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A NEW GENERALIZATION OF MUSSELMAN’S THEOREM

TRAN QUANG HUNG

ABSTRACT. We establish a new generalization of Musselman’s theorem using isogonal
conjugate points and dividing points of segments with a solution using complex coordi-
nates.

1. INTRODUCTION

In 1939, when John Rogers Musselman proposed the following interesting problem in
the journal The American Mathematical Monthly

Theorem 1.1 (Musselman, 1939 [5]). Given a triangle ABC with O as its circumcenter. Let
D, E, F be reflecting points of A, B, C over the lines BC, CA, and AB, respectively. Hence, the
circumcircles of triangles OAD, OBE, OCF have a common point different from O.

there have been a lot of developments, extensions, and generalizations to this theorem.
These include the first generalization which was proposed by Goormaghtigh in 1941 [6]
with complex coordinates solution, and the second generalization which was proposed
by Khoa Lu Nguyen in 2005 [4] with pure synthetic geometry solution. Next, is the
expansion using two isogonal points suggested by Ngo Quang Duong in 2016 [3] and
the extension using both points dividing line segment and isogonal conjugate points by
Nguyen Minh Ha and Tran Quang Hung in 2020 [7]. In this article, we propose another
new extension to Musselman’s interesting problem that also uses points dividing line
segments and isogonal conjugate points but differs from [7]. This extension can be con-
sidered more general than Ngo Quang Duong’s expansion in [3]. Interestingly, we will
also return to a complex coordinates system solution like Musselman’s original solution.

Theorem 1.2. Let ABC be a triangle with two isogonal conjugate points P and Q. Let (Oa),
(Ob), and (Oc) be the circumcircles of triangles PBC, PCA, and PAB, respectively. Lines PA,
PB, and PC meet the circles (Oa), (Ob), and (Oc) again at A0, B0, and C0, respectively. The
points A1, B1, and C1 divide the segments Oa A0, ObB0, and OcC0, respectively, in the same ratio.
The points A2, B2, and C2 lie on the lines QA, QB, and QC, respectively, such that A1A2 ∥ PA,
B1B2 ∥ PB, and C1C2 ∥ PC. Then, the circumcircles of triangles QA1A2, QB1B2, and QC1C2
are coaxial. (See figure 1).
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Figure 1. Illustration of Theorem 1.2

Remark 1.1. When A1 = A0, B1 = B0, C1 = C0 we get the generalization of Ngo Quang
Duong in [3].

2. PROOF OF THEOREM 1.2

First of all, we need the following Lemma

Lemma 2.1 (See [2]). Let A(a), B(b), and C(c) be three points in the complex plane. Then
circumcenter O(o) of triangle ABC is given by the formula

o =

∣∣∣∣∣∣
a aā 1
b bb̄ 1
c cc̄ 1

∣∣∣∣∣∣∣∣∣∣∣∣
a ā 1
b b̄ 1
c c̄ 1

∣∣∣∣∣∣
. (2.1)

For proof of Lemma, see [2].

Lemma 2.2 (See [2]). Let ABC be a triangle inscribed in the unit circle in the complex plane. Let
P be any point. Then isogonal conjugate of P concerning triangle ABC is given by the formula

q =
− p̄ (−abcp̄ + ab + ac + bc) + a + b + c − p

−pp̄ + 1
, (2.2)
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with conjugate

q̄ =
abcp̄ − ab − ac + ap − bc + bp + cp − p2

( p̄p − 1) cba
. (2.3)

Proof. Consider complex coordinates with circumcircle of triangle ABC is the unit circle,
we get

ā =
1
a

, b̄ =
1
b

, c̄ =
1
c

.

Assume that P(p). Denote by [XYZ] the signed area of the triangle XYZ. By Shoelace’s
formula in complex coordinates (see [2]) we have

[PBC] =
i
4

∣∣∣∣∣∣
p p̄ 1
b b̄ 1
c c̄ 1

∣∣∣∣∣∣ = i
4
· −pb + pc − p̄b2c + p̄bc2 + b2 − c2

bc
(2.4)

[PCA] =
i
4

∣∣∣∣∣∣
p p̄ 1
c c̄ 1
a ā 1

∣∣∣∣∣∣ = i
4
· −pc + pa − p̄c2a + p̄ca2 + c2 − a2

ca
(2.5)

[PAB] =
i
4

∣∣∣∣∣∣
p p̄ 1
a ā 1
b c̄ 1

∣∣∣∣∣∣ = i
4
· −pa + pb − p̄a2b + p̄ab2 + a2 − b2

ab
(2.6)

