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THE PONCELET PENCIL'S HYPERBOLAS AS LOCUS GEOMETRIC AND
THEIR EQUATIONS IN BARYCENTRIC COORDINATES

SANDOR NAGYDOBAI KISS

ABSTRACT. In this paper we shown that any hyperbolas of the Poncelet pencil may be
consider as a locus geometric.

1. INTRODUCTION

The isogonal conjugation determined by a triangle ABC transform a general line m to
a conic K passing through A, B,C. Let px + qy +rz = 0 the equation of the line m.
We use the barycentric coordinates with respect to the triangle ABC: A = (1 : 0 : 0),
B=(0:1:0),C=(0:0:1). In the plan of the triangle ABC we consider a varying
point M = (u : v : w), so that uvw # 0. The isogonal transform of M is the point
M' = (a®vw : b*wu : c®uv) and of line m the circumconic pa’yz + qb%zx + rc?xy = 0.
Consequently, the point M is on the line m, if and only if the conic K passes through the
M'. Indeed:

M E m < pu+qo+rw =0 < a?b*ctuvw(pu + qv + rw) = 0 &
pa® - b*wu - c*uv + qb? - cuv - a?vw + rc? - a?ow - bPwu = 0 < M’ € K.

By the isogonal conjugation the pencil of lines through the circumcenter O is transformed
to a pencil of rectangular hyperbolas passing through the vertices A, B, C and the ortho-
center H of triangle ABC (see [1], Theorem 1).

The straight line connecting the circumcenter O and the incenter I of a triangle ABC is
transformed into the Feuerbach hyperbola. There are three other excentral Feuerbach hy-
perbolas which are obtained by applying the isogonal conjugation to the lines OI,, OI;,
OlI., where I;, I and I, denote the excenters, of the triangle ABC. In [2] are established
another derivation, namely as locus geometric and some properties of these Feuerbach
hyperbolas.

In this paper we shown that any hyperbolas of the Poncelet pencil may be consider as a
locus geometric. Let y = u +v+w # 0, S the twice of the area of triangle ABC, Sy =
bccos A, Sp = cacos B, Sc = abcos C, so that S4SpSc # 0 and X, Y, Z the projections of
M on the sidelines BC, CA, AB, respectively.
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2. THE LENGTH OF THE SEGMENTS MX, MY, MZ

Since the equation of the line MX is
(vSp — wSc)x — (wa* + uSp)y + (va®* + uSc)z = 0,
the barycentric coordinates of the point X are
X = (0: va®* 4 uSc : wa® + uSp).
The absolut barycentric coordinates of the point X are
X = <0Iva2+2uSc/wg2+2uSB> _ (O,U+Ltsglw+14&;> ‘
Ha Ha Boopas B pa
Now we calculate the length of the segment MX:

2

p U SBSC . MZ SBSC
MX _}12|:SA+ o (SB+Sc):| —2(5A+ o

2 2¢g2
_u 5 _u“S
= 7{12}!2 (a°Sa + SgSc) = 7112#2

S
consequently MX = Zy' The equations of the line MY and MZ are:

(wb® +vSa)x + (wSc — uSa)y — (ub® +vSc)z = 0,
—(ve® +wSa)x + (uc® + wSp)y + (uS4 — vSp)z = 0.

The barycentric, respectively absolute barycentric coordinates of the points Y and Z are

2 2
Y:(ubz—I—ch:O:wbz—i—vsA):(ub +0vSc . wb +ZJSA)

pbr 7 ub?
_(u_ vSc jw 0S4

uc2 +wSp v +wSy 0
e

S S
— (54 252,24 %5 0).
pooopet po pc

Similarly we obtain the length of the segment MY and MZ:

Z:(ucz+w53:vcz+w5A:0):<

vS wS
MY =—, MZ = —.
CH

Let X(«), Y(B) and Z(y) points on the half-line MX, MY, MZ respectively, and MX(«a) =
&, MY(B) = p, MZ(7) = 7.
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3. THE BARYCENTRIC COORDINATES OF THE POINTS X (&), Y(B) AND Z(7y)

. . . . . MX(«)
We determine the absolute barycentric coordinates of the point X(«). Since =

X(a)X

a .
m, for this

X(a) = (MX—Aa/cI))?/IJrocX

_MX—a (u v w), a (v uScw uSp
COMX \p'plp X\"u pa®’y o pa?

(uHU> (uuscu53>
pwiop'w)  MX\ p’pa?’ pa?
v,
1

_(u ax v aSc @
= <)

TR T
X(a) = (auS — yaa® : avS + paSc : awsS + uaSp).

