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A PLANE ANALYTIC GEOMETRY PROOF OF THE FORMULAS
FOR THE INSCRIBED AND CIRCUMSCRIBED ELLIPSES
OF THREE CONJUGATE ELLIPSES

RENATO MANFRIN

Abstract. Let OP;, OP,, OP3 be three non-parallel segments in a plane w. Let Ep p,,
Ep, p, and Ep, p, be the concentric ellipses having as conjugate semi-diameters the pairs
(OPy,0P,), (OP,,0P5) and (OPs,OPy), respectively. We give here an alternative plane
geometric proof for the formulas for the conjugate semi-diameters of the inscribed and
circumscribed ellipses to Ep, p,, Ep,,p,, Ep,,p, -

1. Introduction and motivations

Let w be a plane in the three-dimensional Euclidean space E3 and let OP;, OP,, OP; C w
be three non-parallel segments. We consider the three conjugate ellipses determined by
OP;,0P,,0P;s, i.e., the concentric ellipses

gpl,sz SPZ,PSI gps,Pl

given by the pairs of conjugate semi-diameter (OP;, OP,), (OP,,OP3) and (OPs, OPy),
respectively. It was shown (see [1, 2, 3, 11]) that there exist at most two distinct ellipses,
with center O, which circumscribes Ep, p,, €p, p, and Ep, p,. These are the so-called Pohlke
ellipse & and the secondary Pohlke ellipse £&. More precisely, writing

— —
OP; =hOP; +kOP, with h,k#0, (1.1)
it is possible to see that:

i) the Pohlke ellipse & is determined by the pair of conjugate semi-diameters given by
the vectors (see [4, 6]):

14124k = —kOP + hOP) >
h2+k2 3 an /71’12—{—](2 s ( . )

ii) setting g = g(h, k) with
g(h k) = [(h+ k)2 = 1)][(h— k) = 1)], (1.3)
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the secondary Pohlke ellipse &5 exists if and only if the coefficients h,k in (1.1) are such
that ¢ > 0. See [5, 6, 9]. If ¢ > 0 a pair of conjugate semi-diameters is given by the

vectors:
— — — —
g+ H2 4+ K2 ( HOP; + KOP, and —KOP; + HOP, (1 4)
g VH? + K2 VH? + K2 / ’

where H = H(h, k) and K = K(h, k) with
Hhk) Y hm2 - -1), Kok L2 -k +1).! (1.5)

Figure 1. & and & with P; = (1.4,1.3), P, = (1, —2),0P; = 2.10P; + 0.90P;.

iii) When, instead of ¢ > 0, we assume
g<0 and g+H*+K*<0, (1.6)

there exists a unique concentric ellipse &1 inscribed in &p, p,, &p,p;, Ep,p,- A pair of
conjugate semi-diameters is given (as for &) by the expressions in (1.4).% See [7, 8, 9].

1 It is immediate that i,k # 0 = H2+K2 > 0. Hence, the semi-diameters (1.4) are well defined. Noting
the definition (1.3), we also have that h,k # 0 and g(h,k) >0 = H,K #0.
2 We can easily see that g(h,k) <0 = h,k # 0. From the identity (5.9) one can also deduce that h, k # 0

and g+ H?>+K*>#0 = H,K#0.
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2. Main results

Formulas (1.2), (1.4) are obtained in [5, 6, 7, 8] as a by-product of the construction of a
specific parallel projection

I: B — w.
In case i) and i) this parallel projection is applied to an appropriate sphere centered at
O, say S, and the circumscribed ellipse (&p or &) is obtained as the contour of TI(S)
in the plane w. In case iii) the parallel projection is applied to a suitable one-sheeted
hyperboloid of rotation, say H, centered at O and with axis perpendicular to w. The
inscribed ellipse &7 is the contour of TI(H) in w.

Here we propose direct proofs of formulas (1.2), (1.4) based exclusively upon arguments
of plane analytic geometry. More precisely, we just need to apply the simple properties
of the pairs of conjugate semi-diameters of the ellipse.

3. Preliminaries
Let OU,OV C w be non-parallel segments.

Definition 3.1. We indicate with &y v C w the ellipse, centered at O, determined by the

pair of conjugate semi-diameters (OU,OV). We also denote with £y the set of points
P € w such that OPNEyy C {P}.?