Note that P has barycentric coordinates ([PBC], [PCA], [PAB]) this means

p =
[PBC]a + [PCA]b + [PAB]c

[ABC]

therefore isogonal conjugate Q of P have barycentric coordinates
(

BC2

[PBC] ,
CA2

[PCA]
, AB2

[PAB]

)
this

means

q =

(b−c)(b̄−c̄)
[PBC] a + (c−a)(c̄−ā)

[PCA]
b + (a−b)(ā−b̄)

[PAB] c
(b−c)(b̄−c̄)

[PBC] + (c−a)(c̄−ā)
[PCA]

+ (a−b)(ā−b̄)
[PAB]

. (2.7)

Combining (2.4), (2.5), (2.6), and (2.7), we get

q =

i
4 (b − a) (c − a) (c − b) p−bcp̄2a+bcp̄+bp̄a−b+cp̄a−c−a

(bcp̄−b−c+p)(acp̄−a−c+p)(abp̄−a−b+p)
i
4 (b − c) (a − c) (a − b) −pp̄+1

(bp̄c−b+p−c)(ap̄c−a+p−c)(abp̄−a−b+p)

=
− p̄ (−abcp̄ + ab + ac + bc) + a + b + c − p

−pp̄ + 1
.

This completes proof of Lemma 2.2. □

Coming back the main Theorem.
Consider complex coordinates with circumcircle of triangle ABC is the unit circle, we get

ā =
1
a

, b̄ =
1
b

, c̄ =
1
c

.
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Assume that P(p). By Lemma 2.1, circumcenter of triangle PBC has complex coordinate

oa =

∣∣∣∣∣∣
p pp̄ 1
b bb̄ 1
c cc̄ 1

∣∣∣∣∣∣∣∣∣∣∣∣
p p̄ 1
b b̄ 1
c c̄ 1

∣∣∣∣∣∣
=

bc (pp̄ − 1)
bcp̄ + p − b − c

. (2.8)

and conjugate of oa is

oa = −

∣∣∣∣∣∣
p̄ pp̄ 1
b̄ bb̄ 1
c̄ cc̄ 1

∣∣∣∣∣∣∣∣∣∣∣∣
p p̄ 1
b b̄ 1
c c̄ 1

∣∣∣∣∣∣
=

p̄p − 1
bp̄c − b + p − c

. (2.9)

Using (2.8) and (2.9), we have equation of circumcircle of triangle PBC is

(z − oa)(z̄ − oa) = (p − oa)( p̄ − oa). (2.10)

Thus intersection A0 of line PA and (Oa) is the solution of system{
(z − oa)(z̄ − oa) = (p − oa)( p̄ − oa)

z−a
p−a =

(
z−a
p−z

) . (2.11)

Solve system (2.11), we get

a0 = z =
a2bcp̄2 − a2bp̄ − a2cp̄ + a2 − abcp̄ + abpp̄ + acpp̄ − ap − bcpp̄ + bc

abcp̄2 − abp̄ − acp̄ + app̄ − bcp̄ + b + c − p
(2.12)

and

a0 =
a2 pp̄ − a2 + abcp̄ − abpp̄ − acpp̄ + ap − bc + bp + cp − p2

a2bcp̄ − a2b − a2c + a2 p − abcpp̄ + abp + acp − ap2 . (2.13)

We take the point A1 dividing Oa A0 in the ratio k (k is a real number) then

a1 = (1 − k)oa + ka0. (2.14)

Using (2.8), (2.9), (2.12), (2.13), and (2.14) we obtain

a1 =
ba2ckp̄2 − ba2kp̄ − backp̄2 p + bacp̄2 p − bacp̄ + bakp̄p − bcp̄p + bc − a2ckp̄ + a2k + ackp̄p − akp

( p̄a − 1) (bcp̄ − b − c + p)
(2.15)

with conjugate

a1 =
−

(
p̄p2ak − p̄p2a + p̄pa2 − p̄pakb − p̄pakc + p̄akbc − p2k + pa + pkb + pkc − a2 − kbc

)
a (p − a) ( p̄bc + p − b − c)

.

