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ON 4-TH ROOT FINSLER METRICS WITH SPECIAL NON-RIEMANNIAN

CURVATURES PROPERTIES

T. KHOSHDANI AND N. ABAZARI

ABSTRACT. The theory of 4-th root Finsler metrics plays a very important role in physics,
theory of space-time structure, gravitation, general relativity and seismic ray theory. In
this paper, we find the condition under which an 4-th root Finsler metric is Berwald met-
ric, Landsberg metric and stretch metric. Then we characterize S3-like 4-th root metrics.
Finally, we show that there is no S4-like 4-th root Finsler metric.

1. INTRODUCTION

The theory of m-th root metrics has been developed by H. Shimada [13], and applied to
Biology as an ecological metric [1]. It is regarded as a direct generalization of Riemannian
metric in the sense that the second root metric is a Riemannian metric. The third and
fourth root metrics are called the cubic metric and quartic metric, respectively.
Recently studies show that the theory of m-th root Finsler metrics plays a very impor-
tant role in physics, theory of space-time structure, gravitation, general relativity and
seismic ray theory [2] [7] [10] [11] [6] [16] [18] [19] [20]. For quartic metrics, a study of
the geodesics and of the related geometrical objects is made by S. Lebedev [5]. Also,
Einstein equations for some relativistic models relying on such metrics are studied by
V. Balan and N. Brinzei in two papers [3], [4]. Tensorial connections for such spaces
have been recently studied by L. Tamassy [14]. In [16], Tayebi-Najafi characterize lo-
cally dually flat and Antonelli m-th root Finsler metrics. They show that every m-th root
Finsler metric of isotropic mean Berwald curvature reduces to a weakly Berwald metric.
In [17], they prove that every m-th root Finsler metric of isotropic Landsberg metric re-
duces to a Landsberg metric. Then, they show that every m-th root Finsler metric with
almost vanishing H-curvature satisfies H = 0. Recently, Tayebi-Nankali-Peyghan define
some non-Riemannian curvature properties for Cartan spaces and consider Cartan space
with the m-th root metric [18]. They prove that every m-th root Cartan space of isotropic
Landsberg curvature, or isotropic mean Landsberg curvature, or isotropic mean Berwald
curvature reduces to a Landsberg, weakly Landsberg and weakly Berwald space, respec-
tively.
Let (M, F) be a Finsler manifold of dimension n, TM its tangent bundle and (xi, yi) the

coordinates in a local chart on TM. Let F be a scalar function on TM defined by F = 4
√

A,
where A is given by

A := aijkl(x)yiyjykyl , (1)
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with aijkl symmetric in all its indices [13]. Then F is called an 4-th root Finsler metric.
Let F be an 4-th root Finsler metric on an open subset U ⊂ R

n. Put

Ai :=
∂A

∂yi
, and Aij :=

∂2A

∂yi∂yj
.

Suppose that the matrix (Aij) defines a positive definite tensor and (Aij) denotes its in-
verse. Then the following hold

gij =
A− 3

2

16
[4AAij − 2Ai Aj], (2)

gij = A
−1
2 [4AAij +

2

3
yiyj], (3)

yi Ai = 4A, yi Aij = 3Aj, yi =
1

4
A

−1
2 Ai, (4)

Aij Ajk = δ
i
k, Aij Ai =

1

3
yj, Ai Aj A

ij =
4

3
A, (5)

A0 := Axm ym, A0l := Axmyl ym. (6)

Let (M, F) be a Finsler manifold The second derivatives of 1
2 F2

x at y ∈ Tx M0 are the com-

ponents of an inner product gy on Tx M. The third order derivatives of 1
2 F2

x at y ∈ Tx M0

are a symmetric trilinear form Cy on Tx M. We call gy and Cy the fundamental form and
Cartan torision, respectively. The rate of change of the Cartan torision along geodesics is
the Landsberg curvature Ly on Tx M for any y ∈ Tx M0. F is said to be Landsbergian if
L = 0. Here, We characterize conditions that 4-the root Finsler metrics be Berwald and
Landsbergian and metrics.
Let us define the following

ai :=
1

F3
aijkl(x)yjykyl , aij :=

1

F2
aijkl(x)ykyl , aijk :=

1

F
aijkl(x)yl . (7)

Then, we have the following.

