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ON WEAKLY LANDSBERG FOURTH ROOT (&, 8)-METRICS
A. TAYEBI AND N. IZADIAN

ABSTRACT. In this paper, we consider one of open problems in Finsler
geometry which have been proposed by Z. Shen about the existence of
non-Berwaldian Landsberg 4-th root metric. We show that every weakly
Landsberg (and then Landsberg) 4-th root («, f)- metric is a Berwald met-
ric.

1. INTRODUCTION

In Finsler geometry, there is a non-Riemannian quantity which is de-
termined by the Busemann-Hausdorff volume form, that is the so called
distortion T = 7(x,y). The vertical differential of T on each tangent space
gives rise to the mean Cartan torsion I := Tykdxk . The horizontal deriva-

tive of I along geodesics is called the mean Landsberg curvature J := I k.
Finsler metrics with J = 0 are called weakly Landsberg metrics. The mean
Landsberg curvature J,, is the rate of change of I, along geodesics for any
y € TyxMp. It has been shown that on a weakly Landsberg manifold, the
volume function V = Vol(x) is a constant [5]. The constancy of the volume
function is required to establish a Gauss-Bonnet theorem for Finsler man-
ifolds [4]. There is an induced Riemannian metric of Sasaki type on TM,.
In [11], Shen showed that if J = 0, then all the slit tangent spaces T,My
are minimal in TMy. Some rigidity problems also lead to weakly Lands-
berg manifolds. For example, for a closed Finsler manifold of non-positive
flag curvature, if the S-curvature is a constant, then it is weakly Landsber-
gian [12]. Apparently, weakly Landsberg Finsler manifolds deserve further
investigation.

Let (M, F) be an n-dimensional Finsler manifold, TM its tangent bun-
dle and (x%, ") the coordinates in a local chart on TM. Let F = F(x,y) be a
scalar function on TM defined by F = {/A, where A := a, i, (X)yy Lyt
and a;, ;, is symmetricin allits indices. F is called an m-th root Finsler met-
ric. The theory of m-th root metrics has been developed by Shimada [14],
and applied to Biology as an ecological metric by Antonelli [1]. The fourth

root metrics F = {/ajjx (x)y'y/y*y! are called the quartic metric. It is remark-

able that, the special 4-th root metric F = /(y1)* + - - - + (y*)* represents
the historic primary Finsler fundamental function considered by Riemann
in his “Habilitation address”. The recent attempts of modeling relativity
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based on a palette of physical models relying on the 4-th root Finsler met-
rics. The 4-th root metric F = /yly?y3y* is called Berwald-Mo6r metric
which plays an important role in theory of space-time structure, gravita-
tion and general relativity [2] [3]. For more progress, see [6], [10], [15], [17],
[18], [19], [22] and [23].

In [8], Matsumoto proved that every 3-th root Finsler metric with vanish-
ing Landsberg curvature is a Berwald metric. But he had not any progress
for the class of 4-th root metrics with vanishing Landsberg curvature. Since
the study of the class of 4-th root metrics becomes urgent necessity for the
Finsler geometry as well as for theoretical physics, then in [13] Shen intro-
duced the following open problem:

Is there any non-Berwaldian Landsberg 4-th root Finsler metric?

The class of weakly Landsberg metrics contains the class of Landsberg
metrics as a special case. In this paper, we are going to prove the following.

Theorem 1.1. Let F = F(x,y) be a 4-th root («, B)-metric on a manifold M
of dimension n > 3. Then F is a weakly Landsberg metric if and only if it is a
Berwald metric.

2. PRELIMINARIES

Let M be a n-dimensional C* manifold and TM = U,cy TxM the tan-
gent bundle. Let (M, F) be a Finsler manifold. The following quadratic
form g, on TxM is called fundamental tensor

2

_ 1 2
gy(u,v) = >3e3i [F (y +su+ tv)} ls=t=0, 1,0 € TyM.

Fory € TxMy, define C, : M @ T'M ® TyM — R by

1d [ (u v)} 1@
24 Byt O] o = 13rasor
where u,v,w € T,M. By definition, C, is a symmetric trilinear form on
TyM. The family C := {C,},erp, is called the Cartan torsion. For y €
TyMy, define I, : TeM — Rby I, (1) = Y1 §7(y)Cy(1,9;,9;), where {0;}
is a basis for TyM at x € M. The family I := {I,},c7m, is called the mean
Cartan torsion. Thus, I,(u) := Ii(y)u', where I; := ¢/*Cjjr. By Deicke’s
theorem, F is Riemannian if and only if I, =0.

