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ON GENERALIZED BERWALD METRICS

M. ATASHAFROUZ AND B. NAJAFI

ABSTRACT. In this paper, we prove that every Finsler metric of almost isotropic Berwald
metric is an isotropic Berwald metric. Then, we extend Peyghan-Tayebi’s result and prove
that every non-trivial generalized Berwald manifold of dimension n ≥ 3 is a Randers
manifold.
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1. INTRODUCTION

Let (M, F) be a Finsler manifold. In local coordinates, a curve σ = σ(t) is called a geo-
desic if and only if its coordinates (σi(t)) satisfy σ̈i + 2 Gi(σ̇) = 0, where the local func-
tions Gi = Gi(x, y) are called the spray coefficients. F is called a Berwald metric if Gi

are quadratic in y ∈ Tx M for any x ∈ M. As a generalization of Berwald metrics, Bácsó-
Matsumoto introduced the notion of Douglas metrics which are projective invariants in
Finsler geometry [3].
Other than Douglas metrics, the class of Weyl metrics and the class of generalized Douglas-
Weyl metrics are some of important projectively invariant tensors in Finsler geometry
[2][7]. In 1921, Weyl introduced a projective invariant for Riemannian metrics. Then
Douglas extended Weyl’s projective invariant to Finsler metrics. It is the celebrated Bel-
trami’s theorem that a Riemannian metric has vanishing projective Weyl curvature if and
only if it is of constant sectional curvature. Then, Szabó proved that Weyl metrics are ex-
actly Finsler metrics of scalar flag curvature. Finsler metrics of scalar flag curvature form
a rich and important class of Finsler metrics including Riemannian metrics of constant
sectional curvature [1]. A Finsler metric F is called a generalized Douglas-Weyl metric if
its Douglas curvature satisfies

Di
jkl|mym = Tjklyi(1.1)

for some tensor Tjkl , where Di
jkl|m denotes the horizontal covariant derivatives of Dou-

glas curvature Di
jkl with respect to the Berwald connection of F. For a manifold M, let

GDW(M) denotes the class of generalized Douglas-Weyl metrics. In [2], Bácsó-Papp
showed that GDW(M) is closed under projective changes. Then, Najafi-Shen-Tayebi
characterized generalized Douglas-Weyl Randers metrics [7]. For other progress about
the Finslerian projective invariants, see [13] and [14].
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A Finsler metric F is called of almost isotropic Berwald curvature if

(1.2) Bi
jkl = c{Fjkδi

l + Fklδ
i
j + Fl jδ

i
k + Fjklyi},

where c = c(x, y) is a scalar function on TM. We show that a Finsler metric with almost
isotropic Berwald curvature has isotropic Berwald curvature.

Theorem 1.1. Let F be a Finsler metric being an almost isotropic Berwald metric. Then, F is an
isotropic Berwald metric.

A Finsler metric F is said to be a generalized Berwald metric if its Berwald curvature is
in the following form

Bi
jkl = (µjhkl + µkhjl + µlhjk)yi + λ(hi

jhkl + hi
khjl + hi

lhjk),(1.3)

where µi = µi(x, y) and λ = λ(x, y) are homogeneous functions on TM of degrees -
2 and -1 with respect to y, respectively [10]. Every Finslerian surface is a generalized
Berwald manifold. A non-Berwaldian generalized Berwald manifold is called a non-
trivial generalized Berwald manifold. In [15] and [10], A. Tayebi and E. Peyghan proved
that if an n-dimensional generalized Berwald manifold (M, F) with n ≥ 3 satisfies one
of the two following conditions:
(a) F is of non-zero scalar flag curvature or
(b) F is an isotropic Berwald metric,
then, F is a Randers metric. Here, we prove that conditions (a) and (b) actually are not
necessary and can be omitted.

Theorem 1.2. Let (M, F) be an n-dimensional non-trivial generalized Berwald manifold and
n > 2. Then, F is a Randers metric.

2. PRELIMINARIES

Let M be an n-dimensional C∞ manifold. Denote by Tx M the tangent space at x ∈ M,
by TM = ∪x∈MTx M the tangent bundle of M, and by TM0 = TM \ {0} the slit tangent
bundle on M.
A Finsler metric on M is a function F : TM→ [0, ∞) which has the following properties:
(i) F is C∞ on TM0;
(ii) F is positively 1-homogeneous on the fibers of tangent bundle TM;
(iii) for each y ∈ Tx M, the following quadratic form gy on Tx M is positive definite,

gy(u, v) :=
1
2

∂2

∂s∂t

[
F2(y + su + tv)

]∣∣∣
s,t=0

, u, v ∈ Tx M.