Theorem 1.1. A Finsler space with the 4-th root metric F = 4
√

A is a Berwald space (resp.
Landsberg space) if and only if aijk|h = 0 (resp. aijk|0 = 0).

Now, let (M, F) be a Finsler manifold. The v-curvature tensor of the Cartan connection is
given by following

Slijk = Cr
lkCrij − Cr

ljCrik,

where Ci
jk denotes the Cartan torsion of F. A Finsler space (M, F) is called S3-like if there

exists such a scalar S = S(x, y) on TM such that the v-curvature tensor Shijk is written in
the following form

F2Shijk = S(hhjhik − hhkhij), (8)

where hij = gij − 1
F2 gipypgjqyq is the angular metric (see [9]). Every 3-dimensional Finsler

space is S3-like (see [9]).

69



T. Khoshdani and N. Abazari

Theorem 1.2. Let F be an 4-th root Finsler metric on an n-dimensional manifold M. Then, F is
a S3-like metric if and only if

S =
16Qrp

[h̃l jh̃ik − h̃lk h̃ij]
[AplkArij − ApljArik]A

−2, (9)

where

h̃ij := 4AAij − 3Ai Aj, (10)

Qrp := 4Arp +
2

3
yryp, (11)

Aijk := A2 Aijk +
3

4
Ai Aj Ak −

1

2
A(Ai Ajk + Aj Aik + Ak Aij). (12)

Then, the scalar function S is a rational function in y.

A Finsler manifold (M, F) is called S4-like if there exists a scalar function M = M(x, y)
on TM such that v-curvature tensor is written in the following form

F2Sijkl = hik Mjl + hjl Mik + hjl Mik − hil Mjk − hjk Mil .

Every four-dimensional Finsler space is S4-like (see [9])

Theorem 1.3. There is no S4-like 4-th root Finsler metric.

Acknowledgement: The authors would like to thank Professor Akbar Tayebi for their
valuable comments and their encouragements during preparation of this manuscript.
Also, we would like to thank the referees for their careful reading of the manuscript and
helpful suggestions.

2. PRELIMINARIES

Let M be a n-dimensional C∞ manifold. A Finsler metric on M is a function F : TM →
[0, ∞) which has the following properties: (i) F is C∞ on TM0 = TM \ {0}, (ii) F is
positively 1-homogeneous on the fibers of tangent bundle TM, (iii) for each y ∈ Tx M, the
following quadratic form gy on Tx M is positive definite,

gy(u, v) :=
1

2

∂2

∂s∂t

[
F2(y + su + tv)

]
|s,t=0, u, v ∈ Tx M.

Let x ∈ M and Fx := F|Tx M. To measure the non-Euclidean feature of Fx, define Cy :
Tx M ⊗ Tx M ⊗ Tx M → R by

Cy(u, v, w) :=
1

2

d

dt

[
gy+tw(u, v)

]
|t=0, u, v, w ∈ Tx M.

The family C := {Cy}y∈TM0
is called the Cartan torsion. It is well known that C=0 if and

only if F is Riemannian.

