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A NEW APPROACH OF THE FERMAT-TORRICELLI CONFIGURATION

T. BIRSAN

ABSTRACT. In this paper, we aim to approach the Fermat-Torricelli configuration in a
new way. Given a triangle ABC, instead of the six equilateral triangles constructed (inside
or outside) on its sides, we consider three equilateral triangles AA; Ay, BB1B,, CC1C;
with the same orientation as the given triangle and such that Ay, Ay € BC, By, B, € CA,
and C;, C; € AB (Fig. 1). This new configuration is denoted F. It is shown that F
includes the classic Fermat-Torricelli configuration, and new concepts are introduced and
studied.

1. INTRODUCTION

Consider an arbitrary triangle ABC with sidelenghts a,b,c. Let A, and A_ be the ver-
tices of the equilateral triangles built on the BC outside and inside the triangle ABC,
respectively; similarly define points B, B_ and C,C_.

Denote by 7 and 7 the circumcircles of the equilateral triangles A, BC and A_BC,
respectively, and similarly we define 7% and 7%, 7 and 7*. These six circles are called
the Torricelli circles of triangle ABC. We also note with N¢, N?, N?,Nb, ¢, N¢ the cir-
cumcenters of the six Torricelli circles. The triangles N? N2 N¢ and N* N® N¢ are called
the outer and inner Napoleon triangles of triangle ABC, respectively.

It is known that Fermat points (or Torricelli points or isogonic points) are defined by F, :=
AA;NBB.NCCy =T NTINT and F- := AA_NBB_NCC_ =T*NT’N T and
Napoleon points by Ny := AN% N BNY NCN¢, and N_ := AN” N BN® NCN°.

The classic Fermat-Torricelli configuration starts with points A, B, C, A, By, C4, A_, B_,
C_ (Fig. 1) and then, by introducing new elements, a construction with wonderful prop-
erties is developed. On this subject there is a vast specialized literature - treatises, text-
books and papers: [6], [1], [7], [4], [10], [8] etc.

Now, we propose a new approach to the Fermat-Torricelli configuration. We construct
the equilateral triangle AA;A; such that A;, Ay € BC and having the same orientation
as the given triangle. In fact, the equilateral triangle AA; A has the vertex A and the
altitude /1, in common with the triangle ABC. Similarly, the equilateral triangles BB B,
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Fig. 1

and CC;C; are constructed. Denote F the configuration that starts with the points A, B,
C, A1, Ay, By, By, Cq, G, (Fig. 1). We will see that F includes the classic Fermat-Torricelli
configuration and that important concepts of triangle geometry are naturally involved
in this framework or new ones can be introduced.

2. BASICS OF THE CONFIGURATION F

We begin the study of the configuration F by defining in its terms the main objects
of the classical configuration: Fermat points, Torricelli circles, Napoleon triangles, and
Napoleon points.

The first objects of configuration F that we introduce are Torricelli circles and Fermat
points.

Proposition 2.1. We have:

(i) the quadrilaterals BCoCBy, CC1AAy, AByA1B are cyclic and the circles circumscribed to
them are precisely T2, TE, T, respectively;

(ii) the quadrilaterals BCCyBy, CAA1Cy, ABAyBy are cyclic and the circles circumscribed to
them are precisely T°, T2, T, respectively (Fig. 2).

Proof. (i) Since the triangles BB By, CC;C; are equilateral, it results that /BBy B, = ZBC,C
= g From ZBB1B; = ZBC,C, it follows that BC,CB; is a cyclic quadrilateral. On the

other hand, since Z/BC,C = g, we deduce that the equilateral triangle built on BC out-

side the given triangle has the vertex A, on the circumcircle of quadrilateral BC,CB;.
So, the circumcircle of BC;CBj is T{. The remaining statements are proven in the same
way.
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Fig. 2

(ii) Since /BB,C = ZBC:C = g , it follows that BCC; By is a cyclic quadrilateral. Obvi-

ously, the equilateral triangle BCA _ is inscribed in the circumcircle of this quadrilateral.
As a result, the circumcircle of the quadrilateral BCC1B; is 7. Etc. ]

We agree to note (ABC) the circumcircle of the triangle ABC, (ABCD) the circumcircle
of the cyclic quadrilateral ABCD, etc.

Corollary 2.1. (i) (BC,CB;) N (CC1AAz) N (AByA1B) = Fy;
(ii) (BCCyBy) N (CAA1Cy) N (ABA,By) = F_ (Fig. 2).

Proof. (i) By Proposition 2.1, we have: (BC,CB;) N (CC1AAy) N (AByA1B) = TANTEN
7<. This and the fact that 7 N 72 N 7£ = F lead to the statement (i).
(ii) It is demonstrated similarly. O

Corollary 2.2. (i) The circumcenters of the quadrilaterals BCoCBy, CC1AAy, AByA1B are the
points N7, Nb, N¢, respectively.

(ii) The circumcenters of the quadrilaterals BCCyBy, CAA1Co, ABA; By are the points N, N?,
N¢, respectively (Fig. 3).
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In order to highlight the basic triangles AA; A, BB1B,, CC1C,, we reformulate the state-
ments of the previous corollary.

Corollary 2.3. (i) N is the intersection of the perpendicular bisectors of the sides BBy and CC;
of the triangles BB1B, and CC1Cy;

(ii) N% is the intersection of the perpendicular bisectors of the sides BB, and CCy of the same
triangles.