For every x ∈ M, we denote Minkowski norm on Tx M induced by F with F|Tx M. Cartan
torsion describes the non-Euclidean feature of Fx, which is defined as Cy : Tx M× Tx M×
Tx M→ R by

Cy(u, v, w) :=
1
2

d
dt

[
gy+tw(u, v)

]
|t=0, u, v, w ∈ Tx M.

The Cartan torsion is the family of C := {Cy}y∈TM0 . The significant of Cartan torsion is
C = 0 if and only if F is Riemannian.

For y ∈ Tx M0, define mean Cartan torsion Iy : Tx M → R by Iy(u) := Ii(y)ui, where
Ii := gjkCijk. By Diecke’s theorem, F is Riemannian if and only if Iy = 0.
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Let (M, F) be a Finsler manifold. For y ∈ Tx M0, define the Matsumoto torsion My :
Tx M× Tx M× Tx M −→ R by My(u, v, w) := Mijk(y)uivjwk where

Mijk := Cijk −
1

n + 1
{

Iihjk + Ijhik + Ikhij
}

,

and hij := FFyiyj is the angular metric of F. A Finsler metric F is said to be C-reducible
metric if the Matsumoto torsion of F vanishes.

Given a Finsler manifold (M, F), then a global vector field G is induced by F on TM0,
which in a standard coordinate (xi, yi) for TM0 is given by

G = yi ∂

∂xi − 2Gi(x, y)
∂

∂yi ,

where

Gi :=
1
4

gil
{
[F2]xkyl yk − [F2]xl

}
, y ∈ Tx M.

G is called the spray associated to (M, F). In local coordinates, a curve σ(t) is a geodesic
of F if and only if its coordinates (σi(t)) satisfy σ̈i + 2Gi(σ̇) = 0.

For a tangent vector y ∈ Tx M0, define By : Tx M× Tx M× Tx M → Tx M and Ey : Tx M×
Tx M→ R by By(u, v, w) := Bi

jkl(y)u
jvkwl ∂

∂xi |x and Ey(u, v) := Ejk(y)ujvk where

Bi
jkl :=

∂3Gi

∂yj∂yk∂yl , Ejk :=
1
2

Bm
jkm.

The tensors B and E are called the Berwald curvature and mean Berwald curvature,
respectively. Then F is called a Berwald metric and weakly Berwald metric if B = 0 and
E = 0, respectively.
A Finsler metric F is said to be isotropic Berwald metric if its Berwald curvature is in the
following form

Bi
jkl = c{Fyjyk δi

l + Fykyl δi
j + Fylyj δi

k + Fyjykyl yi},(2.1)

where c = c(x) is a scalar function on M.

Define Dy : Tx M× Tx M× Tx M→ Tx M by Dy(u, v, w) := Di
jkl(y)u

ivjwk ∂
∂xi |x where

Di
jkl := Bi

jkl −
2

n + 1
{Ejkδi

l + Ejlδ
i
k + Eklδ

i
j + Ejk,lyi}.

We call D := {Dy}y∈TM0 the Douglas curvature. A Finsler metric F with D = 0 is called
a Douglas metric. The notion of Douglas metrics was proposed by Bácsó-Matsumoto as
a generalization of Berwald metrics [3]. The Douglas tensor D is a projective invariant,
namely, if two Finsler metrics F and F̄ are projectively equivalent, Gi = Ḡi + Pyi, where
P = P(x, y) is positively y-homogeneous of degree one, then the Douglas tensor of F is
the same as that of F̄.

Let F = α + β be a Randers metric on a manifold M, where α =
√

aijyiyj is a Riemannian

metric and β = bi(x)yi is a 1-form on M. We have following Lemma
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Lemma 2.1. ([5]) A positive-definite Finsler metric F on a manifold of dimension n > 3 is a
Randers metric if and only if My = 0, ∀y ∈ TM0.