So the barycentric coordinates of the point X («) are

Similarly we obtain
Y(B) = (buS + uBSc : bvS — upb* : bwS + upSa),
Z(v) = (cuS + uySp : cvS + uySa : cwS — pyc?).
In general, the lines AX(«), BY(B), CZ(7) are not concurrent. What is the condition of

concurrence of these lines?

4. THE CONDITION OF CONCURRENCE OF THE LINES AX(«), BY(B), CZ(7)
Proposition 4.1. The lines AX(«), BY (B), CZ(~y) are concurrent if and only if

S [be(vSp — wSc)ua + ca(wSc — uS)vp + ab(uS 4 — vSp)wy|
= u [aSa(vSp—wSc)By + bSp(wSc—uS ) ya + cSc(uSo—vSp)ap]. (1)

Proof. The equations of the lines AX(«), BY(B), CZ(y) are

(awS + uaSg)y — (avS + paSc)z =0,

(bwS + uBSa)x — (buS + upSc)z =0,

(cvS+ uySa)x — (cuS + uySg)y =0.
The concurrence of the lines AX(«), BY(B), CZ(y) is equivalent with the

(avS + paSc) (bwS + uPSa)(cuS + uySg)
= (awS + uaSp) (buS + uPpSc)(cvS + uySa),

which is equivalent with the condition (1). 0
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We introduce the following notations:
E(u,v,w,a,B,v) = be(vSp — wSc)ua + ca(wSc — uS)vp
+ab(uSa —vSg)w,
F(u,v,w,a,B,v) = aSa(vSp — wSc)By + bSp(wSc — uSa)yw
+cSc(uSa — vSp)uap.

With these notations the condition (1) can write in the below form:

S-E(u,v,w,a,B,v)—u-Fluv,w,apB,v) =0. ()
Proposition 4.2. The lines AX (), BY (B), CZ(vy) are concurrent,
VteR,if
at bt ct
== ==, = . 3
a=-—, p=—, r=_ ®3)
at bt ct . "
Proof. If & = o B=—,7= ot we will demonstrate that the condition of concurrence
(2) is come true. Indeed:
t bt ct
E (u,v,w,[;,v,;}> = abct(vSp — wSc + wSc — uSs +uSas —vSp) =0,
F (u,v,w,at,bt,d)
u’'v’w
abct?
= Py~ [uSA(vSp — wSc) + vSp(wSc — uS4) + wSc(uSs — vSp)] = 0.
O

Lemoine’s theorem [3]. Let ABC be a triangle, M a point in its plane, and X, Y, Z the projec-
tions of M on BC, CA, AB, respectively. If A’, B', C" are points on the half-lines MX, MY, MZ,
respectively, such that

MX - MA' = MY - MB' = MZ - MC' 4)
then AA’, BB', CC’ are concurrent.

;L at ;L bt ;L Ci . .
Let A" =X m ,B'=Y > ,C'=Z =) The conditions (3) and (4) are equivalent.
Indeed:

t
aftﬁ_i _dum _0b_wy
w a b ¢

Consequently the Propos1t1on 4.2 is equivalent with the Lemoine’s theorem. The condi-
tion (3) is only sufficient for the concurrence of the lines AX(«), BY(B), CZ(y), but it is
not also necessary.

In this case we introduce the following notation:

u o w u U w
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Remarks. 1) K(M,0) = M.

2) If the point M coincide with the incenter I = (a : b : c¢) and t = r, then the point
K(I,r) =K(a,b,c,r,r,v) = AX(r) N BY(r) N CZ(r) is the Gergonne point of the triangle
ABC.

3)If M # H, then H = K(M, 00) = AX(00) N BY(00) N CZ(o0).

5. THE LOCUS OF THE POINTS K(M, t)
Proposition 5.1. If M # H, then the point K(M, t) describe the circumconic Ky with equation
u(vSp — wSc)yz + v(wSc — uSa)zx + w(uSs — vSp)xy =0, (5)
which is a hyperbola.

t bt t
Proof. The equations of the lines AX (i) , BY <v> ,CZ (;}) are

(uwS + utSp)y — (uvS + utSc)z = 0,

)y
(vwS 4+ utSa)x — (vuS + utSc)z =0,
)x

(wvS + utSa)x — (wuS + utSp)y =0,

u(vz —wy)S _ v(wx —uz)S _ w(uy —ovx)S from where
(ySp—zSc)u  (z5c —xSa)p (xSa—ySe)p’

arise the equation (5). The circumconic pyz + gzx + rxy = 0 is hyperbola if and only if
pSa +qSp +rSc = 0. In our case the condition is true. Indeed:

From this equations t =

M(USB — ZUSC)SA + U(ZUSC — MSA)SB + ZU(L[SA — USB)SC =0.

