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A GEOMETRY INEQUALITY WITH ONE PARAMETER IN ACUTE TRIANGLES

JIAN LIU

ABSTRACT. With the help of Maple software, we prove a new geometry inequality with
one parameter in acute triangles. We also propose several related conjectures as open
problems after have been verified by computer.

1. INTRODUCTION AND MAIN RESULT

Let ABC be a triangle with side lengths a, b, c. Denote by R,7,s and S its circumradius,
inradius, semiperimeter and area respectively; m,, my, m. the medians; h,, hy, h. the alti-
tudes; w,, wy, w, the angle-bisectors, r,, 1y, 7c the radii of excircles. In addition, we denote
Y. by cyclic sums.

We have known that some triangle inequalities can be generalized to the case with one
parameter. For example, Klamkin generalized the following inequality

a
Live—a”? -

to
a
L k(b+c)—a
where k is a real number such that k > 1 (see [1, p.148]). For another example, the author
recently found that the following known inequality (see [2, inequality 6.21]):

1 3
> — .
Z:ha—21’_r (1.3)

>3, (1.2)

has the following generalization

y 1 S 3
ho +kr = (k+3)r’
where —2 < k < 0. And the inequality reversely holds when k > 0 (we omit the proof
here).

Many years ago, with the help of the computer the author found that the following
inequality

(1.4)

y th g (1.5)
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A geometry inequality with one parameter in acute triangles

probably holds for the acute triangle ABC. Recently, the author studied this inequality
again and found that it can be generalized to the case with one parameter. Specifically,
we have the following conclusion:

Theorem 1.1. Let ABC be an acute triangle and let k > 1 be a real number. Then

Z MQ + khg
ra + kw,
with equality if and only if the acute triangle ABC is equilateral.

<3, (1.6)

The main purpose of this paper is to prove the above theorem. We also propose several
related conjectures as open problems in the last section.

2. LEMMAS
In order prove Theorem 1.1, we shall use the following lemmas.

Lemma 2.1. In any triangle ABC the following inequality holds:
- 852 + be(b — ¢)?

my < 175 , (2.1)
with equality if and only ifb = cor A = 1t /2.
Inequality is one of the equivalent form of Theorem 1.1 from [3].
Lemma 2.2. [n any triangle ABC, let
Ny =(b* + 6bc + c*)a— (b +c)(b—c)?,
Ny =(c* +6ca+a*)b— (c+a)(c—a)?,
N3 =(a* + 6ab + b*)c — (a +b)(a — b)?,
My =(b* + 6bc + c*)a® — (b+c)*(b —c)?,
My =(c + 6ca + a*)b* — (c + a)*(c — a)?,
M3 =(a* + 6ab + b*)c* — (a + b)*(a — b)?
Then 2SN 2SN 25N.
1 2 3
> — > — > 2.2
Wq = Mllwb_ lewc_ MS’ ( )
where M;, N; > 0(i =1,2,3).
Proof. First, it is easy to obtain the following identity:
r r
sin o cos —
So, we have
z%2r+—lz. (2.4)
S E
Again, by the well-known formula
sind_ =69 25)

2 be
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and the simplest arithmetic and geometric mean inequality, we get

. A a (b+c)(s—b)(s—c)
251n2 _b—kc+ abc
Hence
1 2abc(b +c)
— >
1+siné _14_bcaZ—i-(s—b)(s—c)(b—i—c)2

2
_ 4bca®+ (c+a—Db)(a+b—c)(b+c)*+8abc(b+c)

4bca’? + (c+a—b)(a+b—c)(b+c)?
And, it is easy to verify the following two identities:
4bca® + (c+a—Db)la+b—c)(b+c)* =M,
and
4bca® + (c+a—Db)(a+b—c)(b+c)*+8abc(b+c) = 2sNj.