As it is known,* (OU’,OV’) is a pair of conjugate semi-diameters of &y iff for some
« € [0,271) one has

— — — - — —
OU’ = cosaOU +sinaOV  and OV’ = £( —sinaOU + cosaOV). (3.1)
In other words, fixed any pair of semi-diameters (OU,OV), we can say that

Claim 3.2. (OU’,0V’) is a pair of conjugate semi-diameters of &y y iff

—
ouy (1 0 cosa  sina ol (3.2)
(W -\ 0 =1 —sina  cosa ov ) '

for some a € [0,27).
Given OS,OT C w non-parallel segments,

Definition 3.3. We say that st circumscribes &y v (equivalently, £y is inscribed in
Esr) iff Eyv and &gt are tangent and &y v ;Ct EsT.

It is then evident that:

Claim 3.4. £t circumscribes &y iff there exist a pair (OS’,OT’) of conjugate semi-
diameters of £ 1 and a pair (OU’,OV’) of conjugate semi-diameters of £y such that

— — — —

OS'=A0U" and OT = +0V/, (3.3)
with A > 1. Conversely, & is inscribed in &y y iff (S.S)Eglds with 0 < A < 1.5 In
both cases the two ellipses are tangent at P with O? = +0T'.

3 That is, &y,v and the points inside &y .
4 See, for instance, [10].
5 We clearly have Eg1 = &y v iff A = 1.
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We know define the following ellipses:

Definition 3.5. Given non-parallel segments OU,OV C w and u,v # 0, we denote with
E(U,V,u,v) the ellipse, centered at O, with conjugate semi-diameters given by the vectors

— —
m uOoU + o0V and —oOU +uOvVvV (3 4)
Vu2 +v? ViZ+02 '

From Claim 3.2 and Claim 3.4, it is clear that:

Claim 3.6. £(U,V,u,v) circumscribes the concentric ellipse & y. Furthermore, the two
ellipses are tangent at the point P with

(ig_i—v(fl—i-u(?/
ViZ+o2

Next we consider the functions ¢ = g(u,v), H= H(u,v), K = K(u,v) defined as in (1.3)
and (1.5), noting that

(3.5)

uv#0 = H>+K>>0. (3.6)
Then, assuming
u,v#0 and g(g+H>+K*) >0, (3.7)

we can introduce a second type of ellipse:

Definition 3.7. Suppose (3.7) holds. We denote with (U, V,u,v) the ellipse, centered O,
with conjugate semi-diameters given by the vectors

¢+ H2+K2 (HOU+ KOV . —KOU + HOV i s
7 e an i (3.8)

Since, by (3.6),

H? 4+ K2
gHH +K

wov#0 and ¢>0 = S

1,
from Claim 3.2 and Claim 3.4 we have:

Claim 3.8. If u,v # 0 are such that g > 0, then g(ll, V,u,v) circumscribes &y and the
two ellipses are tangent at the point P with

— —
O?:j:—KOU—i—HOV‘

VI K2 (3.9)
On the contrary, if
g<0 and g+H>+K* <0, (3.10)
we find , ,
H+ K
08X g (3.11)

8
Then Claim 3.2 together with the last part of Claim 3.4 give:

Claim 3.9. If u,v # 0 are such that ¢ < 0 and ¢+ H? + K? < 0, then &
3

U,V,u,v) is
inscribed in & y. The ellipses are tangent at the two points defined by (3.9).

(
9
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4. Proof of formulas (1.2)
Let OP;,OP,,OP; C w be three non-parallel segments. Writing
— — =
OP; =hOP; +kOP, with h,k+#0, (4.1)

according to Def. 3.5 we can define the ellipse £(Py, P, h, k). For Claim 3.6, £(Py, P>, h, k)
circumscribes the concentric ellipse Ep, p,. We want to prove that:

Claim 4.1. £(Py, Py, h, k) circumscribes also Ep, p, and Ep, p, .

From (4.1), we can write the equivalent expressions

op, = ——OP2+EOP3, (4.2)
5@:}{5@_2@%. (4.3)

So we also define the ellipses:

o £(Py, P5,— h' h) which circumscribes the concentric ellipse Ep, p,
o £(P;, P, L T — ) which circumscribes the concentric ellipse Ep, p,
by still applying Claim 3.6.
In conclusion, it will be sufficient to demonstrate that:
Claim 4.2. E(Py, Py, h, k) = E(P,, P3, — h' h) E(Ps, Py, — h/ k)
Proof. We will limit ourselves to proving the first equality, that is
E(Py, Py, h k) =E(Py, Ps, — h' h) (4.4)