Remark. If M = H, then the locus of the points K(M, t) is only the point H.

Proposition 5.2. The circumconic Ky passes through the orthocenter H of the triangle ABC,
thus is a rectangular hyperbola. The point M is on the hyperbola Ky, too.

1 1 1

Proof. The barycentric coordinates of the points H = ( —: —: — |and M = (u: v :
54 S Sc

w) satisfy the equation of Ky

He Ky <=
1
= [MSA(USB—ZUSC) + vSp (ZUSC—MSA)+ZUSC<MSA—USB)] =0,
5ASBSc

M € Ky < uvw(vSp — wSc + wSc — uSs + uSa — vSg) = 0.
O

Proposition 5.3. The hyperbola Ky, is the isogonal conjugate of the line OM’, where O is the
circumcenter of the triangle ABC and M’ is the isogonal conjugate of the point M.
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Proof. The coordinates of the points O and M’ are:
O = (%S4 : b*Sp : c*Sc), M' = (a®vw : Pwu : ctuv).
The equation of the line OM’ is
b*c*u(vSp — wSc)x + c*a*v(wSc — uS )y + a*b*w(uS, — vSp)z = 0.
The isogonal transform of this equation is
b*?u(vSp — wSc)a*yz + 2a*v(wSc — uS)b*zx + a*b*w(uS, — vSp)c*xy = 0,

which is equivalent with the equation of the hyperbola Kj.
Proposition 5.4. The center Cyy of hyperbola Ky has barycentric coordinates

x = u(vSp — wS¢)[w(u + v)b* — v(u +w)c?],

y = o(wSc — uSA)[u(v+w)c* —w(v + u)a?],

z = w(uSs — vSp)[v(w + u)a® — u(w + v)b?,
and it is on the nine-point circle of the triangle ABC.
Proof. The coordinates of the center Cy are

x=p(=p+q+r), y=qp—q+r), z=r(p+q-7),

where p = u(vSgp — wSc), q = v(wSc — uS4), r = w(uS, — vSp) and

—p+q+r=—u(vSp —wSc) + v(wSc — uS4) + w(uS, — vSp)
= w(u + v)b* — v(u + w)c>.

The equation of the nine-point circle is
Sax* + Spy* + Scz* — a*yz — b*zx — c*xy = 0.
We transform the left member of this equation:
Sax* + Spy* + Scz* — atyz — bPzx — c*xy
= Sax* 4+ Spy? + Scz® — (S + Sc)yz — (Sc +Sa)zx — (Sa + Sp)xy
=—x(—x+y+2z)Sa—y(x—y+2z)Sp—z(x+y—2z)Sc

XYz
= _PyI/]T’ (pSA +q53 +1’Sc) =0,

. xXyz xXyz xXyz
sincex(—x+y+z)=—,yx—y+z)=—,z(x+y—2z) = —— and
( y+z) pm y(x—y+z) = (x+y—2) v

pSa+qSp+1rSc = 0.
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6. THE CONSTRUCTION OF THE POINTS K(M, t)
.. ) . . at bt ct
The question is how we can determine geometrical the points X L Y > ) Z p
which satisfy the conditions of concurrence (1)?

Lemma 6.1. The antiparallel d 4 of the side BC is perpendicular to the line OA, when O is the
circumcenter of the triangle ABC.

Proof. Let L, P and N the points of intersection of the antiparallel d4 with the lines AB,
OA and BC (see Figure 1). Let furthermore D the diametrically opposite of the vertices
A.

C

Figure 1

Since the triangles APL and ABD are right-angled triangles, we have:
ALN =90° — BAD = ADB = ACB.

O
Since MX, MY, MZ are perpendicular to the sides BC, CA, AB, respectively, the circum-
centers of the triangles MYZ, MZ X, MXY are the midpoints of the segments M A, MB, MC.
The construction of the points K(M, f) is following: we put on the half-line MX a point
arbitrary A’ and we pull a perpendicular to the lines MC which intersect the line MY in
the point B’; answerably to the Lemma 6.1, the line A’B’ is the antiparallel with the line
XY, consequently MX - MA" = MY - MB’; from B’ we pull a perpendicular to the lines
MA which intersect the line MZ in the point C’; the line B'C’ is the antiparallel with the
line YZ, consequently MY - MB' = MZ - MC’; the line C’ A’ will be the antiparallel of the
lines ZX; from the theorem of Lemoine result then the lines AA’, BB’, CC’ are concurrent
(see Figure 2).
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Figure 2

7. SPECIAL CASES

7.1. To the points A, B, C no correspond never a one hyperbole (5).

72. Ifu = 0and vw # 0, then M € BC, M # B, M # C and the locus of the points
K(M, t) is the line AH, the altitude, joined with the point M.