Cy(u,v,w) := [Pz(y+ru+sv—|—tw)}

7
r=s=t=0

For a vector y € TxM, the Landsberg and mean Landsberg curvature of
F can be defined by following

Ly(1,0,0) i= 5 [Coy (U0, VO, W0 lmor To(w) = 5 [Loge (U)o

where o (t) is the geodesic with 0(0) = x, 0(0) = y and U(t), V(t), W(t) are
linearly parallel vector fields along o with U(0) = u, V(0) = v, W(0) = w.
In this case, the Landsberg curvature (resp. mean Landsberg curvature)
measures the rate of change of the Cartan (resp. mean Cartan) torsion along
geodesics.
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Given a Finsler manifold (M, F), then a global vector field G is induced
by F on T My, which in a standard coordinate (xi,yi) for TMy is given by
G= yi% — 2Gia%u where G' = G'(x,y) are local functions on TMj satisfy-
ing G'(x, Ay) = A2G(x,y), A > 0, and given by

;1 1 0*F? OF?
i+l k__ Y%
G =38 [axkay’y ox! } '
The vector field G is called the associated spray to (M, F). The projection
of an integral curve of the spray G is called a geodesic in M.

Define B, : TeM® TxM® TxM — T:Mby By (11, v,w) := B’y (y)ulv*w! 7 s,

where

" PG 0°N;
JKL - dyioykoy! - aykay!”

B, (u,v,w) is symmetric in u, v and w. B is called the Berwald curvature. F

is called a Berwald metric if B = 0.

3. PROOF OF THEOREM 1.1

In order to prove Theorem 1.1, we need the following.

Lemma 3.1. Let F = /A be a 4-th root metric on a manifold M, where A =
aijklyly]ykyl . If dim(M) > 3 and F is a function of a non-degenerate quadratic
form o? = w;j(x)y'y/ and a one-form B = B;(x)y' which is homogeneous in « and
B of degree one, then it is written in the form F = {/c1a* + coa® % + c3 8%, where
c1, ¢p and c3 are real constants.

Proof. By the same argument used in [9] for the cubic metrics admitting
(«, B)-metrics, we get the proof. O

Let F = a¢(s), s = B/w, be an (a, B)-metric, where ¢ = ¢(s) isa C®
on (—bo, by) with certain regularity, « = /a;;(x)y'y/ is a Riemannian met-
ric and B = b;(x)y’ is a 1-form on a manifold M (see [16], [22] and [23]).

Let G' = G'(x,y) and G, = G.(x,y) denote the coefficients of F and «,
respectively, in the same coordinate system. For an (a, 8)-metric, let us de-
fine b;; by bi‘j(?]' = db; — bjG{, where ¢ := dx' and 65 = Fﬂkdxk denote the
Levi-Civita connection form of a. Let

1 1 ; - ;
rij = E(bilj + bj|i)r Sij = E(bi‘j — bj\i)r rip = Ti]'y], roo = T’i]'yly], rji= bll’i]',

sio == sijy/, s;:=Db'sy, s’]- =a"sy;, so= s’]-y], ro:=ry, so:=sjy.
where a'/ = (a;;) ! and b’ := a'/b;. Put
Q—sQ

2A 7

Q:= p i)/sgb' A:=1+sQ+ (P*-s)Q, ©:=
Q/ B (P//

28 2[(¢p—s¢') + (b2 —$2)¢"]
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By definition, we have
G' = G\ +aQs'y + (roo — 2Qasg) (a 1@y’ + ¥b'). (1)
where

P:=a"'O®| —2Qasy + roo} , Q' :=aQs’y + ‘I’{ —2Qusg + roo] b'.

Clearly, if B is parallel with respect to &, that is r;; = 0 and s;; = 0, then
P =0and Q' = 0. In this case, G' = G/, are quadratic in y. In this case, F is
a Berwald metric.

Put

®:=—(Q-sQ){nd+1+sQ} - (b* —5*)(1+sQ)Q".