So, we have

(2.6)

(2.7)

(2.8)

(2.9)

Four similar relations are also valid. Note that (2.4) and S = rs, we immediately deduce

that
2SN

M;

Wy >

Similarly, one can obtain two inequalities for w;, and w.. From (2.7) and (2.8), one sees
that M; > 0 and N; > 0. The other four similar inequalities are also valid. The proof of

Lemma 2.2 is complete.
Lemma 2.3. In any triangle ABC the following identities hold:
Y a* =25 — 8Rr — 217,
Za3 =25% — (12Rr + 61?)s,
Y a* =25 — 4(4R + 3r)rs* + 2(4R +1)*1?,
Y a° =25° —20(R+1)rs> + 10(2R + r) (4R + r)r%s,
Y " a® =25° — 6(4R + 57)rs* + 6(24R* + 24Rr + 5r%)r*s*
—2(4R +7)%7,
Y a7 =257 — 14(2R + 3r)rs® + 14(16R* + 20Rr + 5¢%)r*s°
—14(2R +7)(4R + 1)*r%s,
Y a® =25% — 8(4R + 7r)rs® + 20(16R* + 24Rr + 7r%)r?s*
—8(4R + ) (32R? 4 32Rr + 7r*)r¥s® + 2(4R + r)*r?,
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A geometry inequality with one parameter in acute triangles

Y " a® =25 —36(R + 2r)rs” + 36(12R* + 21Rr + 7r*)r’s

— 12(160R> + 240R?r + 105Rr? + 141°)r°s>

+18(2R +7) (4R +1)°r%s, (2.17)
Y a'% =25'" — 10(4R + 9r)rs® + 140(2R + 3r) (2R + 7)r?s°

—20(160R® + 280R?r + 140Rr? + 217)r’s*

+10(40R? + 40R7 + 97*) (4R + r)?r*s* — 2(4R +1)°r°, (2.18)
Y a't =2s'"' —22(2R + 57)rs” + 44(16R* + 36Rr + 15r%)r%s’

—308(2R + ) (8R? 4 12Rr 4 31%)r3s°

+22(4R + ) (160R? + 240R?r + 108Rr?

+157%)r*s® — 22(2R + ) (4R + 1)*r’s, (2.19)
Y a'? =2s'> — 12(4R + 11r)rs'® + 18(48R? 4 120Rr + 55r*)r*s®

— 56(128R> + 288R?r + 180Rr? 4 33r%)r’s® + 6(4480R*

+ 8960R>r 4 6048R?r* + 1680Rr> 4- 165r%)r*s*

— 12(48R? + 48Rr + 117%) (4R + 7)%r°s® + 2(4R + 7)®r5, (2.20)
Y a® =25 —52(R + 3r)rs'! + 130(8R? + 22Rr + 117%)r%s’

— 312(32R3 + 80R?r + 55Rr? + 11r°)r3s7 + 26(1792R*

+ 4032R3r + 3024R%r? + 924Rr? + 99r*)r*s°

—52(112R% + 168R?*r + 77Rr* + 117°) (4R + r)*r>s°

+26(2R 4 7) (4R +1)°1%s, (2.21)
Y a'* =2s' — 14(4R + 13r)rs'? + 154(8R* + 24Rr + 13r%)r?s'”

— 42(320R? + 880R?r + 660Rr* + 1437%)1°s®

4 42(1792R* + 4480R3%r + 3696R*r* 4 1232Rr*

+1437r*)r*s® — 14(4R + r)(3584R* + 7168R’r

+ 4928R?*r? + 1408R7> + 143r*)r°s* + 14(56R?

+ 56Rr + 131?) (4R + 1)*r%s* — 2(4R + )77, (2.22)
Y a' =25 —30(2R + 7r)rs'® + 30(48R* + 156Rr + 91r%)r?s"!

— 110(160R> + 480R?r 4 390Rr? + 917°)r°s°

+ 90(1280R* 4 3520R%r + 3168R*r* + 1144Rr>

+ 143r*)rts” — 6(64512R° + 161280R*r + 147840R%r?

+ 63360R?r> 4 12870Rr* 4+ 10017°)r°s® 4 10(896R>

+ 1344R?r + 624Rr* + 917°) (4R + 1)3r%s°

—30(2R +7)(4R + )%, (2.23)
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Y " a'® =25'° — 16(4R + 157)rs'* + 104(16R* + 56Rr + 35r%)r*s'?