The other vertices of Napoleon triangles are similarly defined.

So, Fermat points, Napoleon points, and Napoleon triangles are defined in the configu-
ration F as easily as in the classic one.

Remark 2.1. From the above, it follows that the configuration F coincides with the classic
Fermat-Torricelli configuration and represents only a new way of approaching it. We will see
that the choice of triangles AA1 Ay, BB1By, CC1Cy as fundamental elements of F will allow us
to highlight an important number of new and interesting properties of this configuration.

For the next sentence, we recall some known results.
Lemma 2.1. (i) The lengths of the sides of triangles AA1As, BB1By, CC1C; are given by
lazﬁ, lbzﬁ, lczﬁ.
V3a V/3b V3¢
(ii) We have:
1

li:§<2+b2+c2+4\f3A), 12 :%<a2+b2+c2—4\f3A)

([7, p. 220]), where I and I_ denote the common lengths of the segments AA, BB, ,CCy and
AA_,BB_,CC_ respectively, and A is the area of triangle ABC.

Lemma 2.2. Let P be the trace of AF,on the side BC (Fig. 4). Then

. 4AL,
AP = O
W AN + /342
4A 2402 2 AN 2,12 _ 2
(ii) BP — +V3(c2+a b)a,andCP: + /3 (a2 + b — c?)
2<4A+\/§a2) 2(4A+\@a2)

and similar formulas with respect to vertices B and C ([2, p. 11]).

Proposition 2.2. (i) The cevians BBy, CC; intersect on the Fermat cevian AFy.
(ii) The cevians BBy, CC, intersect on the Fermat cevian AF_.
Similar properties relative to Fermat cevians BF,, BF_, and CF,, CF_ (Fig. 4).

Proof. (i) We have to show that

PB BC GA _
PC B,A (B
But, BP, CP are given by Lemma 2.2, and
20 P42 —a®  4A— 3 (0P + 2 —a?)
V3b 26 24/3b '
4A + /3 (a® + b2 — )

2v/3b ’

BN

AB, = %lb—ccosA =

B,C=b+ ABy =
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2 2 2 4N — /3 b2 2 2
ClAzllc—bcosA: 24 _b+c T \[( T a)’
2 \@c 2c 2\/§C
4N 3 (c?+a* —1?
ClB = c 4 CoA — +V3(c2+a )
2v/3¢

Substituting the found expressions and performing the calculations, we immediately
find that the above equality is verified. 0

Remark 2.2. Based on Proposition 2.2, we can define the points F and F_ as follows:
FL:=AXiNBY1NCZ;, F_:=AX,NBY,NCZy,

where X1 := BBy N CCy, X3 := BBy N CCy etc. Thus, if the configuration F is constructed on
the basis of the equilateral triangles AA1Az, BB1By, CC1Cy, this definition of points F, and F_
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corresponds to the usual one in the classical configuration (Fy := AAL NBBL NCC4, F_:=
AA_NBB_NCC-).

Denote by O,, O, O, the centers of the equilateral triangles AA;A>, BB1By, CC1Cy, re-
spectively.

Proposition 2.3. We have: (i) N©. = B,O, N C,0, N_bF = G0N A10,, NS = A0, N B1Oy;
(ii) N®* = B10, N C,0,, N? = C;0, N A,0,, N¢ = A10, N B,O,, (Fig. 5).

Proof. (i) Consider the cyclic quadrilateral BCC; B,. By Proposition 2.1, the circle (BCC1B,)
is Torricelli circle T%. Since EE = a = E, then the interior bisectors of these angles

intersect in the middle of the minor arc BC of the circle 77, i.e. in the point N. Ob-

viously, the interior bisectors of EZ and a are B,O, and C;0,, respectively. Hence,
B,O, N C10. = N1.

(ii) Consider the cyclic quadrilateral BB{CC; and we do the same.

The proof is complete. 0

Remark 2.3. The preceding proposition provides a way of defining Napoleon triangles different
from the above and the classical one.
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Fig. 5

It is absolutely necessary to make precise the position of points A1, Ay, By, By, Ci, Cp
on the sides of the triangle ABC. This is equivalent to the position of triangles AC; B,
BA1C,, CB1A; in relation to ABC (Fig. 6).

The form of the given triangle is decisive. If C < g, then lﬁ > %, and the point A;
lies between D and C. Moreover, we also have that EBE > E, hence the point By lies

between E and C. Consequently, the triangle CB1 A, overlaps on ABC (Fig. 6). With
similar arguments, if C > g it follows that the vertex C lies both beetwen E and B;
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Fig. 6

and beetwen D and A;. In this case, the triangle CB; A; is outside of ABC (Fig. 6). The
case C = g is trivial: the points B; and A, coincide with C, i.e. the triangle CB; A,

degenerates at point C.

The triangle ABC can have no more than two angles smaller than g Hence, one or

two of the triangles AC1B,, BA1Cy, CB1A; overlaps the triangle ABC, as one or two
. . . T .

angles of the given triangle is smaller than 3 The proofs of the preceding sentences

have been given where the triangle ABC has only one angle smaller than E, but can be
easily adapted to the remaining case. This strategy will also be adopted below. So, we

7T T 7T
—, B> —,and C < —.