By a direct computation, we can obtain a formula for the mean Cartan tor-
sion of («, B)- metrics as follows

(¢ —s¢’)
I = —W(abi — sY;). ()
According to Deickes theorem, a Finsler metric is Riemannian if and only
if I = 0. Clearly, an (&, §)-metric F = a¢(s) is Riemannian if and only if
® = 0. Then by Theorem 1.1 in [7], we get the following.

Lemma 3.2. ([7]) Let F = ucqb(g) be an almost reqular («, B)-metric on an n-

dimensional manifold M(n > 3), where & = /a;y'y/ and p = byy'. Suppose

that B is not parallel with respect to a and ¢ # ki+/1 + kps? for any constants ky
and ky. Let b(x) := ||Bx||a # 0. Then F is a weakly Landsberg metric if and only

if B satisfies

rij = k(bzﬂij — bl‘bj), Si]‘ = 0, (3)
where k = k(x) is a scalar function on M and ¢ = ¢(s) satisfies
R N @
2 _ g2

where A is a constant.

Proof of Theorem 1.1: For an (&, f)-metric F = a¢(s), the mean Landsberg
curvature is given by

1 20 [P ,
Ji= ToALE [bz—sz {K +(n+1)(Q—sQ )} (o +s0)h;
o D p 2
+m(‘{’1 + SK)(rOO —20Qso)h; + [ —aQ'soh; +aQ(as; — yiso)
2 2 o
+aAsjg + a(rig — 2aQs;) — (roo — 2(szo)yz} Nk (5)
where

\/h2 —_ g2 I
Tl = MA% [bASSQ)] , ]’li = bi — 06_15%.
2
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By Lemmas 3.1 and 3.2, the mean Landsberg curvature of a 4-th root metric
is given by following

Ji == )L(Abi + Byi), 6)

where A and B are listed in Appendix, and
A= 1/T[2c1cz(b20¢2 +2B%)a? + (12c1c3 — %) b2 B2 4 2b* Brcacs + datcr? — 8B%cics + 3B% ¢

where T := —(2c1a? + ¢282). By assumption, J; = 0. Contracting it with b’
implies that

k|:d80é14+d7ﬁ2 12—|—d6’34 1O+d5ﬁ6a8+d4ﬁ8a6+d3[310 4—|—d2,312 2—|—d ﬁ14i| _

(7)
whered; (i=1,---,8) are given by following

dg : = —96¢1*b% (4cic3 — %) (bPcp + 2c1),

dy; . = 48 b4c13(4c1(:3 — c22) (nb4czz + 24b%cic5 — 6b*cr? + AnbPcqcy + 14nbPcicy + 40y + 28c12),

dg : = 8b2C12(4C1C3 — c22) (60n bocicocs — 4nb6c52s + 144b°¢c1coc5 — 7b6c + 12Onb401C3 — 576b*c;%cs
+ 318b*c1c0% — 12nb%c1%cy + 96b%c1%cy — 56mcy® — 272c13>,

ds : = 4cq1(4cic3 — 2 )(288nb8c1C3 — 20mbBcycr’es + nbBey* — 288b8¢1%¢5% + 32868 ¢ cacs — 868 eyt
—104nb°cicacs + 28nb°cyc3 — 704b°c3cacs 4 334b°¢cic5 — 704nb*cies 4 32nbtc3er® 4 2176b*c3es
— 940b*c1%cy? — 152nb%ci3cy — 848b%c13cy + 64ncy* + 256014>,

dy : = 8cq1(4cic3 — sz) <36nb801czc3 3nb8c3C3 + 60b8cq 005> + 24b8cr3 03 — 504nbPeqi’c3® — 5nbeyrt
+94nbcycr’cs + 696b°cq 23> 392b6C1C2C3 + 40b%c,* — 212nb4c1c2cQ, — nb4c1c% + 616b*c1%cocs
— 370b*c1c5® + 328nb?ci3c5 — 94nb®ci%cr® — 1040b%c13cs + 92b%c%co® + 64ncy ey + 256c13c2>,

ds: = —4(4cic3 — 2 )<8nb80102 32 — nbBeytcs — 64b8cqcr%cs® + 8b8catcs + 248nbeq’cacs® — nb6c5