The horizontal covariant derivatives of C along geodesics give rise to the Landsberg cur-

vature Ly : Tx M ⊗ Tx M ⊗ Tx M → R defined by Ly(u, v, w) := Lijk(y)u
ivjwk, where

Lijk := Cijk|sy
s, u = ui ∂

∂xi |x, v = vi ∂

∂xi |x and w = wi ∂

∂xi |x. The family L := {Ly}y∈TM0
is

called the Landsberg curvature. A Finsler metric is called a Landsberg metric if L = 0.
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In local coordinates (xi, yi), the vector filed G = yi ∂

∂xi − 2Gi ∂

∂yi is a global vector field on

TM0, where Gi = Gi(x, y) are local functions on TM0 given by

Gi :=
1

4
gil

{
∂2F2

∂xk∂yl
yk − ∂F2

∂xl

}
, y ∈ Tx M. (13)

The vector field G is called the associated spray to (M, F) [15].

For y ∈ Tx M0, define By : Tx M ⊗ Tx M ⊗ Tx M → Tx M and Ey : Tx M ⊗ Tx M → R by

By(u, v, w) := Bi
jkl(y)u

jvkwl ∂

∂xi |x and Ey(u, v) := Ejk(y)u
jvk where

Bi
jkl :=

∂3Gi

∂yj∂yk∂yl
.

B is called Berwald curvature. Then F is called a Berwald metric if B = 0.

3. PROOF OF THEOREM 1.1

A Finsler space is called a Berwald space (resp. Landsberg space) if Cijk|h = 0 (resp.
Cijk|0 = 0 ) holds [9].

Proof of Theorem 1.1: Let F = 4
√

A be an 4-th root Finsler metric and S3-like. The Cartan
torsion of of F is given by

Cijk =
1

4
A

−5
2 Aijk, (14)

where

Aijk = A2 Aijk +
3

4
Ai Aj Ak −

1

2
A(Ai Ajk + Aj Aik + Ak Aij). (15)

So, we have

4A
5
2 Cijk = A2Aijk +

3

4
Ai Aj Ak −

1

2
A(Ai Ajk + Aj Aik + Ak Aij). (16)

By (7), we have

Ai := 4F3ai, Aij := 12F2aij , Aijk := 24Faijk. (17)

The normalized supporting element li, the angular metric tensor hij and the fundamental
tensor gij are given in the following form

li = ai , hij = 3(aij − aiaj) , gij = 3aij − 2aiaj. (18)

Throughout this paper, we use the Cartan connection on Finsler manifolds. The horizon-
tal and vertical derivatives of a Finsler tensor field are denoted by “|” and “, ”, respec-
tively. Then the following hold

F|i = 0 , li|j = 0 , hij|k = 0. (19)

It follows from (18) that the Cartan tensor Cijk(=
1
2

∂gij

∂yk ) is given in the form

Cijk =
3

F
(aijk − aijak − aikaj − akjai + 2aiajak). (20)
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By taking a horizontal derivative of (20) and using (19) we get

ai|j = 0 , aij|k = 0 , aijk|h =
F

3
Cijk|h. (21)

Then

Cijk|h =
1

4F2
Aijk|h =

3

F
aijk|h. (22)

Then, according to (22), the 4-th root metric F = 4
√

A is a Berwald metric if and only if
aijk|h = 0.

On the other hand, the components of Landsberge curvature Lijk(= yhCijk|h) are given by

Lijk =
3

F
aijk|0. (23)

Here, the subscript 0 means the contraction for the supporting element yi. By (23), the

4-th root metric F = 4
√

A is a Landsberg metric if and only if aijk|0 = 0. This complete the
proof. �

As a generalization of Landsberg curvature, Berwald introduced the notion of stretch
curvature and denoted it by Σy. He showed that Σ = 0 if and only if the length of a
vector remains unchanged under the parallel displacement along an infinitesimal par-
allelogram. Then, this curvature investigated by Matsumoto in [8]. Define the stretch

curvature Σy : Tx M ⊗ Tx M ⊗ Tx M ⊗ Tx M → R by Σy(u, v, w, z) := Σijkl(y)u
ivjwkzl ,

where
Σijkl := 2(Lijk|l − Lijl|k).