7.3. The isogonal conjugate of the line OA has equation Sczx — Spxy = 0, which is a
degenerate hyperbola consisting of the side BC and the altitude AH. So, the Poncelet
pencil has three degenerate rectangular hyperbolas.

8. EQUATIONS OF SOME NOTABLE HYPERBOLAS

8.1. If the point M coincide with the centroid G = (1 : 1 : 1) of the triangle ABC, then
u =v =w = 1. In this case « = at, p = bt, v = ct and the point

K(G,t) =K(1,1,1,at,bt,ct) = AX(at) N BY (bt) N CZ(ct)
describe the Kiepert hyperbola with equation
(b — )yz + (¢ — a*)zx + (a®> — b*)xy = 0. (6)

The Kiepert hyperbola is the isogonal transform of the line GL, where L is the symme-
dian point (Lemoine point) of the triangle ABC.

8.2. If the point M coincide with the circumcenter O = (a?S4 : b?Sp : c2Sc) of the
t t

triangle ABC, then u = a?Sy, v = b?Sp, w = ¢®Sc. In this case & = oSy B = 55,
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Y= and the point

CSC

t t t
K(O,t) =K (a*Sp-b*Sp-c*Sc+ —— + o+ ——
(O, ) < SA SB ¢ SC SA bSB C5c>

t t t
_AX< SA) nBY <b53> nez <C5C>

describe the Jerabek hyperbola wit equation
a*S A (b* — c®)yz + b*Sp(c* — a®)zx + c*Sc(a* — b?*)xy = 0. (7)
The Jerabek hyperbola is the isogonal transform of the Euler line OH.

8.3. If the point M coincide with the incenter I = (a : b : c) of the triangle ABC, then
u=a,v=>b,w=c. Inthiscasex = f =y = t and the point

K(I,t) =K(a,b,c,t,t,t) = AX(t)NBY(t) N CZ(t)
describe the Feuerbach hyperbola with equation
a(bSp — cSc)yz + b(cSc —aSa)zx + c(aSs — bSg)xy = 0. (8)

8.4. If the point M coincide with the A-excenter I, = (—a : b : ¢) of the triangle ABC,
thenu = —a,v = b, w = c. In this case « = —t, p = v = t and the point

K(I;,t) = K(—a,b,c,—t,t,t) = AX(—t) N BY(t) N CZ(t)
describe the A—ex—Feuerbach hyperbola with equation
a(bSp — cSc)yz — b(cSc +aSa)zx + c(aSa + bSp)xy = 0. )

8.5. If the point M coincide with the B-excenter [, = (a : —b : c) of the triangle ABC,
thenu =a,v= —b,w =c. Inthiscasea =t, § = —t, v = t and the point

K(Iy, t) = K(a,—=b,c, t,—t,t) = AX(t) N BY(—t) N CZ(t)
describe the B-ex-Feuerbach hyperbola with equation

a(bSg + cSc)yz 4+ b(cSc —aSa)zx — c(aSa + bSp)xy = 0. (10)

8.6. If the point M coincide with the C-excenter Ic = (a : b : —c) of the triangle ABC,
thenu =a,v="b, w = —c. In this case & = ¢, ,B =ty= —tandthepomt

K(I,t) = K(a,b,—c,t,t,—t) = AX(t) N BY(t) N CZ(—t)
describe the C-ex-Feuerbach hyperbola with equation
—a(bSp + cSc)yz + b(cSc +aSa)zx + c(aSa — bSp)xy = 0. (11)

8.7. The isogonal transform of the tangent line to Jerabek hyperbola at O is the Huy-
gens’hyperbola. The equation of the tangent is

b*c?SpSc (b —c*)x + 2a*ScSa(2—a?)y + a*b*S 4 Sp(a*—b*)z = 0.
So the equation of the Huygens'hyperbola is
SBSC(b2 — cz)yz + SCSA(C2 — az)zx + SASB(a2 — bz)xy =0. (12)
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9. FURTHER RESEARCH

Further research may tackle the determination of the axes, foci, vertex and asymptotes
of the hyperbolas K.
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