. . A
will assume in the sequel that A > 3 3 3

3. ORTHOCENTROIDAL CIRCLE AND POINTS H; AND H_

The orthocentroidal circle Cyg (i.e. the circle having the segment HG as diameter) and the
symmedian point K play an important role in the study of the configuration F. Obviously,
Chg contains the orthogonal projections of the centroid G on the altitudes of the triangle
ABC; the triangle determined by these projections is called the orthocentroidal triangle of
ABC (Fig. 7). We recall four notable results in this regard: 1) F; and F_ are inverse
points in the orthocentroidal circle ([9]), 2) F; and F_ are the isodynamic points of the
orthocentroidal triangle of ABC ([5, p. 3],[2, p. 11]), 3) the Napoleon triangles N4 N ﬂ’r N¢
and N? NY N¢ are perspective from the circumcenter O, 4) the lines F{ F_ and NyN_
intersect at the point K ([8, p. 129]).

Recall that by O,, Oy, O, we have denoted the centers of the equilateral triangles AA;A»,
BB1B;, CC1Cy, respectively.
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Fig. 7

Proposition 3.1. The triangle O,0,0 is the orthocentroidal triangle of ABC. The circle deter-
mined by the centers O,, Oy, O, is the orthocentroidal circle of ABC.

Proof. It suffice to show that O, is the projection of G on the altitude from A of the triangle
ABC. For this, we consider the triangle determined by BC and the support lines of
altitude and median from A and take into account that G divides the median in the ratio
2:1. Since G divides the median in the ratio 2:1, its projection divides the altitude by A
in the same ratio and, and thus coincides with O,. O

Next, we will introduce two points that will play an important role in the study of the
configuration F.

Proposition 3.2. 1) The lines A10,, B1Oy, C10. are concurrent on the orthocentroidal circle.
2) The lines A2Og4, BoOy, C20, are concurrent on the orthocentroidal circle (Fig. 8).

Proof 1) Let X denote the intersection point of the lines A0, and B; Ob Then, 0.X0, XOh
AlXOb =T — A1XB1 In the quadrilateral A; XB;C we have: A1XB1 =2 — XA1C —

27T
C—CBlX—er—g—C—(CBlB+BBlob) —271—6—C—<3 + 6> = — C.So,

we get: 07}_(61, = 7 — (r — C) = C. On the other hand, OﬁFJBb = DHB = C. Hence, it
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follows that Oj@b = OQ/HB;,, that is X € Cyg. Therefore, A10,,and B;0, intersect at a
point on the circle Cp.

Similarly, it is shown that B;O;, and C;0, intersect on the circle Cys. Consequently, the
three lines A10,, B1Op, and C;0, are concurrent in a point located on Cg.

2) The statement is shown with the same arguments. U

According to this proposition, we define the points H, and H_ by
H, :=A10,NB1O,NC;0, and H_ := A;0,N B,O, N C0,,
and call them the orthocentroidal points of the triangle ABC.

Proposition 3.3. The following statements are true:

1) the triangle HH H_ is equilateral;

2) the orthocentroidal points H, H_ are symmetric with respect to the Euler line and the mid-
point of HyH, is the nine-point center of the given triangle (Fig. §).

P — — _— 2
Proof. 1) We have: HH, H. = HO.H. = 71— H.O.C = 1 — GO.C = 7 — ?” - g

Similarly, we get: Hﬁj—h = % Thus, AHH{ H_ is equilateral.

2) The assertions are consequences of the fact that H is on the Euler line and the triangle
HHH_ is equilateral (Fig. 8). 0

10
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Remark 3.1. The sidelength of the equilateral triangle HH H_ is obtained immediately from
the formula OH?* = 9R? — (a® + b* + ¢?) [4, p. 20]. Indeed, since HG is the diameter of its

2 2
circumcircle, it follows that H+H2, = EHGZ = Z (3OH> , hence

H,H> =3R*> - % (a® +b* +2).

On the other hand, the preceding proposition makes it possible to define the points H
and H_ independently of the configuration . Thus, the points H and H_ can be con-
structed as the vertices of the equilateral triangle inscribed in the orthocentroidal circle
Cuc and having the orthocentre H as one of its vertices or as the points of intersection
of the circle Cy¢ with the perpendicular to Euler line at nine-point center (in both these
definitions the resulting triangle HH H_ must be of the opposite orientation to that of
the triangle ABC).

Another way to define the points H, and H_ is given by the following sentence:

Proposition 3.4. The following statements are true:
1) Hy = (AB1C1) N (BC1A1) N (CA1By),
2)H_ = (A32C2) N (BCzAz) N (CAsz) (Flg 9).
Proof. 1) Denote by Hj the intersection point of the circles (BC1A;) and (CA;1Bq) other
than A;. Obviously,

B1H,Cy = 27t — A1 H, By — 1‘@1-
Since the quadrilateral A;H;B;C is cyclic, we have: A@l = 1 — C. Also, because
A1BH;C; is cyclic quadrilateral, we have that ml = 1@ = 7 — B. Therefore,
BiH,Cy = 2 — (1= C) — (T — B) = B4+ C = 7 — A. Hence, BiH,C; = B1AC,, i.e. the
quadrilateral AH;B;C; is cyclic, and Hj lies on the circle (AB1C;). We conclude that the

three circles have in common the point H;.
It remains to show that H, coincides with Hj. First, from the fact that the orthocentroidal

triangle is similar to the given one, we have: OX)C\Ob =C.Then, Oa/HI)b =C, and there-
fore AlT—I?Ob = C.It follows that Al/HEl = T — AF—LF\Ob = 71 — C,whence Al/HEh
= 71 — C.Combining the last relation with the relation Aﬁ-l?i = 71 — C established
above, we get: Al/Hﬁh = Aﬁﬁ\Bl. Hence H, lies on the circle (CA1B;). In the same way

we show that H is also on the circles (AB1Cy), and (BC1A1).So, Hy and H; coincide.
2) A similar argument works to prove this statement. 0

Proposition 3.5. With the preceding notation and conventions, we have the following sets of
collinear points:

(i) A1,04, Hi, NY, N on the line A10,,

(ii) Ay, Op, H—, NS, N¥ on the line A>0O,,

and analogous sets of points relative to the lines B1Oyp, BoOy, and C10,, C20,.