— 10nb%cqca3cs + 104b0¢1%cacs? + 80b0cicr®es — 1264nb*ci®cs? 4 500nb*ci%ca’cs — 832b*c12cr’cs
+ 8b°c,° — 25nbtcicy* + 2192b%c13¢3? + 200b%ci ot — 600nb?c13cocs + 98nb*c? 023 + 1584172C1C2C3

— 768c1%c3 — 484b%c1%cr° + 192nc1tcs — 144nc,°cr? — 192c13c22>,
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dy 1 = —8(4cic3 — c22) (nbscz + b8er3cs? — 2nbOcycy®es® + 3nbleytes + 70b0¢1c0%cs? — 6b0cytcs
— 128nb*c1%cpc3? + 15nb*cica’cs + 2nb*cy® + 88b*ci%cacs® + 6bcicr®cs — 7b*e,® + 336nb%ci3c5?
— 222nb2c12c§03 + 20nb%cicot — 672073 C3 + 348b%c1%cr’cs — 88b201c2 +96nc13cp03 — 4Onc1c23

— 384c13cacs + 32¢1%¢2 ),

di: = 4(4cic3 — 2 ) <2nb6c23C32 + 28%c3¢5? + dnbicycr®es® + Bnbtcrtes + 76btcica’es? — dnbrertes
— 80b%c1%¢cy 3% + 26mb%cica’cs + 3n bPer® + 160b%cqcy ¢3° 4 44b%cica’cs — 6b%cy° + 128nc;°cs?
— 112nc12cz2c,3 + 24nc1cz4 — 256C13C32 + 320C12C22C3 — 48c1cz4>.

If k # 0, then by (7) we get

d1p" = fo?, (8)

where f = f(x,y) is a homogeneous scalar function of degrees 12 with
respect to y. But, (8) contradict with the positive-definiteness of a. Thus
k = 0. Putting it in (3) implies r;; = 0. O

Remark 3.1. By a simple calculation, for the 4-th root («, f)-metric F =
v/erat + coa2B? + c3p4, we get the following

2b2coc35% + 120210352 — bPcp?s? — 8cycast + 3ca2s* + 2b%cicp + 4cqcas? + 12

A= 2
(czs2 + 2c1)

7

-2
b = (CSTSZC)4< 81nb?c1c0032s8 + 2nb?crc3s® — 8b%cicacs?s® + 2b%crc3s® — 48nb?cy?cs’st
2 1

2.2.4 4

+16nb%cqca’csst — nb?cy*s* + 32nc1%c3%s® — 20ncica®ess® + 3ncy*s® + 48b%ci%c5?st — 2002 ¢y e’ css

+2b%cp*s* — 64c1%03%58 + 160107 c35° — 8nb?crcpcss® 4 2nbPcicps? — 16mci2cacss® + 4ncicp’st

+40b%c1%cpc35% — 10b%c100°s% — 64c12cp03s* + 1601025 — 16mc1° 0357 + 4nei?cr’s? + 48b% ¢, C3>

Thus vb? — s2d/+/A3 is not a constant which shows that (4) is not hold.
Then S is parallel with respect to « and F reduces to a Berwald metric.
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4. APPENDIX

A= —4k (12na12b6ﬁ2c13 ot — 48nat? b6ﬁ2014622 c3 — 480n a10b6ﬁ4c1462 632 + 152n a10b6ﬁ4c13cz3C3 — 8na10b6ﬁ4c12025 —1152n a8b6ﬁ6014633

+ 368na8b6ﬁ6c13CZZC32 — 24na8b6ﬁéclzcz4C3 + TllxsbbﬁéClCzﬁ — 288na6b6ﬁ861362633 + 96no¢6b658612cz3532 — 6na6b6ﬁ8c1cz563 — 24ap0cicy?