—176(128R> + 416R?r + 364Rr* + 911°)13s10

+ 132(1280R* + 3840R%r + 3744R*r* + 1456 Rr°

+195¢4)r4s® — 16(43008R> + 118272R*r + 118272R>r?

+ 54912R%*r3 4 12012Rr* + 10017°)r°s® + 8(10752R*

+ 21504R3r + 14976 R%r? + 4368Rr> 4 455r) (4R + r)?r0s*

—16(8R +57) (8R + 3r) (4R + 1)°r"s* + 2(4R + r)®r%. (2.24)
Proof. Identities (2.10)-(2.12) are familiar (see [1]). The proofs of identities (2.13)-(2.22)

can be found in [4] and [5]. So, we only need to prove (2.23) and (2.24) here.
It is easy to get that

ZalS = Za7 Zag + abc Z boct — Z a Z vl (2.25)

With the help of Maple software, using ) a = 2s, (2.15), (2.16), (2.33) and (2.34) below
and the following known identity

abc = 4Rrs, (2.26)

we immediately obtain identity (2.23). In addition, we easily get

2
Y a' = (L)’ 2 (L btct) +4labe) Y at (2.27)
Then using identities (2.12), (2.16), (2.26) and (2.31) below, we immediately obtain (2.24).
Lemma 2.3 is proved. 0

Lemma 2.4. In any triangle ABC the following identities hold:

Y bc =s*+4Rr + 17, (2.28)
szcz =s* —2(4R —r)rs* + (4R + 1)1, (2.29)
Zb3c3 —=s° —r)rs* 4+ 3r%s? + (4R + 1)1, (2.30)
Zb4c4 =38 (4R —1)rs® 4+ 2(16R? — 8Rr + 3r%)r?s*

+ 4(4R +7)r°s? + (4R +1)*r4, (2.31)
Y bc® =s'" — 5(4R — r)rs® + 10(8R* — 4Rr + 1*)r’s°
+107%* + 5(4R + r)?r%% 4 (4R +1r)°r°, (2.32)

Y b8c® =s'2 — 6(4R — r)rs'® 4 3(48R* — 24Rr + 517)r’s®
— 4(32R® — 24R?r + 12Rr? — 57%)r3s°
+3(16R + 57)r"s* + 6(4R + 1)>r"s* 4+ (4R + )®75, (2.33)
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Y b7c7 =s'"* —7(4R — r)rs'? + 7(32R* — 16Rr + 3r*)r*s™
— 7(64R3 — 48R?r + 20Rr* — 5r%)r%s® 4 351856
+ 7(8R +37) (4R 4 7)18s* + 7(4R + 1)*18s% + (4R +1)7r7, (2.34)
Y b8c® =s'® —8(4R — r)rs'* + 4(80R* — 40Rr + 7r*)r’s'?
— 8(128R® — 96R?*r + 36Rr* — 71°)1 510
+2(256R* — 256R%r + 160R?*1* — 80Rr> + 35r*)rs®
+ 8(20R + 77)r%s® 4+ 4(16R + 7r) (4R + r)*17s*
8(4R +1)°r7s® + (4R +r)%® (2.35)

Proof. Both identities (2.28) and (2.29) are known (see [1]). Identities (2.30)-(2.34) have
been proved in [4] and [5]. It remains to show (2.35). Since

2
Y bt = (Z b4c4) — 2(abe)*y_ a*,
identity (2.35) follows easily by using (2.12), (2.26) and (2.31). Lemma 2.4 is proved. [

Lemma 2.5. In the acute triangle ABC the following inequality holds:

(R—2r)r3
Rz 7
with equality if and only if AABC is equilateral or isosceles.

s> > 4R? — Rr + 1312 + (2.36)

Inequality (2.36) was obtained by the author in [6].

3. PROOF OF THEOREM 1.1

In this section, we prove Theorem 1.1.

Proof. Since k > 1, we may assume that k = 1+t (t > 0). Then inequality (1.6) becomes

1
y Mt (4Dl g (3.1)
ra+ (1+t)w,
By Lemma 2.1 and 2.2, we have

852 + be(b — c)?