Proof. (i) Indeed, by Proposition 2.3, N b N¢ e A10,.Also, by Proposition3.2, H, € A10,.
(ii) It is done in the same way. O

Now, we will complete the property 3) stated at the beginning of this section. First, we
will need the following elementary and well-known result.

11
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Fig. 9

Lemma 3.1. Let ABC be an equilateral triangle and let X1,X> € BC,Y1,Ys € CA, Z1,7Z; €
AB such that BX, = CY1 = AZy and BZ, = CXy = AY». Then, the triangle determined by
the lines X»Y1,Y2Z1, Z2 X is equilateral and has the same center as the given one.

Proposition 3.6. (i) the Napoleon triangles are perspective in three manners:
N2 NI NS N2 NEN¢ and N2NINGY
N?NYN¢ )’ \N!NEN? )7 NENZNE )7

(ii) the three centres of perspective are the points O, Hy and H_ respectively;

(iii) the three axes of perspective determine an equilateral triangle, T, T, T;, with the center G (Fig.

10).

Proof. (i)-(ii) It is known that O € NYN% N N_ZLNE M N$ N¢. By Proposition 3.5, we have:
Hy € NIN? N NYNS N NSN® and H- € N2NS N NYN? N NEN?.

(iii) Denote the points of intersection of the sidelines of triangle N% N? N¢ and N* N* N©
as in Fig. 10. Then, the line UV (or T,T}) is the axis of perspective of triangle N N} N¢
and N N? N¢, WX (or T,T.) is the axis of N. N’ N¢ and N’ N°N*, and YZ (or T.T,)
is the axis of N? N N¢ and N° N“ N¥. By a counterclockwise rotation about G through
2%, we obtain that N{ X = NﬁZ = N{Vand N/W = NﬁY = N U. Then, by applying
Lemma 3.1 to the triangle N? N4 N¢, we get the desired result. U

12
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Fig. 10

The triangles HH{ H_ and OH, H_ are symmetric with respect to the line H, H_. We
note that OH H_ is equilateral and has the center G, the same as the Napoleon triangles
(Fig. 11).

Proposition 3.7. (i) N%, N%, N¢ are the perspective centers of the pairs of triangles (OH+ H_,
N2NYN¢), (OHyH_, N® . N¢ N%) and (OH,H_, N° N* N?), respectively.

(ii) N®,NY,N¢ are the perspective centers of the pairs of triangles (OH H_, N NSNY),
(OH;H_,NYN%N¢), and (OH4H_, NS N% N%), respectively (Fig. 11).

Proof. Tt follows directly from the fact that O € N2N“%,0 € NiN?,0 € N¢N¢ and
Proposition 3.5. O

4. SIMILARITY PROPERTIES OF TRIANGLES IN TRIADS
(ABZC1, BCzAl, CAzBl) AND (AB1C2, BC1A2, CA1B2)

We have seen that the configuration  can be built starting with the equilateral triangles
CBA,,BCA_ and those obtained cyclically from them or starting with the equilateral
triangles AA1 Ay, BB1By, CC1C;. The second way allows us to imagine within the config-
uration F new and varied figures with interesting properties.

13
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In this sense, we will focus our attention on the properties of dual triads (AB,Cy, BC2 A1,
CAyBq) and (AB1Cy, BC1 Ay, CA1B,). Two triangles that have a common vertex which is
also the vertex of the triangle ABC are called duals (for example, AB,C; and ABC; are
dual to each other).

We start with an elementary but important result for the study that follows.

Proposition 4.1. The six triangles AB,Cy, BCo A1, CA2By; AB1Cy, BC1 Ay, CA1By have the
properties:

(i) each of them is inversely similar to the given triangle ABC;

(ii) any two of them are directly similar.

Proof. (i) We limit ourselves to seeing that one of them is inversely similar to the triangle
ABC. For example, let’s show that the tr1angles ABC and AB,C; are inversely similar.
But, it is clear that we have: A = A Bz = B C1 - C (the last two result from the
properties of the cyclic quadrilateral BCC;B,). Then, AB,C; ~ ABC and, obviously, they
are inversely similar.

(ii) follows from (i). 0

Remark 4.1. Positions of points Ay, Az; By, By, C1, Co on the sidelines of the triangle ABC
depend on the shape of this triangle. If A > B > C, we have three cases to consider. It is easy to
specify the position of A;, Bi, C; (i = 1,2) in each of these cases (Fig. 12):

27

I.A>?,g>B>C (B—A—Ay—C, C—A—By—By, Ci—Cy— A—B);

14
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Fig. 12

H.A>B>§>C (A1 —B— Ay~ C,C—By—A—By, Ci —A—B—C);
111.A>§>B>c (B—A1—Ay—C,C—By—A—By, Ci—A—Cy—B).

