9,k,0,) 71/
ay,_(_l)axuaxK(_1)ay;<|axL|+|aXK|>Ml;lcxay]]

4

£yl h
. 909,11 M(a L,a K) HM (a K,a L)
RiclMi (3,1, 0.4) Z] ( 1)| il yfz[ 1 ; ) (_1)|axLHaxK|%

(3.22)

34



Super twisted products

by (_1)|ayl\|3yl| — Z;?:l(_l)o +er<n:21(_1)1 — g — my, we have
h h
(0= ) [ Ot 06) |yl Pt O )
2h h 2 ’
(3.23)

Ricl#(9,1,9,x) = RickM1(9,1,0,4) —

by VEMi having no torsion, we have

Hﬁ\l/h (041,0.k) B (_1)\3XLH3XK\ Hﬁ\l/ll (04K, 041)
h h

= 0,0 (Bux (1)) = VEM () — (—1) PPkl (3,0 (1) + (1) Pot o VA, (1)
= — [ (020, 0x) () + V7B (1) — (—1)%2t1%:K10,c (30 (1))

= —TLM (axL, axk) (l’l)
=0, (3.24)

so (1) holds.
(2)By Definition 2.8, we get

RiCL’y (axL,ay])
_ Z(_l)|8x1\(|8x1\+\BxL|+\8y/|)%[RL,u(axllaxL)ayl + (_1)\3xL|\3y]\RL,y<axllayl)axL]I
I
1
+Z(_l)|ay1<\(|ayl<\+\axL|+\ay]\)E[RL,H(ayK’axL)axK + (_1)\axLH3yI\RL,H(ayK’ay})axL]K
3 k(13 k| +[a.c+2 ;) 1 .l
(_1)| k| (19, k |+[0, |+] y]|)§[RL,y(ayK’axL)axK + (_1)| L] y"RL'”(ayK,ay])axL]K

1
(1)l D L )Rl RLra,, 308, + (<1)PR

2
RL'H(ByK’ y/)axL]K, (3.25)
by Propsition 3.1, we get
RL’”(axL,ayK)ay]
o,.(h 31 (h
= (_1)(|ay1<\+\axLl)|ay1\ay, (th()) By — (_1)\&),CL|(|ByK|+|ay;|)+\ayK|\ay,\gz(ayhayK)gmdg2 th( )‘
(3.26)
By [3], we have
I
grad f = 3 (1) kst 10f141gD) gl ¢,
y
(3.27)
and
K = (_1)|ayz<\2+|aya\2+\g|2+\ayk|\aya|gm, (3.28)
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then
[(_1)|axL\(\ayK\Hay]|)+|3y1<\|ay]|g2(a 0 K)grad (3, L(lnh))]ayK
_ (_1)|axL\(\%K\Hayl‘)ﬂaykHay]|g (a hay ZaxL lnh))gﬁ‘K

1)|axL\(\akalayﬂHlayKHayfl (1 )(|ayl<\+\ayf\)(\ay |+|axLD8xL (3 (1)) g2 (ay]’ayK)ggK
_1)|3ya\H%KIH%H%K\(_1)(\3y1\+layK|)laxL\+\3y1\|3y1<| (_1)(\ay1\+\3y1<|)(|3xL\+\3ywI)

Il
—~
=1 |
—~

9,1 (3ye (Inh))g2(3,1,3,) g5
~Y (- |a |20y \( )(IayaH\ayKI)\ayf\axL (aya(lnh))gz(ay/,ayx)ggaf (3.29)

o
SO

(_1)(|ayK\+\ay,\+\axL|)|ayK|(_1)\ayK\|axL\[(_1)|axL\(IayK\Hayf\)+|ay1<\|ay]\g2(ayha «)

~[7]

grad, (9x, (Inh)] "
— Z(_l) |9ya |+|ay1|\aytx |axL (ayu (lnh))gz (ay]’ ayK)géﬁx
K

= Y (=) P 0101y L (@ (1))
[\

—(~1) [0,71+19,) \zaxL (9 (Inh))
= axL (ayl (li’lh))

= (1) %1%l @0 (1nh))

_ (_1)\%]“3@\%] (axL]/fh)> ) (3.30)

A]ld
1 B B +[d_r|+]|0 d k|l d
— E I K| 19,1+ XLI | V]D[—(—l)‘ -‘/KH xL'RL’H(axL,ayK)ay]] vk

= (g m - (-1, (ah(h)> (3:31)

similarly,

1 3 x| (9. x |+19.1|+]2 31119
E; | k(10K [+10,L |+ yl\)[(_l)l L y1|RL,y(ayK/ay])axL]K
1 d..(h
_ _E(q_mz_1)(_1)|6xLH3y]|ay] <XLh()>' (3.32)

o0 (2) holds.
(3)By Ric"(3,7,9,) = (—1) "% Ricl*(3,4,3,), (3) holds.
(4)By Definition 2.8 and Proposition 3.1, we have