(2.16)
By Lemma 2.2, isogonal conjugate of p is given by

q =
− p̄ (−abcp̄ + ab + ac + bc) + a + b + c − p

−pp̄ + 1
, (2.17)
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with conjugate

q̄ =
abcp̄ − ab − ac + ap − bc + bp + cp − p2

( p̄p − 1) cba
. (2.18)

Since A2 is the intersection of two lines QA and the parallel line (with line PA) from A1,
coordinate of A2 is the solution of system


z−a1
p−a =

(
z−a1
p−a

)
z−a
q−a =

(
z−a
q−a

) . (2.19)

Using (2.15), (2.16), (2.17), and (2.18) to solve the system (2.19), we get

a2 = z =

ka3b2c2 p̄3 − ka3b2cp̄2 − ka3bc2 p̄2 + ka3bcp̄ − ka2b2c2 p̄3 p + ka2b2cp̄ + ka2bc2 p̄

+ka2bcp̄2 p2 − ka2bcp̄p − ka2bc + kab2c2 p̄2 p − 2kab2c2 p̄ + kab2cp̄p + kabc2 p̄p

−2kabcp̄p2 + kabcp + kb2c2 − kb2cp − kbc2 p + kbcp2 + a3bcp̄2 p − 2a3bcp̄

+a3b + a3c − a3 p + a2b2c2 p̄3 p − 2a2b2c2 p̄2 + a2b2cp̄ + a2bc2 p̄ − a2bcp̄2 p2

+a2bcp̄p + a2bc − 2a2bp − 2a2cp + 2a2 p2 − ab2c2 p̄2 p + 3ab2c2 p̄ − ab2cp̄p

−ab2c − abc2 p̄p − abc2 + abcp̄p2 + abp2 + acp2 − ap3 − b2c2 + b2cp + bc2 p − bcp2

(bcp̄ − b − c + p) (a2bcp̄2 − a2 − 2abcp̄ + 2ap + bc − p2)
(2.20)

with conjugate

a2 =

−kbca3 p̄2 + 2kbca2 p̄2 p − kbca2 p̄ − kbcap̄2 p2 + kbcap̄p + kbca − kbcp

+kba3 p̄ − kba2 p̄p − kbap + kbp2 + kca3 p̄ − kca2 p̄p − kcap + kcp2 − ka3

−ka2 p̄p2 + 2ka2 p + kap̄p3 − kp3 + b2c2a2 p̄3 − 2b2c2ap̄2 + b2c2 p̄

−b2ca2 p̄2 + 2b2cap̄ − b2c − bc2a2 p̄2 + 2bc2ap̄ − bc2 + bca3 p̄2 − bca2 p̄2 p

+bcap̄2 p2 − bcap̄p − bca − bcp̄p2 + 2bcp − ba3 p̄ + ba2 p̄p + ba2 − bap

−ca3 p̄ + ca2 p̄p + ca2 − cap + a3 + a2 p̄p2 − 3a2 p − ap̄p3 + 2ap2

a (bcp̄ − b − c + p) (bca2 p̄2 − 2bcap̄ + bc − a2 + 2ap − p2)
. (2.21)
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Using (2.20), (2.21) and Lemma 2.1, we have circumcenter Ka of triangle QA1A2 is given
by

ka =

ka3b2c2 pp̄4 − ka3b2c2 p̄3 − ka3b2cpp̄3 + ka3b2cp̄2 − ka3bc2 pp̄3 + ka3bc2 p̄2 + ka3bcpp̄2

−ka3bcp̄ − ka2b2c2 p2 p̄4 + ka2b2c2 p̄2 + ka2b2cp2 p̄3 − ka2b2cp̄ + ka2bc2 p2 p̄3 − ka2bc2 p̄

−ka2bcp2 p̄2 + ka2bc + kab2c2 p2 p̄3 − kab2c2 pp̄2 − kab2cp2 p̄2 + kab2cpp̄ − kabc2 p2 p̄2

+kabc2 pp̄ + kabcp2 p̄ − kabcp + a3b2c2 p̄3 − 2a3b2cp̄2 + a3b2 p̄ − 2a3bc2 p̄2 + a3bcpp̄2

+3a3bcp̄ − a3bpp̄ − a3b + a3c2 p̄ − a3cpp̄ − a3c + a3 p + a2b2c2 p2 p̄4 − 4a2b2c2 pp̄3

+4a2b2cpp̄2 + 2a2b2cp̄ − 2a2b2 pp̄ − a2b2 + 4a2bc2 pp̄2 + 2a2bc2 p̄ − 2a2bcp2 p̄2 − 8a2bcpp̄

−2a2bc + 2a2bp2 p̄ + 4a2bp − 2a2c2 pp̄ − a2c2 + 2a2cp2 p̄ + 4a2cp − 3a2 p2 − ab2c2 p2 p̄3