Remark 4.2. With regard to the triad (AB,Cq, BCo A1, CAyBy) we find that: 1) the trian-
gle AByCy is external to the triangle ABC in all cases, 2) the triangle BCy A, falls on it in
cases I and 11, and 3) the triangle C A3 By falls on it in all cases. With regard to the dual triad
(AB1Cy, BC1 Ay, CA1By) the situation is simpler: only the triangle AB1C, can be external to
the triangle ABC and this only happens in the case I. So, if A > B > C, we have the following
table:

AB,C, BC,A; CAxB; ABC; BCiA» CA1B,

I e f f e f f
I e e f f f f
hor e f f f f f

(e indicates that the triangle is external to ABC, and f that it falls on ABC).

15
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We adopt some notations. Relative to the dual triangles AB,C; and AB;C;, let O% and
O” be their circumcenters, respectively. The circumcircles (AB;C;) and (AB;Cy) are also
denoted (0%.), (O ) and their radii are denoted r% and r” , respectively. Define Oﬂ, ot ;
0%,0¢ and 1,1t ; 1, r° cyclically.

We denote S (d) the reflection in the line d and H (V,p) the homothety with center V
and rotio p. Also, R(P, «) denotes the rotation about P and angle «; the angle of rotation
« will be oriented only positively (counterclockwise).

According to the statement (i) in Proposition 4.1, ABC is inversely similar to all triangles
in the two triads; we have six pairs of such triangles: (AB,C;, ABC), (BC2A1, BCA),
(CA2Bq,CAB); (AB1Cy, ABC), (BC1A, BCA), (CA1By, CAB). The theory of similitude
([1], [7], [10]) guarantees that a triangle in any of these pairs is the image of the other by
a reflexion in a line followed by a homothety.

Proposition 4.2. We have:

(i) ABC = H( R W) (AB:Cy);

(ii) BCA ="H ( ) ) (BC2A1) in cases I and III, and

R
b

BCA =H | B, S (w
+
R
(iii) CAB = H ( ' > S (we) (CAzBy);
+
R
e
I

i) (BC2A1) in case II;

(iv) ABC =H -S(w'y)(AB1Cy) incasel, and ABC = H < rR> -S(wa)(AB1Cy)

in cases Il and 11

(v) BCA=H (B, rb) -S (wg) (BC1A2);

(Ul) CAB=H (C,:f) -S (ZUC) (CAle),
where w4 and W', denote the internal and external bisectors of angle A etc.

Proof. These statements are proven in the same way. The external or internal bisector
will be used depending on whether the source triangle is external or not to the triangle
ABC.

We detail only for (i). The triangles AB,C; and ABC have in common the vertex A and
AByCy is external to the triangle ABC. We will use the external bisector of the angle
A. Define B) = S (wy) (B2) and C] = S (@/;) (C1) . Obviously, B) € AB, C; € AC and
BSC} || BC.Hence, S (w/y) (AB,Cy) = AB)C}. On the other hand, because AB,C; ~ ABC

and B,C! || BC, it follows that H (A, 5) (AB}C]) = ABC.

+
Combining these two partial results, we get ABC = H (A, 5) -S (w'y) (ABCq). O
+

Now, let’s examine two triangles chosen from the directly similar triangles AB,Cy, BC A1,
CA2By and AB1Cy, BC1 Ay, CA1B,. The dual triangles have in common a vertex of the

16
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triangle ABC. It is easy to verify that two triangles that are not dual, one from the first
triad and the other from the second, have in common a vertex which is among the points
A1, Ay, By, By, Cq, Cy. It is obvious that two triangles in the same triad have no common
vertices.

The simplest is the case of dual triangles. There are three pairs of dual triangles.

Proposition 4.3. The dual triangles AB,Cy and AB1Cp, BC2 Ay and BC1 Ay, CAzBy and
CA1 By are homothetic. More specifically, we have:

(l) AB1C2 =H <A g 7’”) (ABZCl),
+
b

(ii) BC1 A = H <B : r;) (BC2A1),
+

(iii) CA1By = H (C sC: > (CA»By),

+
where g4, €y, ecwill be taken —1 or +1 depending on whether the dual triangles are opposite in
their common vertex or not.

Proof. By Proposition 4.1, two dual triangle are directly similar. Itis used that B,C; || B1C,
C2A1HC1A2, and AzBluAle. U]

More complicated is the study of pairs of triangles chosen from different triads and
which are not dual. We have six such pairs: (AB,Cy, BC1Az), (AB2C1,CA1B,), (BC2A;,
CAle), (BCzAl, A31C2), (CAzBl, AB1C2), (CAzBl, BC1A2). The triangles in any pair
are directly similar. Thus, each of them is the image of the other through a rotation fol-
lowed by a homothety of the same center. Let’s write these pairs again highlighting the
homologous elements of triangles: (AByCi, A2BC1), (AB2Cy, A1B,C), (BC2A1, Bo,CAq),
(BCA1, B1C2A), (CAxBy, C2ABq), (CABy, C1A2B).

We will see that the two geometric transformations have as their center one of the ver-
tices A1, A2, By, By, C1, C; and that the angle of rotation is simply expressed by the angles
A, B,C of the given triangle, but their expressions depend on the position of the two
triangles in relation to it (see Fig. 12 and the above table).