RICL’H (ayL , ay[)
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3 11(191]+19 ) a,Lllo
- T )P o 0D 2 (RUR D, 800, 4 (~1) %1% RE (31,00,

Z |a xl( |a H~\a H~\ay]\) [RLy(a K’a )ayl+(_1)‘ayLHay]|RL,H(ayK’ayl)ayL]K
K

= AL+ Ay, (3.33)

where

Ay = E( )|a 11(lo, 1\-&-\8 L\-HBJ]DZ[RL;J(axha )ayl + (—1)|ayLHaV]lRL’V(axz,ay])ayL]I
I

Ari=Y(~1 1)Puxl(Byel+a, 1 +12,1) L [RLH@yK,ayL)ay,+(_1)|ayL”ayl\RL,ﬂ@yK,ay,)ayL]K

’ (3.34)
3.34
by Propsition 3.5, we have
Z(_l)\ax1|(\axl|+|3yL|+\ay1|)[RL,y(axllayL)ay]]I
I
LM, I
= Ll (o415 S Pyt 1) [V, (8rady,h)
h h
LM
_ _gu(aymayl) Z(_1>\ax1|(\8x1|+|gradglh\) Vaxz '(gradg )7 !
I - I
o,L,0
= —WDZ’UVLM grad, h
8u(9yL,0y1)
= —M%A; (h), (3.35)
then, we get
1 Ay, (h) EMIE! Ay, (h)
M1 = 5[y, 3y) =S — (1) % g 3,0, 9,) =5,
§u(9yL,9yr)
= %Agl(h), (3.36)

3,1 (h)

A, = RickM2 (3, yr0y1) + Z \a k| (19, |+19, LHBW)2{(—1)|ayL|ay’gy(ayk,ayf)gradgz yh

d,x(h
o (_1)(|3yL|+|ay/|)\a |g (a L, J)gradgz yKh( ) _ (_1)(\8yL\+\8y;\)\9yK\

3 1131 1413 (grad h)(h) 5 12 . (grad, h)(h)

— (-1 )| k[(19,L1+9,71) +g}l(ayhay1)a%+( )\ L‘|yl‘+
a9, (h
(3,5, 3,13y + (—1) %1% () PurlPurle @, 3,0) y’}f )

(grad, 1) (h)

9,k (h
_ (_1)(|a}/L|+|ay,|)\a 'g (3,5,3,1) (grad yKh() _ (_1)(\ayL\+\ay1D|ayK\ e
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5 11,1 (grad, h)(h)
gy(ay],ayL)ayK + (-1 )| il y1|§;gll(ay1<,ayL)ay]} }
. (grad h)(h)
= RZCL’M2 (ayL,ay]) — gy(ayL,ay])(q — My — 1)% (337)
then,
| AL (h) (grad, 1) (h)
Ay + Dy = Ric"2(9,1,0,) — gy(ayL,ay,)[ng + (g —my — 1)+], (3.38)
so (4) holds.
O

Theorem 3.1. Let M = M; X My be a singly twisted product manifold with the metric
tensor ¢ = g1 ® h2¢r. If X,Y,Z € Vect(My), U, V,Q € Vect(M,), then

(DKM (X,¥)Z = KM Z 4 ”12) Gy X Riet M (v, 2) — (-1
m—n—1)(n —
RickM (X, Z)Y] + ﬁ[x HYy (v,2) - (-)Y 171 H, (X, 2)Y]
—my—1
@K xY)Q =~ = [cayielg (K ) v —x-o (2)]

(3)KLH (U, V)X = (—1) V11Xl (Xg’)) V4 (1) ulvI+x)y <Xh)> u

La—m -1 [(_1)|V|XU.X <Xl(1h>>  (—n)XIviHuD (%@) v]

m—n—1

(4) KM (X, V)Y = - _i — (~D)VIM[(m —n — g +my — 1)HY (X, Y) + Ric"M (X, Y)]V
q—my—1,  V(h)
m—n—lX Y h

X(h)

(5)KLH (X, U)V = (—1)XI0VI+iuDy <h> U — (—=1)XIVIHUD+UIVI g, (11, V) [hAg, ()

g—my—1
m—n-—1
U - Ric"™ (v, Q) — (-1)IVIiQl

+ (g~ ma — 1)grad (1) ()] + (it X0y,

(6)KL,H(U, V)Q — KL’M2(u, V)Q n m

(m—n—l)(nz—l)[

RickMs(11, Q) V] + (—1)|V|ng(U,Q)gradg2V](qm _ (—pylulavi+iQ)

d, (h)(h
gﬂ(V’Q)gradgzLI](jl) _ (_1)U|(IV|+Q)Wg2(V, QU

+ (_1)|V|Q8Ta¢g;l£h)(h)