The other can be proven in the same way.
By Def. 3.5, a pair of conjugate semi-diameters of £ (P, P, h, k) is given by

ov 0 1

— h k —
< ou > _ < Vi+nr2+k2 0 > VIZTkE  ViRtRe ( O_Pl> )

with A = A(h,k) a 2 x 2 matrix and

L(hk) & V1t (4.6)

—> —
OP 01 OP
(aéHhk)(aé)f “

On the other hand, since
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for £(P,, P, —%, %) Def. 3.5 gives the pair

k 1
— - 2 2 —
ou’ J1I+E8+ L 0 Wil ik OP,
— W
(W) ( 0 1)\ - 0P
niaE n/ath
:_|h|/h<g o><k—1> O:PE>
1+k2\ 0 1 1k OP; (4.8)
_/m (L (0 1) @
Vi+ike\ 1k h k OP;
def p (ZP})
op, |’

with B = B(h,k) a 2 x 2 matrix.
By Claim 3.2 we must prove that (3.2) holds for some a € [0,277). Therefore, it will be
sufficient to prove that BA™!, i.e., the matrix

I

\/1+k_2\;h2+k2<kf _ki><2 11<><Z _hk><é 2) (4.9)

1 O cosx Sinw
( 0 +1 ) ( —sinK Ccosa ) (4.10)

for a suitable choice of the sign +, — and for some a € [0,277).
A simple calculation shows that

is equal to

e 1 < h —kL )
= h h
VitV +re \ -kl -l

(4.11)
B 1 1 0 h —kL
T Vitevere\o W)\ ke o)
where, by (4.6),
1 h  —kL \ _ cosa  sinw (4.12)
Vi+tkeViZ+k2 \ kL h -\ —sina cosa '
with
cosu = f sinw = kL (4.13)
Vitevir+ie' VI+R2VEZ+ 2 '
Therefore BA™! is of the form (4.10). U
5. Proof of formulas (1.4) in case ii)
We write again (4.1), but now we suppose h,k # 0 such that
g(h, k) > 0. (5.1)
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We can then define the ellipse g(Pl, Py, h, k), according to Def. 3.7. By Claim 3.8, we know
that £(Py, P, h, k) circumscribes the concentric ellipse £p, p,. As in the proof of formula
(1.2), we want to show that:

Claim 5.1. € (P1, Py, h, k) circumscribes also Ep, p, and Ep, p, .
From definition (1.3), we easily get
lﬁg(—%%)zz#g(%—%)::gﬁk) (5.2)
h
k

Thus we have also g(—, 1), g(1,— %) > 0. So, noting the equivalent expressions (4.2),
(4.3) and taking into account Claim 3.8, we define the ellipses:

o & (P, P53, — h/ h) which circumscribes the concentric ellipse Ep, p,
o & (Ps, P, T ) which circumscribes the concentric ellipse Ep, p,
Therefore it will be sufficient to demonstrate that:
Claim 5.2. £(Py, Py, h k) = E(Py, P5,—k, 1) = &(p5, Py, L, 1),

Proof. As in the proof of Claim 4.2, we will prove only the first equality. That is, we will
show that 5(P1,P2,h,k) g(Pz,Pg, h’h)
By Def. 3.7, a pair of conjugate semi-diameters of £ (P, P, h, k) is given by

H K ;
OU £ ascins SO VAR VAR opr,
oV 0 1 - K H OP

VHELKZ  VHELK? 2

_ 1 <A4())( H K’> gﬁ der 7
VH? + K2 0 1 —-K H OP,

with A = A(h,k) a 2 x 2 matrix and

M:M@mm@,&ﬂ;ﬁ. (5.4)

Taking into account (4.7), for &(Py, P3, — %
2, w2 K'
( Ou/ > g +H/ +K/ ( H/2+K,2 \/H/2+K/2 <
g - H
OV \/H’2+K’2 \/H’2+K/2

H K 01
—-K' H’ h k

515

,% Def. 3.7 gives the pair

5l

sl
S—

(5.5)

|

515
S—

1
H/2 + K/Z (

&f 5 Qﬂ
op, |’

with B = B(h,k) a 2 x 2 matrix,

=e(-bi), won(-bD) €ok(-bD) 6o
and M' = M(g',H',K’), with M according to the definition (5.4).
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As above it is sufficient to prove that BA~! is of the form (4.10). To begin with, from
definitions (1.3) and (1.5), and noting (5.2), it follows that:

h, k
= g(h4 ), (5.7)
K N . def
H = L K = 5 with N = N(hk) = B +K* —1. (5.8)
Furthermore, noting the identity
g+H*+K* = (BP+kF—-1)[(h* —K)*—1] (5.9)
and definition (5.4), we easily get that
H? + K?
g +H2 K2 =85 T (5.10)
M
M = —. (5.11)
1]
Therefore, from (5.5), we obtain the expression
M 3 M3
a5 ) ey
1;62 + N 0 1