Proposition 4.4. Relative to the pairs of triangles above we have:

(1) A,BC1 = H <C1 ) - R(C1,C) (AByCy) in all cases;

(ll) A1B2C H

+:: ‘m-l-&‘ \T

> (By, 27t — B) (AByCy) in all cases;

<
(9}

(iii) B,CA1 = As, “R(A1, 1+ A) (BC2A1) in cases I and I,

?\)
>

A) (BCyAy) in case II;

+w\|° +w\|

\_/\/v\/

(iv) B1Co A = H | Cy, - R(Cy,27m — C) (BCyA1) in cases I and 1I,

and B1C2A H C ‘R Cz, 7T — C) (BCzAl) in case HI,‘

(5]
(
(
(o

+G“|N J’»B““ﬁ
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a
(v) CoAB1 = H <B1, :;) -R(By,B) (CA2By) in case 1, and
+
a
CAB1 =H (Bl, :‘) - R(By, m+ B) (CA2By) in cases 11 and 11I;

C
+

b
(vi) C1A2B = H (Az, :) “R(Ag, 7t — A) (CA3By) in all cases.

+
Proof. Normally, these statements are proven in the same way. Therefore, we limit our-
selves to proving only one of them. For example, let’s show the second part of statement
(iii).
The triangles BC; A1 and B,CA; have a common vertex, namely, the point A;. It is
easy to see that the (positive) angle between AiB and A1B; is equal to A and that
the value of the (positive) angle between A;C; and A;C is also A (Fig. 12). We de-
note B’ and C} the images of the points B and C, by rotation R(A1, A). It is clair that
B’ € A1B,,C) € A1C, and B'C} || BC. As a result, we get: B'C}A; = R(A1,A) (BCA)

C

and H [ Ay, % (B'C4A1) = BpCA;. By combining these results, we achieve the re-
ry
quired equality. O

More interesting results are obtained when the pairs are formed by triangles taken from
the same triad. F, and F_ will be the centers of rotation and homothety as the pairs are
formed with triangles of the second or first triad. The next two sentences are demon-
strated with the same arguments as the previous ones. In fact, the Torricelli circles of the
triangle ABC are used appropriately. Therefore, we will give some details only for the
first of them.

Proposition 4.5. The Fermat point F_ is the center of rotation and homothety of the pair of
triangles (AB,Cy, BC2 A1), (BC2A1, CApBy), (CAzBy, AByCy) (Fig. 13). We have:
b b
(i) AiBC, = H | F_, % -R(F-,C) (AByCy) in cases I and III, and A1BC, = H (P, ::) .
+ +
R(F-,m+ C) (AByCy) in cases II;
c

(ii) BICA, = H | F_, % -R(F_,t+ A) (BCyA1) in cases I and III, and
ry

C
5

Bi1CA, =H (F, ) -R(F_,A) (BCyAy) in case II;

a

(iii) CiABy = H <F_, :+) -R(F_,B) (CA3By) in all cases,

Proof. We will give some details for the second part of the statement (i). Let (A, A;)
and (By, B) be two pairs of homologous points of the directly similar triangles AB,C;
and A;BC; (Fig. 13). Obviously, C is the point of intersection of the lines AB, and A;B.
According to the general theory of similitude, circles (CAA;) and (CB;B) intersect at
the center of rotation of triangles. But these circles are 7 and 77, respectively, and their
intersection (other than C) is F_. So, F_ is the center of rotation.

18
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Fig. 13

On the other hand, the angle of rotation is, for example, the positive oriented angle
L (F_AF_Ay) = 2 — £ (F_Ay,F_A) = 2 — AF_A; = 27 — (n—A/CE) =2 —

(7t — C) = m + C (I used the fact that the qudrilateral AF_A;C is inscribed in 7).
Now, it is easy to see that the triangle A1BC; is the image of the triangle AB,C; by the

b
rotation R(F_, r + C) followed by the homorhety H (F_, r:) )
r

+
The remaining statements are shown in the same way. O

Proposition 4.6. The Fermat point F. is the center of rotation and homothety of the pair of
triangles (AB1C2, BC1A2), (BC1A2, CAle), (CAle, A31C2). We have:

b b
(i) ABCy = H(F4, :7_) -R(F4+,C)(AB1Cy) incase land A,BC; = H <F+, :u_) “R(Fy, T+
C) (AB1Cy) in cases 11 and 11I;
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<
(o}

(ii) BpCA1 = H <F+, b‘) -R(Fy, m+ A) (BC1A) in all cases;
e

a

a
(iii) CoAB1 = H <F+,:C> - R(F4+,B) (CA1By) in case I, and CoAB; = H (FJF,:C) .
R(Fy,m+ B) (CA1By) in cases I and III. B

Now, let’s find the formulas for the circumradii of the six triangles in these triads.

Proposition 4.7. We have the following formulas:

r = 2\3@Rsin (A— g), ri :82\3/§Rsin (B— g), re = —2\3/§Rsin (C— g)

(where € is —1 in cases I, 11l and +1 in case 1), and

r = U%@Rsin <A+g> 1t = 2\3@Rsin (B+g>, re = 2}éRsim <C+g>,

(where 11 is —1 in case I and +1 in cases 11, 111).