(UL QV + ——

+ (g —mp — 1)gradg1(h)(h))] - _11 — [(_1)\V||Q\g2(u’ Q)(hﬁél(h)

+ (g —mz — 1)grad,, (h)(h))V]. (3.39)

U2V, Q)AL (h)
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Proof. (1)By Definition 2.13 and Propsition 3.2, we have

KM(X,Y)Z = RM(X,Y)Z — (m_ln_l)[x - Rick# (Y, Z) — (=1)MIZIRict# (X, Z) Y]
_ pLM, B 1 sl M g my oy,
= REMi(X,Y)Z e [Rict™ (Y, 2) = T2 Hiy, (Y, 2)]
b yiizlRitM _q—my oy,
iy DRI (X,2) - T, (X, 2))Y
_ LM 2 . RicLM _(—)lviiz|
=K"""(X,Y)Z+ (m—n—l)(nl—l)[X Ric™"(Y,Z) — (—1)
Rick M (X, 2)¥] + o P (X H, (1, 2) = (<)M (X, 2)Y),
(3.40)
then (1) holds.
(2)By Definition 2.13 and Propsition 3.2, we have
KM(X,Y)Q
= RM(X,Y)Q — (m_ln_l)[x -Ric""(Y, Q) — (=1)MIQIRicM*(X, Q) Y]
. 1 g—mp—1 Y (h) Cyllold —m2—1 (X(h)) ]
 (m—-n-1) [X 2 Q( h >+( b 2 Q h Y
__q=m=1 [ vz (X(h)) _x. (Y(h)ﬂ
=~ —n 1) [( DMEQ (== )y=x-Q (=~ (3.41)
o (2) holds.
(3)By Definition 2.13 and Propsition 3.2, we have
KLbr(Uu,v)x
= RM(U, V)X — (m_ln_l)[u -Ric"" (v, X) — (=1)VIXIRick# (U, X) V]

1 V(h U(h
o [t () e ()
_ (_1)VIX] X(’1)> DIUIVI+X) <X(h)

—(-1) u(h v+ (—1)ulvis
o q=ma=l [ (VI o yavi Uh)) }
2(m—n—1)h[u X< ; > (—1) X(=7)v| (3.42)
o (3) holds.
(4)By Definition 2.13 and Propsition 3.2, we have
KM (X, V)Y = RM(X, V)Y — (m_ln_l)[x -Ric"*(v,Y) — (=1)IVIMRicM" (X, Y)V]

X ===y (G

(=) VIV (RigkMi (X, y) — _hm2 Hly (X, Y))V]

= (=1)XIVIRLE (v, X)Y —
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= ﬁ(—l)'v”y' [(n— g+ my — 1)Hly (X, Y) + RickMi (X, Y)]V
g=m—1y \ (V)
+m—n—1XY< h )’ (3.43)

so (4) holds.
(5)By Definition 2.13 and Propsition 3.2, we have

1

KM (X, U)V = RM (X, U)V — C[x Ric* (U, V) — (=D)IUIVIRicM# (X, VU]

_ (—1) XUV y <X§1’1)> U — (—1) XUVl g, u)grad&ﬁh)

1

_ (—1\IXI(ul+[vI) LM _
(-1) hgr (U, V)V 1(glradgzh) ——

{X : [RicL'MZ u,v)

g ra o, —
- & V) <Ag;l(h) +(q—my - 1)@(1;1’;’1)01))] + (_1)IU|IVW221)

X ()
v (5 )
_ ()XY <X§lh)> U — (1)K D VIl (v, 1)grad XU

_ (—1)IXIqul+|v) LM N
(-1) hgr (U, V)V 1(glradgzh) pa——

+ %X . gz(U, V)[hﬁé‘l(h) 4+ (_1)|UHV| (q - 722 - 1)V <X<h

m-—n

so (5) holds.
(6)By Definition 2.13 and Propsition 3.2, we have

Kb (U, V)Q
1

pr— _1)\VHQ\R1’CLIV(U,Q)V]

= RLM(U,V)Q — : [U - Ric"*(V, Q)