- 2SN
M,y
Then using the well-known formulas:
25
ha :7/ (32)
S
Ta = (3.3)

we obtain
+ (1+tw, — 4E1S%

(3.4)
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where

Ei =a [M] + 2(5 — a)(l + t)N]] ,
Fi =(s—a) [8(24#)S* + be(b — c)?] M;.
Similarly, we have
my + (14 t)hy F
< 7
ry + (1 + t)wb - 4E252

ret (1+ Dw. — 4E;S%

(3.5)

(3.6)

where

Adding (3.4), (3.5) and (3.6) gives

m, + (1 -+ t)ha 1 F E K
Mo \EF M o = (21 2 B3 7
Z 1, + (1 + t)wu — 482 Eq + E; + E; S )

Thus, to prove inequality (3.1) we only need to prove that
Qo = 12S°E1EyE5 — (B EaE3 + BE3Ey + BEEp) > 0. (3.8)

We set d = abc. With the help of software Maple, using s = (a+ b + ¢)/2 and Heron’s
formula:

S= \/s(s—a)(s—b)(s—c) (3.9)
we obtain the following complex identity ( which can be verified by expanding ):
4Q0 = moxzt® + noxat® + x1t + xo, (3.10)
where

my=(@+b+c)(b+c—a)(c+a—b)?a+b—rc)?
ng=2(b+c—a)(c+a—>b)a+b—c),
x3 =120d* + (14)_a) o> - 72) o) d°

+ (AL +35Ya) 40y B -32Y Ay at) d?
+ (102a22a7+ 12Y @Y a®—15) a*) a® - 7Za2a8> d
+Y @Y a7 =Y Y 2 —4Y b0 +2) at) a®—-2) 4"
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x2 =790 (Y a) d° + (293 ) a* —435) 0} > +126 ) bc?)
+ (208 a7 —245) ' Y a* —157 ) ? Y a® +358) a ) a®) i
+(192)_a*Y a® +178) a®Y " —154) b°c®—99) "a) o’
~159) 0" —160) 'Y a) ¥ + (58 a* Y 0" —50) a® Yy o’
~3Y Y a0 -3 Y a 14 a) a2 +32) a7) a ) d
—725116—14Zb868+22a32a13—5251425112—2251525111
+122a62a10,

x1 = — 144 (Ya) d* + (1248 ) 12 —2728) o' +424) 0} a®) &
+ (92 Y et — 1428 a?Y a7 +592) ) et +2408) ")
— (1892 a1 +304 Y a Y a’ +2072) 677 +240 ) a* Y af
~880)_a? Y a* —1076 )’ Y a") & + (276 ) _a®® +12) 0}
—608Y_a*Y a' +24Y a*) a0 +1084) a*Y 0" +96) a° ) a®
—732) a° Y a) d + (96 ) a2 Y a't +160) a®Y "
+188) "2 Y a'l —64) b8P —224) a*) a2 —28) 7)Y 4l
~182)a Y a® - 32) a0 -28Y Y a%)d+60) a’ Yo"
—4Y ) a'®—16) ) a"4+52) a®) 0" —48) a®) a®
—642a92a10+202a42a15,

xo = —400 (Ya) d® + (304} a ) a® —912) a* 4304 ) 1c?)
+ (48 0 -8 0y a* -2y Y a +64) Y at)
+ (192 @ - 72 Y d ~264) 0" — 144 Y1
+82a42a6+402a2a9) d> + (1202a42a9—82a22a11
—128Za62a7+82a32a10—242a2a12+322a52a8) >
+(S6 a0 +24) 2 Y aM - 24ty al 4112 ) b5
~80) "y 4" —56) Yy a®~56) 4>y 0 +136) 4’ Y a'l)d
+40Y a"Y a2 —16) a°Y 2" +16) a®Y 2t —16) a®) a®
—322a92a10+82a42a15
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Note that t > 0,mp > 0 and ng > 0. For proving Qo > 0, we need to prove inequalities
x3 > 0,x2 > 0,x; > 0and xo > 0. Next, we shall prove these four inequalities in proper
order. In fact, both inequalities x3 > 0 and x, > 0 are valid for any triangle.