Proof. Let us prove only the first formula. According to Proposition 4.1, the triangles
AB,Cy and ABC are similar. Hence, we have (Fig. 12):

AB>
= R—*=.
AB
Let E be the foot of the altitude from B of the triangle ABC. Note that B — E — A in the
case I and B, — A — E in the cases II and III. So, in the case I, we have:
2/3
ABy = AE+ EBy = ccos (m— A) +hbtan% = {csin (A — g) )

Therefore, in this case, we get:
2\@ . 7T
ri = TRSIH (A — g)

the desired formula. In cases II and III we make a similar calculation.
The others formulas are shown in the same way. O

Remark 4.3. The parameters € and 1 agree with the respective arguments of the function sin
and ensure the positivity of the expression in the above formulas.

Corollary 4.1. (i) The points H, A, 0%, O% are collinear.

(i) HOY =r*, HO* =r%.

(iii) AH = |1’+ —r7].

(iv) 0%, O are isotomic points with respect to the segment AH.
Analogous results are valid relative to vertices Band C.

Proof @) Smce the tr1angles AB2C1 and ABC are inversely similar, we have O” AC =

OAC But OAC HAB. Hence, O” ACy = HAB and the points O, A, H are collinear.
Etc.

(ii) We will use Proposition 4.7 and the fact that AH = 2R |cos A|. Let us show the first
formula in the case III (Fig. 12). We have:

HOY = AO% + AH =1 +2Rcos A
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= 2to)@Rsin (A— g) +2Rcos A = 2;@R [sin (A— g) +\/§COSA}

= Zé/gRsin(A+7;) =7,

In cases I and II we adapt this calculation by taking into account the order of the points
A,H,Of% on the line AH.
(iif) and (iv) immediately follows from (i) and (ii). U

Corollary 4.2. The formulas

ry = ONZ, " = ONY{
and their analogues hold.

Proof. Let A’ be the midpoint of the segment BC. It is known that OA’ = R |cos A|.

1 1
On the other hand, A’'N} = A'N? = §A+A’ = . ﬁa = ?R sin A. With these

preparations, it is easy to calculate ON{ and ON” in each of the cases I-III. The required
result is obtained. O

5. RADICAL AXES AND CENTERS

We will study from this point of view the circumcircles of the triangles in the two triads,
i.e. the circles (0%), (O%), (0%); (0%), (O%), (O°.). We will see that the Fermat points F;
and F_ have un important role.

We need some preparations. First, let’s introduce a few points: B’ := AA; N (0%),C" :=
AA; N (0%), and, ciclycally, the points C’, A” on (0% ), and A’, B” on (O%.) (Fig. 14).

The following lemmas are easy to prove.

Lemma 5.1. (i) B'C"||BC, C'A"||CA, A'B"|| AB.
(ii) The triangles AB'C", BC' A”, CA’B" are equilateral.

Lemma 5.2. The points in the systems: 1) A_, By, C1, C", 2) A_, By, B',C4, and their
analogues relative to the vertices B and C, are collinear.

Proposition 5.1. The following statement are true:

(i) the radical axis of the circles (OY.) and (OF.) is the Fermat cevian AF. (or line AAL);

(ii) the radical axis of the circles (O ) and (O°.) is the Fermat cevian AF_ (or line AA_);

(iii) the radical axis of the circles (O%) and (O) is the parallel through vertex A to the sideline
BC;

(iv) the radical axis of the circles (O%.) and (OF.) is the line A1C,

as well as similar ones (Fig. 14).

Proof. (i) Since quadrilateral BC,CB; is cyclic, we have AB - AC; = AB; - AC, and so A
is on the radical axis of the circles (0% ) and (O ). On the other hand, the quadrilaterals

BA1C'Cp and CB1A;B” are cyclic and therefore B/C\’Cz = B/A\lcz, C/B’\’Bl = C/A\zBl But,
according to Proposition 4.1, ABC ~ A1BCy ~ A;B;C, and therefore BA;C; = B1A2C =

A. Combining the previous relations, we obtain that B/C\’Cz = C/B/\’B1 = A.So, BiB"C,C’
is a cyclic quadrilateral. It follows that A1 Cy - Ay C' = A{B” - A;By,ie. A ison the
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Fig. 14

radical axis of the circles (O% ) and (O ). In the end, AA_ is the radical axis of the circles
(0% and (0%).

(ii) It is proved in the same way as for (i).

(iii) It is easy to see that the centers of the circles (O% ) and (O?) lie on the perpendicular
through A to BC. It follows that these circles are tangent at A. Their radical axis is the
common tangent.

(iv) Obviously, the point A; lies on both circles (O%) and (O°), and A” € (OY%). Let
us show that we have and A” € (O). For this purpose, it is sufficient to show that the

quadrilateral By A1 A”C is cyclic. But it is easy to see that we have ATIR = m C= g
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So, the common chord A” Ay is the radical axis of the two circles. It remains to observe
that, by Lemma 5.2, the lines A” A and A;C coincide. O

The following proposition is a direct consequence of Proposition 5.1.

Proposition 5.2. The following statement are true:

(i) the radical center of the circles (O%), (O%.), (OF.) is the Fermat point F.;
(ii) the radical center of the circles (O"), (0", (O°.) is the Fermat point F_;
(iii) the radical center of the circles (O%), (O%.), (O° ) is the point C;

(iv) the radical center of the circles (O%.), (O%), (O%.) is the point A_,

as well as similar ones.