+ 32na4b6ﬁ10clchZC33 — 12no¢4b6‘810c1c24532 + nrx4b6ﬁmcz(’C3 + 8n0¢2b6‘51261623€33 — 2mx2b6/312625csz +960M10c1%coc5 — 11520{12b6‘52C15632

+ 57601200 821 cr?cs — 7201200 B%c13cr* — 115201000 Bt erteacs? + 3440000 B i Perbes — 14al0b0 B cr2er® + 11520860 B0ci*c3® — 8at b0 B10cScs
—1600a8b°B0c13cr?c3? + 360a8b° BOci 2 ches — 8aPbOBOcicr® — 480a01°BBcicacs® — 7200b° BBci%crca® 4 48a°b° BBci ey’ ez — 256atb0B10ci2cr%ch

+ 96a4b6‘3100103032 + szbeﬁlzclcgqs — 2a2h6/512€25632 - 192710(12174;320?6263 + 48n1x12b4,32614cz3 — 960na10b4ﬁ4c15032 + 192na10h4ﬁ4c%022cS

+ 12noc10b4[%4C13cz4 - 64mx8b4/56614CZC32 — 64noc8b4/3f’c1362363 + 20na8b4/56012c‘;’ + 2880n046b4/58514633 — 1392n0¢6b4ﬁ8013cz2032 + ntx4b4‘810cg
+204na°b* B3 ches — Inalb* et + 704natb* B0ctcacd — 192natb* B3 cs? + 16na’b* B12ci%cr’cs® + 16na?b* B2 ci el — Sna®b* B cSes

+ 1920 b%c1%c5 — 48aMb*c1® 0p — 57642 b* B2 c1%cy 3 + 1440264 B2yt o + 3456a100% B ¢1°¢3% — 31200'0b* B* c1*crcs + 564a0b* B B ert

+ 1664080 o1 cacs — 1696a°b* BOc1®crdes + 320a8b* BOci?cr® — 4416400 BBctes® 4 2928x0b* BBciP ey cs® — 744alb* BBci?crtes + 724084 BBerca®
— 640 b*B10c13cacs® + 144054 B10c1 2% 3 — 8atb* B10c,” + 304a2b* B2 1 2% cs® — 9202 b B2 crcat s + 4aPbt B2 cr®cs — 192na'?b? B2 ci%cs

+ 48110612172526?6% — 96na10b254615cZC3 + 24nzwa2ﬁ4cl4c§ —+ 1856nu¢8b2/56615c§ — 64Ona8bzﬂécl4c%C3 + 44nu¢8h2ﬁ6613q4 + 1632710:6172580‘11020%

— 48ntx6b2ﬁ801362353 + 18mx6b2ﬁ8c12cz5 - 21na4b2f3wc‘1‘633 + 18mx4b2ﬁmc?cgc§ - 36no¢4b2ﬁwc12c%03 + 16na4b2ﬁloc1czé - 30mx2b2ﬁuc?czcg

+ 184n042b2/312512cz3532 — 14ntx2bzﬁlzcchSC3 — 3na2b2ﬁucz7 — 11520412b2ﬁ2516(:3 + 288alzbzﬁzc15cz2 — 13440(10b2ﬁ4C156263 + 336041%2‘8461%3

— 52484867 B0¢1%c5? +2816a8b? BOctcrcs — 376a8b2 01 cr* — 3264001 BBctcacs® + 2496a°b? BBci3cr’cs — 4200007 B 1 cr® + 43520t b? B10¢i*c5®
— 2592057 B10¢; 3y c3? 4 888at b7 B¢t 2crtes — 128a*b?B10c102° + 6400217 B¢ P cacs® + 160202121 cr’es? — 68a2b* B crca’cs 4 6a*b? B12c)
+256nal°Bicibcy — 64nal’Bre, ey + 51218801 cocs — 12na Boci i3 — 768nalBSces® + 768na’ Biericr’cs — 144nalBiei’ert — 19248 B8¢ci3ch
— 76871044/510614CZC32 + 512na4510c13023C3 — 80nac4ﬁloclzczs + 512n¢x2/512014C33 — 576m a2/512513cz2632 + 208n0¢2/512c12024C3 - 24nu¢2/512c1 c°

+ 1024 B*c10c5 — 256410 Bc1 ca? + 204808 BOciPcacs — 51208 B0citer® + 307200 B3¢ cs? + 30720 B0t caca? — 10240t B10cT cr ¢y + 640t B10c3cy”
— 1024042/312514C33 + 1536a2ﬁ12613C22632 — 512a2ﬁ12c1262453 + 48a2ﬁ12c1c26),