We now prove that x3 > 0 holds for any triangle ABC. With the help of software Maple,
using Y a = 2s,d = abc = 4Rrs, and related identities given in Lemma 2.3 and 2.4, we
obtain

x3 = 64r*s?K;, (3.11)
where
K3 = — s® — (204R? + 42Rr + 3r%)s* 4 (1280R* 4 440R>r — 148R?r?
—52Rr® — 3r*)s? + (16R* + 2Rr — 1*) (4R +1)°r.

To prove x3 > 0 we have to prove K3 > 0.
We now recall that for any triangle ABC we have Euler’s inequality

R >2r (3.12)
and the following fundamental triangle inequality (cf. [1] and [7]):
to = —s* + (4R* + 20Rr — 2r*)s* — r(4R +1)> > 0, (3.13)

with equality if and only if triangle ABC is isosceles. We also have the following two
Gerretsen inequalities:

g1 = s> —16Rr +5r* > 0, (3.14)
g2 = 4R* + 4Ry +3r* —s* > 0, (3.15)

Based on the above four inequalities, after analysis we rewrite inequality K3 > 0 as
follows:

K3 =(s* 4+ 208R? + 62Rr + r*)tg + 32R(7R + 2r) [(2R* + 1*)g1 + 18Rrg»
+2r(4R+7r)(3R+7)(R—2r)] > 0. (3.16)

Then by (3.12)-(3.15) we deduce that K3 > 0 holds for any triangle ABC.
Now, We show that inequality x, > 0 holds for any triangle ABC. With the help of
Maple, using ) a = 2s,abc = 4Rrs, Lemma 2.4 and 2.5, simplifying gives

Xy = 25652r°K>, (3.17)
where
Ky =(24R — 7r)s® — (1408R> + 1736R?r + 248Rr?* + 20r°)s°
+ (8704R° + 3408R*r — 920R?*r® — 288Rr* — 18°)s*
+ 4(504R* + 416R%r + 138R*r* + 10Rr° — r*) (4R + 1)?rs?
+ (8R* + 4Ry + %) (4R + 7)°r%.
So we have to show K, > 0. After analysis, we obtain the following identity:

Ko = toAy + g5 Ay +4r( Az + Ay), (3.18)
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where

Ay =7rs* + (1408R> + 1764R?r + 388Rr? 4 61°)s>
+ 8(3976R? + 4196Rr + 605r%)R?r,

Ay =24Rg? 4 96(16R — 5r)Rrgy + (3072R° + 36864R%r2
— 23040R?r® + 4052R7* 4 1°),

A3 =5R*(4672R* + 7343r*) g1 + (144480R’ + 20832R*r
+ 87500R>r% 4- 4005R7* 4 21°)rgs,

Ag =(R —2r)(110208R® 4 487616R°r — 511888 R*r?
+ 206304R%r3 + 24672R*r* + 13029Rr° + 67°)r.

By Euler’s inequality and Gerretsen’s inequalities (3.14) and (3.15), we have Ay > 0, A3 >
0 and A4 > 0. Thus inequality K> > 0 follows from identity (3.18) and inequality (3.13).
So, we proved that inequality x, > 0 is valid for any triangle.

Next, we shall prove that x; > 0 holds for the acute triangle ABC. With the help of Maple
software, using ) a = 2s, Lemma 2.3 and 2.4, we easily obtain the following identity:

x; = 8192537°K;, (3.19)
where
Ky = —s'% — (12R% — 16Rr + 7r%)s® 4 (608R* — 528R3r
— 812R?r* — 112Rr® — 147%)s® — (1024R® — 256R°r
+ 3584R*1? + 2368R>r® 4- 620R?*r* 4 120Rr° + 107%)s*
+ (128R° + 1472R*r + 1136R>r* 4 380R*r® 4 40Rr*
—1°) (4R 4 1)?rs®> + (8R® + 4Rr + *) (4R + 1)°r°.