—
— REME(U,V)Q + (—1)@VDg, (U, Q)grad L)

h
h d_ h)(h
_ (—1)”'<|Q+V)g,4(V,Q)gradg2u](1) _ (_1)|U(Q|+|VI)(grafl’;)(>

_1)V|Q|(gr'°‘d]§;h)(h)

g2(V/ Q)U

+ 82(U,Q)V

R {u. [RiCL,Mz(V, S, (A%fh) (g —ma— 1)“?3@“5;’”(’”)}

m-—n-—1
_ (—1)VlQ [RicL,Mz(u/Q) — ¢,(U, Q) (A%l(h) + (g —ma — 1)@%15;@(11))] V}

U - Rict™2(v, Q) — (—1)VIRIRicEM2 (U, Q) V]

ni

_ KL,Mz(u,V)Q+ (m - 1)(1’12 — 1)[
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n <_1)|QV|)gH(u,Q)gradgzvgl) _ (cn) Vg (v, Q>gradg2u,(1h)

— (_1)|U(|Q+V|)@€d2;h)(h)g2(V,Q)u + (—1)|V|Q|Wgz(ll, Q)V
+ ﬁu- [gz(V, Q)(hg, (h)) + (q — my — 1)(gradglh)(h)]
- [(_1)IV|Q'gz(u, Q) (AL (1)) + (g — ma — 1)(gradglh)(h)] v,  (3.45)
so (6) holds.
O

4. Mixed Ricci flat super twisted products

Definition 4.1. Let M = Mj X, My be a super twisted product of (M, g1) and (My, g2)
with twisting function h, then M = My X, M, is called mixed Ricci-flat if Ric(X,V) =0
for all X € Vect(M;) and V € Vect(M).

Theorem 4.1. Let M = M; X, Mz be a super twisted product of (My,g1) and (My, g2)
with twisting function 7 and g —my — 1 # 0. Then, Ric(X,V) = 0 for all X € Vect(M;)
and V € Vect(My) if and only if M = M; X My can be expressed as a super warped
product, M = My X, My of (My,g1) and (M, §>) with a warping function ®, where o
is a conformal metric tensor to g».

Proof. First, we prove the sufficiency of the theorem. By Propsiton 3.2 and %’1) =

X(Inh), we know
Ric"*(X, V) = —(q — my — 1)(=D)XIVIVX(1nh) = 0, (4.1)

then by g —my —1 # 0, VX(Inh) = 0 and XV (Inh) = 0, XV (Inh) = 0 implies that
V(Inh) only depends on the points of M, and similarly, VX(Inh) = 0 implies that X (Inh)
only depends on the points of M;. Thus k& can be expressed as a sum of two functions @
and ¥ which are defined on M; and My, respectively, that is, Inh(s, t) = ¢(s) + p(t) for
any (s,t) € My x Mp. Hence h = e®e¥, that is, h = ®(s)¥ (), where ® = ¢? and ¥ = e¥
for any (s,t) € M; x M. Thus we can write ¢ = g1 ® ®?$>, where & = Y2g, , that is, a
super twisted product My X, My can be expressed as a super warped product My X, Ma,
where the metric tensor of M, is g given above.

By Proposition 3.2, we find that it’s obvious about the necessity. O

Theorem 4.2. Let M = M; X, Mz be a super twisted product of (My,g1) and (My, g2)
with twisting function h. If M is a Wh-curvature flat super twisted product, then M =
M; X, M3 can be expressed as a super warped product.

Proof. By Theorem 3.1, we know

X(h) Y(h)] _
— (—1)|Y”Q|QTY—X-QT =0. (4.2)

Ifq—mz—l#O,lethayK, X =09,, Y=29,, when I # ], we have

Kir(x,v)Q = —1 =M1

(—1)%1P13 3,0 (Inh)]8, — By - 3k (3 (Inh)] = 0, (4.3)
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Because a pair (I,]) is arbitrary, then I # ] implies that d,x[d,:(Inh)] = 0. So

Inh = ¢(x) +9(y), (4.4)

for any (x,y) € My X My, then h = e?™*)ef ),
If g —my; —1 =0, then by Theorem 3.1, we know

KA (u, V)X = (~)VIXuxX (tnh) v + (—)HIVEXDy X (Innyu =0, (4.5)
similarly, let U = Byp, V= ayQ, X = 9,1, when P # Q, we have

(—1) %1% [ (1nh) o + (—1) %7 150Dy 13 (1n)Ja,e = 0. (4.6)
Similar to (4.4), we can get

Inh = w(x) +v(y), (4.7)

for any (x,y) € My x My, then h = e“(*)e"), therefore we can get Theorem 4.2. O

Corollary 4.1. Let M = M; x, M; be a super twisted product of (M, g1) and (My, g2)

with twisting function 4. Then, M is a super warped product if and only if KF#(X,Y)Q =
0 for X,Y € Vect(M;),Q € Vect(M,).
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