B:= —4k (48n a'%b°B3cter? c3 — 12na108 BieiPer* + 480naBbCBocr* cacl — 152nalb0 BPci 3 es + 8nalbBicics 4+ 1152nalb° B ci*cs® — na®b®p7 1l
— 3681na°b°B7 c13c3c% + 24nalb° 7 c3ches + 288natb® B ci’cacy — 96natb® B33 + 6natb®Boeicr’cs — 3nalb® M er?cr?cd + 12na?b° M e cat es?
— 028 B Sy — 8nb® B cicrcs® + 2nbO BB c3® — 96a12b0 Befeacs + 24a2b0 Bertc3 + 11520100833 — 57641000 B crter’es + 7201000 B3¢ eyt
+ 1152a8b6ﬁ5c14CZC32 — 344048b6‘55c13cz363 + 1404817655012625 — 11520(6176,37C14C33 + 1600u6b6ﬁ7c13C22032 — 360a6b6/57c12C24C3 + 80(6176[3761626
+ 480008 B cIcacd + 720400 B cic3cl — 48atbO B cicr’ s + 2564700 Bl cica?es® — 96a2bO B crchcl + 8aPbO B cSes — 86O B crca’es® + 2608135 es?
+ 192ntwa4ﬁ3515CZC3 — 48na10b4ﬁ3514c23 + 960na8b4ﬁ5615C32 — 192na8b4ﬁ5614c§53 - 12nu¢8b4/35c13c§ + 64no¢6b4ﬁ7c14czc§ + 64noc(’b4‘57cl3c§C3
— 20na®b*B7c3c5 — 2880natb*Boctcs® + 1392natb* B ciBcr’es? — 204natb* B3 ches + Inat bt e ca® — 704nab* Bl cieacs® + 192na?b* B 2 cr® s
— na®b* B cr” — 16nb* 31 cr%cs® — 16nb* B3 cicr*ca? + 5nb* B3 cSes — 192a'2b* BerOcs + 48a'2b* Ber®cr? + 576a1°0* B cacs — 144a'%b* B3 cicr®
— 3456a8b* Bc15c5” + 312008b* Bocrter?cs — 564aPb* Bici3 eyt — 1664a8b* B 1t cacs® + 1696a8b* B 13 cr®cs — 32008b* 712 co” + 44160 b B crtes®
— 2928a4b4ﬁ9c13cz2632 + 7441X4b4}59C12C24C3 — 7204b* ‘3901 20 + 64 a2b4ﬁ11c1302033 — 144062b4}511C12623 32 + 8a2b4511cz7 — 304b4/513C12C22C33
+92b* B¢y 3k — 4b* B Sy + 192na'0b? B S s — 48na'0b? B33 + 96nalb? BAcicacs — 24nal b Bicitcd — 1856nab? B i cs? — 44nalb? B cich
+ 640na° b2/57cl4 c2%c3 —1632n ¢x4b2ﬁ961452532 + 480n a4b2/39 c13c%cs — 18no¢4b2ﬁ9c12625n +2176n zxzbzﬁllcl4C33 —1872n a2b2ﬁ11513c22632
+36na2b? B 2 crtes — 16na?b? B c1c§ + 320nb* B3¢ cacl — 14nb? B33 + 14nb? B3 cihes + 3nb* B3¢ + 115241002 B3 c§cs — 288a'0b? B3cjc2
+ 1344080281 o 05 — 3360512 B2 1 r° + 52480002 B7 1% 3% — 28160007 B7c1tca? ey + 3760012 B G ea* + 3264002 B0 cteacs? — 24960 B2 B3y s
+ 42004 D% B0 c12cr” — 43520202 M c1tes® 4 25920202 1 c13cnes? — 888aPb2 M 12t ez 4 1280202 B c1c§ — 64067 B cicacs® — 167 B ¢r 2233
+ 68b2/513c162563 — 6b? 513627 - 256n0c855016C3 + 6411118[35615622 - 512nﬂc6ﬂ7615cZ63 + 128n a6B7cl4623 + 768nu¢4/59c15632 — 768n oc4/59£1402263
+ 144na4ﬁ9513cz4 + 768mx2‘311c‘11czc§ — 51271042/3110?0303 + SOnaZIBHc]zcg — 512nﬁ13cl4C33 + 5767[‘313C13622C32 — 208nﬁ13C12C2463 + 24n‘513c1cg
+256a8B%c15¢ca® — 20484887 c15cacs + 51240 B7crter® — 30724 B%c15¢s% 4+ 1920t Bt ca* — 307202 M crcacs® — 1024088 ¢c10cs + 102442 B 33 es

— 640’ B 120y + 10248 cite3® — 158681 ¢13cr’cs? + 5128 ¢12ert s — 48/51%1(:26).