6. TRILINEAR COORDINATES OF H, AND H_

We choose triangle ABC as the reference triangle. The barycentric coordinates of the
vertices of the orthocentroidal triangle are Oa(az, a2+ 0% —c2a2 - b+ cz), Ob(a2 + 12—
2, b?, —a? +b* + c?), O, (a* — b + ¢, —a® + b* + ¢2,¢?) ([9, #X(5476)]) and can be easily
found by the reader. So, using the cosine formula, their trilinear coordinates are

04 (1,2cosC,2cosB), Op(2cosC,1,2cos A), O:(2cosB,2cos A,1).

Let us now find the trilinear coordinates of the points Aj, A>; By, By; Ci1,Cy (the ver-
tices of the equilateral triangles AA1A>, BB1By, CC1Cy other than A, B,C). Thus, for

A; we have (Fig. 1b): d (A1, BC) = 0,d (A1, CA) = A,CsinC = % sinC =

AA;sin A;AC = AA; sin (C + g) ,and d (A1, AB) = AA;sin A;AB = AA; sin (B - g) .
. 7T . 7T . .

So, we get Ay (O, sin (C + 5) , —sin <B — §>) . In the previous calculations, the fol-

lowing order on the sideline BC was assumed: A; — B — Ay — C. We mention that this
result is valid and in the other possible positions of Aj, A on BC: A; — Ay — B —C,
B—A1—-A,—-C,A1—B—-A>,—C,B—C— A1 — A,.

Similarly, the trilinear coordinates of A, and the other remaining vertices are obtained.
Finally, we have:

Aq (0,sin (C—{—g),—sin (B— g)), As <O,—sin <C—g) ,sin <B+§)>,
Bq (—sin (C—g) ,0,sin <A+g)>, B> (sin (C+g>,0,—sin (A— g)),

C <sin (B—l—g),—sin (A— g),O), (@) <—sin (B— g),sin (A—i—g) ,O).

Now, the equations of the lines A10,, B1Oy, C10, are given by

(A10,) —acsinA—f—[%sin(B—%)—|—’ysin<C+g> = 0,
(B10y) txsin(A%—g)—ﬁsinB+'ysin<C—g) = 0,

(C10:) asin (A—Z)+psin (B+73 ) —7sinC = 0.
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Similarly, the lines A2O,, B,Oy, C20, have the equations:
. . 7T . 7T
(A20;) —asin A+ Bsin (B + 5) + sin (C — §> = 0,

(B20y) zxsin(A—%)—5sinB+'ysin<C+§) = 0,

(C20,) asin(A—l-g)—l—,Bsin(B—%)—'ysinC = 0.

Remark 6.1. Using trilinear coordinates, the proof of Propositions 2.2 and 3.2 returns to a
routine calculation.

Proposition 6.1. The points H and H_ have the following trilinear coordinates:

H+(cos(B—C—%),cos(C—A—%),cos(A—B—%)),

H_ (cos(B—C+%),cos<C—A+%),cos(A—B+%>).

Proof. Taking into account that Hy = A0, N B10Oy, the trilinear coordinates of H; are
the second-order minors of the matrix

—sinA  sin(B—7%) sin(C+7%)
sin(A+%) —sinB  sin(C—%)]’
that is
H sin(B—%) sin (C+ % sin (C+ % —sin A
* —sinB  sin(C—%) |"| sin(C—%) sin(A+3%) |/

—sin A sin (B — %)
sin (A+ %) —sinB )

Using the formula 2sinxsiny = cos (x —y) — cos (x +y), we finally get the required
result.
The trilinear coordinates of H_ are calculated similarly. O

Remark 6.2. The trilinear coordinates of the points H, and H_ can be written in the form

Hy (sin(B—C+2),sin(C—a+Z),sin(a-B+1)),

3 3
H. (sin(B—C—g),sin(C—A—§>,Sin(A—B—g)).

Remark 6.3. H and H_ are central points which apparently does not appear in Kimberling’s
list [9]. A decision in this regard is necessary.

Proposition 6.2. The line H, H_ has the equation
«sin3A + Bsin3B + 7 sin3C = 0.

Proof. By direct calculation. U

24



A new approach of the Fermat-Torricelli configuration

REFERENCES

[1] Altshiller-Court, N. College Geometry. 2nd ed., Barnes & Noble, New York, (1952).
[2] Birsan, T. Properties of orthocentroidal circles in relation to the cosymmedian triangles. GJARCMG
12(1)(2023): 1-19.
[3] Birsan, T. Distances involving notable points, FT,F~, ]+, ]—. GJARCMG, 12(2)(2023): 187-202.
[4] Coxeter, H.S.M. Greitzer, S.L. Geometry Revisited. Mathematical Association of America, (1967).
[5] Doung, N.Q. Another synthetic proof of Lester’s theorem and some properties of Fermat points.
https:/ /www.academia.edu/83929107/ Another_synthetic_proof_of_Lesters
theorem_and_some_properties_of_Fermat_points
6] Hadamard, ]J. Legons de Géométrie élémentaire. Géométrie plane. Librairie Armand Colin, Paris, (1947).
7] Johnson, R.A. Advanced Euclidean Geometry. Dover, New York, (1960).
8] Kimberling, C. Triangle centers and central triangles, Congressus Numerantium, 129(1998).
9] Kimberling, C. Encyclopedia of Triangle Centers.
http://faculty.evansville.edu/ck6/encyclopedia/ETC.html
[10] Lalesco, T. La géométrie du triangle, Jacques Gabay, (1987).

[
[
[
[

GH. ASACHI TECHNICAL UNIVERSITY OF IASI
1As1, 700506, ROMANIA.
Email address: tbirsan111@gmail.com

25