+6ab2c2 pp̄2 − 2ab2c2 p̄ − 2ab2cp2 p̄2 − 4ab2cpp̄ + ab2 p2 p̄ + 2ab2 p − 2abc2 p2 p̄2 − 4abc2 pp̄

+abcp3 p̄2 + 7abcp2 p̄ + 4abcp − abp3 p̄ − 5abp2 + ac2 p2 p̄ + 2ac2 p − acp3 p̄ − 5acp2 + 3ap3

−2b2c2 pp̄ + b2c2 + 2b2cp2 p̄ − b2 p2 + 2bc2 p2 p̄ − 2bcp3 p̄ − 2bcp2 + 2bp3 − c2 p2 + 2cp3 − p4

(pp̄ − 1) (bcp̄ − b − c + p) (a2bcp̄2 − a2 − 2abcp̄ + 2ap + bc − p2)
(2.22)

with conjugate

ka =

−ka2bcp̄2 p + ka2bcp̄ + ka2bp̄2 p2 − ka2bp̄p + ka2cp̄2 p2 − ka2cp̄p − ka2 p̄2 p3 + ka2 p̄p2

+kabcp̄2 p2 − kabc − kabp̄2 p3 + kabp − kacp̄2 p3 + kacp + kap̄2 p4 − kap2 − kbcp̄p2

+kbcp + kbp̄p3 − kbp2 + kcp̄p3 − kcp2 − kp̄p4 + kp3 + a3b2c2 p̄4 − 2a3b2cp̄3 + a3b2 p̄2

−2a3bc2 p̄3 + 2a3bcp̄3 p + 2a3bcp̄2 − 2a3bp̄2 p + a3c2 p̄2 − 2a3cp̄2 p + 2a3 p̄p − a3 − 3a2b2c2 p̄3

+a2b2cp̄3 p + 5a2b2cp̄2 − a2b2 p̄2 p − 2a2b2 p̄ + a2bc2 p̄3 p + 5a2bc2 p̄2 − a2bcp̄3 p2 − 7a2bcp̄2 p

−4a2bcp̄ + 2a2bp̄2 p2 + 4a2bp̄p − a2c2 p̄2 p − 2a2c2 p̄ + 2a2cp̄2 p2 + 4a2cp̄p + a2 p̄2 p3 − 6a2 p̄p2

+2a2 p + 3ab2c2 p̄2 − 2ab2cp̄2 p − 4ab2cp̄ + 2ab2 p̄p + ab2 − 2abc2 p̄2 p − 4abc2 p̄ + 2abcp̄2 p2

+8abcp̄p + 2abc − 4abp̄p2 − 2abp + 2ac2 p̄p + ac2 − 4acp̄p2 − 2acp − ap̄2 p4 + 4ap̄p3

−b2c2 p̄ + b2cp̄p + b2c − b2 p + bc2 p̄p + bc2 − bcp̄p2 − 3bcp + 2bp2 − c2 p + 2cp2 − p3

(− p̄p + 1) a (−bcp̄ + b + c − p) (ba2cp̄2 − 2bacp̄ + bc − a2 + 2ap − p2)
.

(2.23)
Letting f (a, b, c, p, p̄, k) = ka and f̄ (a, b, c, p, p̄, k) = ka. We get the complex coordinates
of circumcenters Kb and Kc of triangles QB1B2 and QC1C2 as follows

kb = f (b, c, a, p, p̄, k) (2.24)

kb = f̄ (b, c, a, p, p̄, k) (2.25)

kc = f (c, a, b, p, p̄, k) (2.26)

kc = f̄ (c, a, b, p, p̄, k). (2.27)

Now from (2.22), (2.23), (2.24), (2.25), (2.26), and (2.27), we get

ka − kb

ka − kc
=

(
ka − kb

ka − kc

)
.
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This means Ka, Kb, Kc are collinear or the circumcircles of triangles QA1A2, QB1B2, and
QC1C2 are coaxial (because they had a common point Q). We complete the proof.

3. CONCLUSION

We have introduced a new extension along with a proof using complex coordinates for
the classical theorem of Musselman and Goormaghtigh with points dividing a line seg-
ment in a ratio and pairs of isotomic points. With such a profound generalization, if we
let P and Q coincide with different pairs of isotomic points in the triangle and the points
divide at specific ratios, we might discover new centers and new lines in the triangle
from the concurrency points of the circles and the radical axis of the circles.
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