Thus we only need to show that K; > 0. According to Lemma 2.5 and Euler’s inequality,
for acute triangle ABC we have

vg = s*> — 4R* + Rr — 131 > 0. (3.20)
Based on (3.12), (3.13) and (3.20), after analysis we obtain the following identity:
Ky = toB1 + §2B2 + B3] + Byvo + Bs, (3.21)
where

By =s® 4 (16R? + 4Rr + 5r%)s* + (800R® + 832R?r + 192Rr? + 37°)rs®
+ 8(128R* + 240R3r + 2736R*r* + 2184Rr® 4 313r4)R?,

B, =4096R® 4 26112R”r + 48128R°r? + 382080Rr> + 237216 R*r*
— 9872R3r° — 8972R%r% — 260Rr” — 218,

B3 =544R%vy 4 6528R® — 1632Rr + 21216R*r? + 268Rr° + 19,
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By =2(4R? — Rr + 13r%)(3264R® — 816R°r + 10608R*r?
+ 268Rr° + %),

Bs =(R — 2r)(18432R° — 44544R® + 119680R”r* — 216608 R°r°
+ 276896R°r* — 498592R* > — 83552R3r® — 23468 R%r”
— 23083Rr® — 88r7).

It follows from Euler’s inequality and inequality (3.20) that B, > 0 and Bz > 0. Since
to > 0and g, > 0, to prove K; > 0 it remains to show that

Byvo + Bs > 0. (3.22)

It is clear that B4 > 0. Thus, by Lemma 2.5, to prove the above inequality we require the
following inequality to be proved:

R—2r)r?
B4(R2r)r 4 Bs>0. (3.23)
Simplifying gives
R —2r
R Bg >0, (3.24)
where

Bs =18432R'" — 44544R"%r 4 119680R°r> — 190496 R%#>
+ 263840R”r* — 327232R%® — 125984 R%+® + 252340R*+”
— 20939R3® — 616R*r + 6966Rr° + 26711

Putting e = R — 2r, then e > 0 since we have Euler’s inequality. Substituting R = 2r + ¢
into Bs and expanding gives

B =18432¢'! + 3609607 + 3283840¢°r% + 1827606451
+ 69008544¢”1r* + 185286784¢°r° + 359837024¢°r°
+ 502324340e*r” 4 488754389¢°r® 4- 310630838621’
+ 113348754er'? + 1732347071,

so that B¢ > 0 and hence inequality (3.24) is proved. We therefore proved that x; > 0
holds for the acute triangle ABC.

Finally, we prove that xo > 0 holds for acute triangles. Firstly, with the help of soft ware
Maple, it is not difficult to obtain the following identity:

xo = 4096s%1°K,, (3.25)
where
Ko = — 35" — (64R? + 117%)s® + (944R* + 960R’r + 280R?r?
— 8Rr® — 14r%)s® — (2560R® + 5632R°r 4 7408R*r?
+ 3264R3r® + 408R?*r* — 8Rr° + 61°)s* + (256R° + 1056 R*r
+ 736R3r? + 248R?r® 4 32Rr* + 1°) (4R + r)?rs?
+ (8R* 4+ 4Rr + r*) (4R + 1)1
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Then we need to prove Ky > 0. We easily obtain the following identity:
Ko = tgC15*> + Cy, (3.26)
where
C; =3s* + (76R? 4 60Rr + 5r%)s* 4 (608R> + 644R°r + 1°)r,
Co =16R(40R> + 3r%)s® — (2560R® + 10816R%r® — 1912R?r*
+ 14656R*r? 4 3200R%r — 108Rr° — 1%)s* + 2r(128R5 + 1744R*r
+ 1960R*#? + 446R?*r® + 18Rr* + r°) (4R + r)?s?
+ (8R* 4 4R7 4 r*) (4R +7)°r°.

