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PROJECTABLE CONFORMAL VECTOR FIELDS ON TANGENT BUNDLE

S. M. ZAMANZADEH, B. NAJAFI, AND M. TOOMANIAN

ABSTRACT. In this paper, we establish a Lie algebra homomorphism between the Lie algebra of
projectable conformal vector fields of (TM, G) and the Lie algebra of homothetic vector fields
of (M, g), where G is a special lift of the Riemannian metric g to the tangent space of M.
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1. INTRODUCTION

Let g be a Riemannian metric on a simply connected manifold M with Levi-Civita connection
V and (TM, 7t, M) be its tangent bundle. The Riemannian metric ¢ has components g;; which

are functions of variables x' on M. Suppose that (9;,9;) be the natural vector fields associated

to a natural coordinate (xi, yi) on TM. Letd; = 9, — Nlj 8]7, where sz are the components of the
non-linear connection of g. In a local co-frame (dx’, 6y*) dual of adapted non-holonomic frame

(6;,07) on TM, we define a tensor field G as follows
G(x,y) = thij(x,y)dxidxf + 2/5hij(x,y)dxiz5yf + ’yhij(x,y)éyiéyj, (1.1)

where a, B and -y are real numbers and h;; are given by h;;(x,y) = 0g;j(x), where o is a positive
smooth function on TM. One can see that G is a global Riemannian metric on T M if and only
if ay — B? > 0. In this case, G is said to be the lift metric of g to TM. This lift metric G, in
some sense, is a generalization of those of introduced in [2]- [5].

A vector field X on TM which is 7t-related to a vector field on M is called projectble. For a
vector field V = Vi% on (M, g), its complete lift V¢ := Vi5; + VV'0: is projectble, where

the index O denotes contraction with y. It is easy to see that X = 0"y, + vﬁaﬁ is projectble if
and only if oM depend only on position [5]. In this case, the vector field X = vi% is called
the induced vector field of X. Using the relations [6;, 6;] = y"Kj;"0m, [6;,9;] = I"};0m and
integrability of the vertical distribution, we get that the mapping X — X is a surjective Lie

algebra homomorphism.
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2. PROJECTBLE CONFORMAL VECTOR FIELDS OF (TM, G)

For shortness, we set g1 = hi]-dxidxj, g = Zhi]-dxiéyj and g3 = hijéyiéyf. To find the
conformal vector fields of G, we compute the Lie derivatives £xg1, £xg2 and £xg3 by a lengthy
computation.

Lemma 1. ( /5]) Let X = v"'5), + vﬁa,; be a projectble vector field on TM. Then the followings
hold
(1) £xg1 = U(ng)gi]‘ + ﬁxgij)dxidxji
(2) £x82 = 20[—gjm (y*v° K, — 0T — 8i(0™) )dx'dx) + (£48ii — §im Vo™ + §im5(v™) +
208)dx3y), _
(3) £x83 = 0[=28mi(y" 0K,y —0'T"y; = 6;(0™)) A8y’ + (£58ij — 28jm Vit" +28jm;(0") +
298ij)oy'0y'],
where ¢ := 3£xIn(0) and £4gij denote the components of £4g.

Let X = V€ be a conformal vector field of G, i.e., £xG = 2pG, which, using Lemma 1, is
equivalent to the followings

2) a(£vgij — 2008i1) = Plgim (YK jou™ — "I} — 6;(0™) + gjm (y* 0 K iy — 0Ty —
5i(v™)],
b) B(Lvgij —20gi)) = Bgim (V0™ — 370™) +7&jm (Y’ 0K iy —
vl_’r’”bi — 6;0™),
¢) 200gij = gmjo;(v") + gmid7(0™),
where Q) := p — ¢. Here, we use the fact £yg;; = V;V; + V,;V,. Substituting o™ = VoV™ into
(c), then taking the vertical derivative oz, we get 9;{) = 0. Thus, we have the following.

Lemma 2. Let X = VC be a conformal vector field of G with associated function 0. Then
Q) := p — @ is constant on every fiber of TM, where ¢ := S£xIn(0).

Further, we are going to show that the function () is constant on TM. We put A" := V;V™

and Aj; := g,,jA". Then, one can rewrite (b) as follows
,B(EVgij — ZQgij) = ’)/ya(UCKicuj — gm]VIArZ) (2.1)
Lemma 2 implies that the left hand side of (») depends only on position. Thus, we get
chicaj = ViAja/ (2.2)
which yields
VkAij + VkA]‘i =0. (2.3)
On the other hand, rewriting (c), we have
ZQgZ‘]’ = Ajz' + Az’j- 2.4)

Taking covariant derivative Vy from (2.4) and using (2.3) imply that V; Q) = 0. Here, we use
the compatibility of V with g. Summarizing up, we get the following proposition.

Property 1. Let X = VC be a conformal vector field of G with associated function p. Then
Q := p — @ is constant on TM, where ¢ := 3£xIn(0).
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Suppose that X = V€ is a conformal vector field of G. Then (2.4), shows that £/ gij = 20gij.
It means that V' is a homothetic vector field of g. A straightforward computation proves that the
converse is true. Hence, we get the following theorem.

Theorem 3. A vector field V on M is a homothetic of g if and only if VC is a conformal of G.

A conformal vector field of G with associated function p is called conformal affine vector
field, if () := p — @ depends only on position. In continue, we extend the Proposition 1 to

projectble conformal affine vector fields of G. Suppose that X = "5, + vha,—l is a projectble
conformal affine vector field of G with associated function p. Then, (a)-(c) hold, replacing V'
with X. Putting i = j in (c), we get QOgi;i = ¢,i9;(v™). Applying af to last relation, we get
070;(v™) = 0. Therefore, v are as follows:

o™ = D" (x')y" + B"(x'). (2.5)
Replacing (2.5) into (b), we have

B(£x8ij — 2Qgij — gim (V0" — D'})) +v8jmViB" = 78jmy" (v'K iea™ — ViD'7).  (2.6)
The left hand side of (2.6) depends only on position. Thus, we get

0°Kicaj = ViDjg, 2.7)

which yields

Vle‘]' + kajz’ =0. (2.8)

Plugging (2.5) into (c) and then taking covariant derivative Vj and using (2.8), we get () is
constant.

Theorem 4. Let X be a projectble conformal affine vector field of G with associated function p.
Then Q) = p — @ is constant on T M.

Suppose that X = 0", + vhah is a projectble conformal vector field of G. Let us put V := X
and A;; := V;v;. Comparing (2.2) to (2.7) implies that Vi (D;; — A;;) = 0. Hence D;; are in
the form

Di; = Ajj + Tjj, (2.9)
where T is a parallel (1, 1)-tensor with respect to g. For the (1,1)-tensor T, the natural lift of

T is defined by T" := T"{0;3. The vertical lift of a vector field B = B™ agm on the M is given
by BY := B™9,;. Then, we are led to a decomposition of X as follows:

X=Vc+T"+BY, (2.10)
where T and B are given in (2.5) and (2.9).

Corollary 5. Let X be a projectble conformal affine vector field of G. Then X is a homothetic
of g if and only if T = ug for some constant real number .
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