72 A. TAYEBI AND N. IZADIAN

REFERENCES

[1] P. L. Antonelli, R. Ingarden and M. Matsumoto, The Theory of Sprays and Finsler Spaces
with Applications in Physics and Biology, Kluwer Acad. Publ., Netherlands, 1993.
[2] V.Balan and N. Brinzei, Berwald-Moér type (h, v)-metric physical models, Hypercomplex
Numbers in Geometry and Physics, 2, 4 (2005), 114-122.
[3] V. Balan and N. Brinzei, Einstein equations for (h,v)-Berwald-Moér relativistic models,
Balkan. J. Geom. Appl. 11(2) (2006), 20-27.
[4] D.Bao and S.S. Chern, A note on the Gauss-Bonnet theorem for Finsler spaces, Ann. Math.
143(1996), 233-252.
[5] D. Bao and Z. Shen, On the volume of unite tangent spheres in a Finsler space, Results in
Math. 26(1994), 1-17.
[6] B. Li and Z. Shen, On projectively flat fourth root metrics, Canad. Math. Bull. 55(2012),
138-145.
[7] B. Li and Z. Shen, On a class of weakly Landsberg metrics, Science in China, Series A,
50(2007), 75-85
[8] M. Matsumoto, Theory of Finsler spaces with m-th root metric. II, Publ. Math. Debrecen.
49(1996), 135-155.
[9] M. Matsumoto and S. Numata, On Finsler space with a cubic metric, Tensor (N. S). 33(2)
(1979), 153-162.
[10] D.G. Pavlov, Four-dimensional time, Hypercomplex Numbers in Geometry and
Physics, Ed. “Mozet”, Russia, 1(2004), 31-39.
[11] Z. Shen, Differential Geometry of Spray and Finsler Spaces, Kluwer Academic Publishers,
2001.
[12] Z.Shen, Finsler manifolds with nonpositive flag curvature and constant S-curvature, Math.
Z.249(2005), 625-639.
[13] Z. Shen, Some open problems in Finsler geometry, http:/ /www.math.iupui.edu/ zshen/
Research/preprintindex.htm

[14] H. Shimada, On Finsler spaces with metric L =

33(1979), 365-372.

[15] A.Tayebi, On generalized 4-th root metrics of isotropic scalar curvature, Mathematica Slo-
vaca, accepted.

[16] A. Tayebi and M. Barzegari, Generalized Berwald spaces with («, B)-metrics, Indaga-
tiones Mathematicae, 27 (2016), 670-683.

[17] A. Tayebi and B. Najafi, On m-th root Finsler metrics, J. Geom. Phys. 61(2011), 1479-
1484.

[18] A. Tayebi and B. Najafi, On m-th root metrics with special curvature properties, C. R.
Acad. Sci. Paris, Ser. 1. 349(2011), 691-693.

[19] A. Tayebi and M. Razgordani, Four families of projectively flat Finsler met-
rics with K = 1 and their non-Riemannian curvature properties, RACSAM,
https://doi.org/10.1007 /5133
98-017-0443-2.

[20] A. Tayebi and H. Sadeghi, On Cartan torsion of Finsler metrics, Publ. Math. Debrecen.
82(2) (2013), 461-471.

[21] A.Tayebiand H. Sadeghi, On generalized Douglas-Weyl («, B)-metrics, Acta Mathemat-
ica Sinica, English Series, 31(10) (2015), 1611-1620.

[22] A. Tayebi and M. Shahbazi Nia, On Matsumoto change of m-th root Finsler metrics, Pub-
lications De L'institut Mathematique, tome 101(115) (2017), 183-190.

[23] A. Tayebi and M. Shahbazi Nia, A new class of projectively flat Finsler metrics with con-
stant flag curvature K = 1, Differential Geom. Appl. 41(2015), 123-133.

Airiy. iy Y2y, Tensor, N.S.

DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCE, UNIVERSITY OF QOM, QOM,
IRAN.

E-mail address: akbar.tayebi@gmail.com

E-mail address: nezadiyan@gmail . com