Since we have inequality (3.13), it remains to show that C; > 0. Noting that the following
known inequality (see [2, inequality 5.5]):

(4R +1)% > 3¢7, (3.27)
we only need to prove
16R(40R> + 3r%)s* — (2560R® 4 10816R>r®> — 1912R?*r*
+ 14656R*r* 4 3200R%r — 108Rr° — 1°)s? + 2r(128R° + 1744R*r
+ 1960R>r* + 446R*r> + 18Rr* + °) (4R + 1)?
+3(8R* +4Rr +1*)(4R + 1) > 0,
ie.,
Py =16R(40R3 + 3r%)s* — (2560R® 4 10816R%r> — 1912R?r*
+ 14656 R*r% 4- 3200R°r — 108Rr° — 1°)s? + r(256R° + 3488R*r
4 4016R3r% + 964R?r> + 60Rr* + 57°) (4R + 1) > 0. (3.28)
We can write the above inequality as follows:
Py =Py + Py + pos® +qo > 0, (3.29)
where
Py =16R(40R> + 3r%)(s* — 4R* 4 Rr — 131%)?,
P, =10432R%> (4R? + 4Rr + 31> — %),
po =2560R® — 4480R°r + 1984R*r? 4 1816R*r* + 1356Rr° + 1°,
go = — 10240R® + 9216R”r — 9344R%r? + 66560R°>r> — 98464R*r*
— 23648R3%r° + 2772R?r® — 8012Rr” + 57°.

Since P; > 0 and P, > 0 which follows from (3.15). It remains to prove that the following
inequality

pos® +qo > 0 (3.30)
holds for the acute triangle ABC.

We shall consider the following two cases to finish the proof of inequality (3.30).
Case 1 R and r satisfy 5R — 12r > 0.
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We set 1y = s> — (2R + r)?. By the Ciamberlini’s acute triangle inequality (see [8]):
s >2R+r (3.31)
we have 1y > 0. It is easy to verify the following identity:
78125(pos” + qo)
= 78125pguo + 4240380787° + 2(5R — 12r) [5(R — 2r)my + 2535736082r°] r,  (3.32)
where
my =2400000R° — 15640000R*r 4 29064000R>* + 63553600R*r>
+ 123003640R7* + 2518087367
Euler’s inequality shows that py > 0. Again, note that
2400000R’ — 15640000R*r + 29064000R >
= 8000R3(300R* — 1955Rr + 3633r%) > 0.

Consequently, from (3.32) we deduce that the strict inequality pos? +qo > 0 holds for the
acute triangle ABC under Case 1.

Case 2 R and r satisfy 5R — 12r < 0.

In this case, we shall apply the acute triangle inequality (3.20). We sete = R — 2r and
vp = s> — 4R? + Rr — 132, then it is easily verified that

15625 (pos® + qo) = 15625pgvg + er(12r — 5R)my + 21201903977, (3.33)
where
nty =35200000¢° 4 393280000e*r 4 1731112000¢°72
4 37388448006%r° + 3937362920er* + 15844826687r°.

Note that pg > 0,e > 0 and the previous inequality (3.20), we conclude from (3.33) that
pos® + qo > 0 holds under Case 2.

Combining the discussions of the above two cases, we deduce that inequality (3.30) holds
for all acute triangles. Therefore, we finished the proofs of inequalities xy > 0 and in-
equality (1.6). In addition, it is easy to determine that equality in (1.6) holds if and only
triangle ABC is equilateral. This completes the proof of Theorem 1.1. U

4. OPEN PROBLEMS
In this section, we give several conjectures related to inequality (1.6) as open problems.

Conjecture 4.1. If k > 2, then for any triangle ABC the following inequality holds:

Ma+kha mu+hﬂ
4 T« . 4.1
Zra+kwa_zra+wa (4.1)

Conjecture 4.2. Ifk > g, then for the acute triangle ABC the following inequality holds:
otk _ 4 (. A\
— < = - . 4.2
Z:ra+kwu_3<Z:SH12) (42)
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Conjecture 4.3. If0 < k < Z, then for any triangle ABC the following inequality holds:

my + kh,
— > 3. .
Z:rg—l—kwg_3 (4.3)
Conjecture 4.4. Let ABC be an acute triangle. If k > 1.72, then following inequality holds:
ma + khy \?
— 1) <3. 4.4
Z(ra—kkwa) =3 (44)

If 0 < k < 1.29, then the inequality reversely holds.
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