Lemma 2.2. ([15]) Suppose that the Cartan tensor of a Finsler metric F is in the form Cijk =

Bihjk + Bjhik + Bkhij with yiBi = 0. Then F is a C-reducible metric.

3. PROOF OF THEOREM 1.1

Let us consider an n-dimensional non-trivial generalized Berwald manifold (M, F) with
n > 2 which is not a Berwlad metric.

Lemma 3.1. Let F be a Finsler metric satisfying

(3.1) Di
jkl = Tjklyi,

where Tjkl is a Finslerian tensor on M. Then F is a Douglas metric.

Proof. Taking vertical derivative from (3.1) with respect to ys, we get

∂Di
jkl

∂ys =
∂Bi

jkl

∂ys −
2

n + 1

{∂Ejk

∂ys δi
l +

∂Ekl

∂ys δi
j +

∂El j

∂ys δi
k +

∂2Ejk

∂ys∂yl yi +
∂Ejk

∂yl δi
s

}
=

∂T jkl

∂ys yi + Tjklδ
i
s.(3.2)

Contracting i and s in (3.2) and using the relations

(3.3)
1
2

∂Bs
jkl

∂ys =
∂Ejk

∂yl =
∂Ekl

∂yj =
∂El j

∂yk

we get

(3.4) 0 =
∂Ds

jkl

∂ys = (n− 2)Tjkl .

Therefore, for n > 2, we get Tjkl = 0. This completes the proof. �

Now, we give some applications of Lemma 3.1. First, we consider almost isotropic
Berwald metrics. Here, we prove that in the relation (1.2) the function c = c(x, y) ac-
tually depends only on position and consequently almost isotropic Berwald metrics are
isotropic Berwald metrics.

Lemma 3.2. Let F be an almost isotropic Berwald metric. Then the Douglas tensor of F is given
by

(3.5) Di
jkl = −clhjkF−1yi.

Proof. By (1.2), we get

(3.6) Ejk =
n + 1

2
c(x, y)Fjk.

As it is known, the Douglas curvature is given by

(3.7) Di
jkl = Bi

jkl −
2

n + 1

{
Ejkδi

l + Ejlδ
i
k + Eklδ

i
j +

∂Ejk

∂yl yi
}

.

Plugging (1.2) and (3.6) into (3.7), we get (3.5). �
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By Lemma 3.1, we get the following.

Proof of Theorem 1.1: Let F be an almost isotropic Berwald metric. By Lemma 3.2, the
Douglas tensor of F is given by (3.5). Hence F satisfies (3.1). By Theorem 3.1, F is a
Douglas metric, and consequently c depends only on x. Therefore, the Berwald tensor
of F is given by

(3.8) Bi
jkl = c(x)

{
Fjkδi

l + Fklδ
i
j + Fl jδ

i
k + Fjklyi

}
.

It means that F is an isotropic Berwald metric. �

4. PROOF OF THEOREM 1.2

In order to prove Theorem 1.2, let us first show that the coefficient λ in (1.3) is in a special
form.

Lemma 4.1. Let (M, F) be an n-dimensional non-trivial generalized Berwald manifold and n >
2. Then, there exists scalar function c = c(x) on M such that λ = cF−1.

Proof. It follows from (1.3) that Ejk =
n+1

2 λhjk. Now, (3.3) implies that

(4.1) (λkF + λFk)hjt = (λjF + λFj)hkt.

Contracting (4.1) with gjt and using λyyt = −λ yield

(4.2) (n− 2)(λkF + λFk) = (n− 2)
∂

∂yk (λF) = 0.

This completes the proof. �

Proof of Theorem 1.2: It is easy to see that F satisfies (3.1) with

Tjkl = µjhkl + µkhjl + (µl − λF−1Fl − λl)hjk − 2λCjkl .(4.3)

Lemma 4.1 implies that λF−1Fl + λl = 0. Thus, (4.3) reduces to

Tjkl = µjhkl + µkhjl + µlhjk − 2λCjkl .(4.4)

If λ = 0, then Theorem 3.1 implies

µjhkl + µkhjl + µlhjk = 0

and consequently, µj = 0. This is a contradiction. Thus, we have λ 6= 0. Now, Lemma
3.1 implies that

(4.5) Cjkl =
1

2λ
{µjhkl + µkhjl + µlhjk}.

By Lemmas 2.1 and 2.2, we get the proof. �
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