A Finsler metric is said to be stretch metric if Σ = 0. Every Landsberg metric is a stretch
metric [21].

Corollary 3.1. A Finsler space with the 4-th root metric F = 4
√

A is a stretch metric if and only
if aijk|0|s = aijs|0|k .

Proof. By (23), we have

Lijk|s =
3

F
aijk|0|s. (24)

Therefore, the components of stretch curvature are given by the following

Σijkl =
3

F
(aijk|0|s − aijs|0|k). (25)

Then, by (25) it follows that the 4-th root metric F = 4
√

A is a stretch metric if and only if
aijk|0|s = aijs|0|k . �

4. PROOF OF THEOREM 1.2

In this section, we are going to prove the Theorem 1.2.

Proof of Theorem 1.2: Let F = 4
√

A be an 4-th root Finsler metric and S3-like. The angular
metric of F are given by

hij =
1

16
h̃ij A

−3
2 , (26)
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where

h̃ij = 4AAij − 3Ai Aj. (27)

By (13), it is clear that Cijk is an irrational function with respect to y. Also, we have

gmi = A
−1
2 Qmi.

Then the components Cm
jk(= gmiCijk) are given by

Cm
jk =

1

4
Qmi

Aijk A−3. (28)

Then Cm
jk is a rational function with respect to y. So, the v-curvature tensor Slijk = Cr

lkCrij −
Cr

ljCrik of the Cartan Connection CΓ for the 4-th root metric is given by the following

Slijk =
1

16
Qrp A

−11
2 (AplkArij − ApljArik). (29)

On the other hand, by assumption we have

Slijk =
S

F2
(hl jhik − hlkhij) (30)

Substituting (26) into (30) implies that

Slijk =
1

256
SA

−7
2 (h̃l jh̃ik − h̃lk h̃ij). (31)

By (29) and (31), we get

S =
16Qrp

[h̃l jh̃ik − h̃lk h̃ij]
[AplkArij − ApljArik]A

−2, (32)

It is trivial that S is a rational function in y. �

Corollary 4.1. If S = S(x) is isotropic, then F has vanishing vv-curvature.

Proof. By assumption, the left-hand side of (32) is a function with respect to x while the
other side is a function with respect to both x and y. Then, it implies that S = 0. Hence,
Sijkl = 0. �

5. PROOF OF THEOREM 1.3

In this section, we are going to prove the Theorem 1.3. First, we remark that in [12],
Schneider proved that every Finsler metric with vanishing v-curvature is Riemannian

Lemma 5.1. ( [12]) Every Finsler metric with vanishing v-curvature is Riemannian.

Proof of Theorem 1.3: Let F = 4
√

A be an 4-th root Finsler metric that is S4-like, i.e.,

F2Sijkl = hik Mjl + hjl Mik − hil Mjk − hjk Mil (33)

where Mij = Mij(x, y) are scalar and symmetric functions on TM.
By putting (26) ,(29) into (33), we get

Qrp[ApilArjk − ApikArjl ] = h̃ik Mjl + h̃jl Mik − h̃il Mjk − h̃jk Mil (34)
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Now, the right-hand side of (34) is an irrational function in y while its left-hand side is a
rational function in y. Hence, the two sides should be equal to zero. So,

ApilArjk − ApikArjl = 0, (35)

h̃ik Mjl + h̃jl Mik − h̃il Mjk − h̃jk Mil = 0. (36)

Then, by (29) it follows that Sijkl = 0. By Schneider’s lemma F is Riemannian. This is a
contradict with our assumption that say F is a non-Riemmanian metric. Thus, there is no
S4-like 4-th root metric. �
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[12] R. Schneider, Über die Finsler räume mit Sijkl = 0, Arch. Math, 19(1968), 656-658.

[13] H. Shimada, On Finsler spaces with metric L = m

√
ai1i2...im

yi1 yi2 ...yim , Tensor, N.S., 33(1979), 365-372.
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