T

1

: > (5.12)
0
h

Moreover, we have

0 1 H —1< w0 _
K H 0 1)
K
( ﬁ 5 H (5.13)
hH+kI< B (h*—K*)N
kH — hK . —2hk
Therefore, after some calculations, we find that BA~! can be expressed as
K+(-K*)N? M
1 <1 0 > FHIEER S (HK — 2hkN) -
2 2 2 2\ o - ’ '
VIS NEVHE K " - (PRCUKN N 4 2kkK
To conclude, it is enough to observe that
2 2 _ 12\ N2
+(hh FON" _ HN 4 2mkK < o (5.15)
h* —k* —1)KN
%(HK—thN) _ ! 7 JKN det (5.16)
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and that
®? +¥? = (K> + N?)(H?* + K?).6 (5.17)
This proves that BA~! is of the form (4.10) with
O Y
cosa = , sina = . (5.18)
\/K2+N2\/H2—|—K2 \/K2+N2\/H2+K2

6. Proof of formulas (1.4) in case iii)

Assume that (1.6) is true, i.e., ¢ < 0 and ¢ + H?> + K? < 0. Applying Claim 3.9 we know
that £(Py, P», h, k) is inscribed in the concentric ellipse Ep, p,. We must prove that

Claim 6.1. g(Pl,Pz, h, k) is inscribed also in Ep, p, and Ep, p,.

Noting (5. 2) (5 9) and (5.10), we find that the condition (1.6) still holds if We replace
h,k with — h' h or with %, — % We can then define the ellipses E(Pz, p;, — h' h) and
E(ps, Py, L B h) accordmg to Def. 3.7. So, noting (4.2), (4.3) and applying Claim 3.9 again,

we find that E(Pz, Ps, _E' E) is inscribed in &p, p, and that g(P3, Py, %, —%) is inscribed
in Ep, p,. As in Section4, it is therefore enough to prove that

g(Pl,Pz,h,k) g(PZ’P?” h’h) 5<P3/P11 %1_%)'
But the proof of these equalities is formally identical to the proof of Claim 5.2. O

References

[1] Emch, A. Proof of Pohlke’s Theorem and Its Generalizations by Affinity. Amer. J. Math., N. 40
(1918): 366-374.
[2] Lefkaditis, G.E. Toulias, T.L. Markatis, S. The four ellipses problem. Int. J. Geom., N. 5(2) (2016):
77-92.
[3] Lefkaditis, G.E. Toulias, T.L. Markatis, S. On the Circumscribing Ellipse of Three Concentric Ellipses.
Forum Geom., N. 17 (2017): 527-547.
[4] Manfrin, R. A proof of Pohlke’s theorem with an analytic determination of the reference trihedron.
J. Geom. Graphics, N. 22(2) (2018): 195-205.
[5] Manfrin, R. A note on a secondary Pohlke’s projection. Int. J. Geom., N. 11(1) (2022): 33-53.
[6] Manfrin, R. Some results on Pohlke’s type ellipses. Int. J. Geom., N. 11(3) (2022): 86-101.
[7] Manfrin, R. On Pohlke’s type projections in the hyperbolic case. Int. J. Geom., N. 13(2) (2024):
41-63.
[8] Manfrin, R. On Pohlke’s type projections in the hyperbolic case II, circular and degenerate cases.
Int. J. Geom., N. 13(3) (2024): 11-31.
[9] Manfrin, R. On Pohlke’s type projections in the cylindrical case. GTARCMG, N. 13(1) (2024): 11-30.
[10] Spain, B. Analytical Conics. Pergamon, New York, 1957.
[11] Toulias, T.L. Lefkaditis, G.E. Parallel Projected Sphere on a Plane: a New Plane-Geometric Inves-
tigation. Int. Electron. J. Geom., N. 10(1) (2017): 58-80.

DIPARTIMENTO DI CULTURE DEL PROGETTO
UNIVERSITA TUAV DI VENEZIA

DORSODURO 2196, 30123 VENEZIA, ITALY
Email address: manfrin@iuav.it

6 It is not really necessary to check (5.17). In fact, from (5.3), (5.12) we know that det(A) = M and

det(B) = —M]|h|/h. Therefore the matrix determined by the expression (5.14) must have determinant
—|h|/h.

147



