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ON (α, β)-METRICS OF ISOTROPIC BERWALD CURVATURE

S. LOGHMANNIA AND A. TAYEBI

ABSTRACT. The class of (α, β)-metrics is an important class of Finsler metrics which con-
tains well-known metrics such as Funk, Berwald and Matsumoto metrics. Let F = αφ(s)
be an (α, β)-metric of non-Randers type. We prove that F is of scalar flag curvature
with isotropic S-curvature if and only if it has isotropic Berwald curvature with almost
isotropic flag curvature. In this case, F must be locally Minkowskian.
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1. INTRODUCTION

Let (M, F) be a Finsler manifold. The geodesic curves of F on M are determined by
c̈i + 2Gi(ċ) = 0, where the local functions Gi = Gi(x, y) are called the spray coefficients.
F is said to be isotropic Berwald metric if its Berwald curvature is in the following form

Bi
jkl = c

{

Fyjyk δi
l + Fykyl δi

j + Fylyj δi
k + Fyjykyl yi

}

, (1)

for some scalar function c = c(x) on M. Berwald metrics are trivially isotropic Berwald
metrics with c = 0. Funk metrics are also non-trivial isotropic Berwald metrics. Recently
studies show that the notion of Finsler metrics with isotropic Berwald curvature deserve
more attentions. For example, Tayebi-Rafie Rad show that every isotropic Berwald met-
ric has isotropic S-curvature [14]. Recently, Tayebi-Najafi investigate isotropic Berwald
metric of scalar flag curvature and prove these Finsler metrics are of Randers type [13].
In [7], Mo-Guo-Liu show that every spherically symmetric Finsler metric of isotropic
Berwald curvature is a Randers metric.
In order to find explicit examples of isotropic Berwald metrics, we consider (α, β)-metrics
[11][12]. This class of metrics was first introduced by Matsumoto which appearing itera-
tively in formulating Physics, Mechanics, Biology and Ecology, etc [8]. An (α, β)-metric
is a Finsler metric of the form F := αφ(s), s = β/α, where φ = φ(s) is a C∞ on (−b0, b0),

α =
√

aij(x)yiyj is a Riemannian metric and β = bi(x)yi is a 1-form on M. For example,

φ = c1

√
1 + c2s2 + c3s is called Randers type metric, where c1 > 0, c2 and c3 are constant.

For a Finsler manifold (M, F), the flag curvature is a function K(P, y) of tangent planes
P ⊂ Tx M and directions y ∈ P. F is said to be of scalar flag curvature if the flag curvature
K(P, y) = K(x, y) is independent of flags P associated with any fixed flagpole y. F is
called of almost isotropic flag curvature if

K =
3cxm ym

F
+ σ, (2)
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where c = c(x) and σ = σ(x) are scalar functions on M. One of the important problems
in Finsler geometry is to characterize Finsler manifolds of almost isotropic flag curvature
[9].
Among the non-Riemannian quantities, the S-curvature S = S(x, y) is closely related to
the flag curvature which constructed by Shen for given comparison theorems on Finsler
manifolds [10]. A Finsler metric F is called of isotropic S-curvature if

S = (n + 1)cF, (3)

for some scalar function c = c(x) on M.
Here, we are going to characterize the isotropic Berwald (α, β)-metrics of scalar flag cur-
vature. More precisely, we prove the following.

Theorem 1. Let F := αφ(s) be an (α, β)-metric on a manifold M of dimension n ≥ 3. Suppose
that F is not a Finsler metric of Randers type. Then F is of scaler flag curvature with isotropic
S-curvature (3), if and only if it has isotropic Berwald curvature (1) with almost isotropic flag
curvature (4). In this case, F must be locally Minkowskian.

2. PRELIMINARY

Let M be a n-dimensional C∞ manifold. Denote by Tx M the tangent space at x ∈ M,
by TM = ∪x∈MTx M the tangent bundle of M and by TM0 = TM \ {0} the slit tangent
bundle. A Finsler metric on M is a function F : TM → [0, ∞) which has the following
properties:
(i) F is C∞ on TM0,
(ii) F is positively 1-homogeneous on the fibers of tangent bundle TM,
(iii) for each y ∈ Tx M, the following quadratic form gy on Tx M is positive definite,

gy(u, v) :=
1

2

∂2

∂s∂t

[

F2(y + su + tv)
]

|s,t=0, u, v ∈ Tx M.

Let x ∈ M and Fx := F|Tx M. To measure the non-Euclidean feature of Fx, define Cy :
Tx M ⊗ Tx M ⊗ Tx M → R by

Cy(u, v, w) :=
1

2

d

dt

[

gy+tw(u, v)
]

|t=0, u, v, w ∈ Tx M.

The family C := {Cy}y∈TM0
is called the Cartan torsion. It is well known that C=0 if and

only if F is Riemannian.

Given a Finsler manifold (M, F), then a global vector field G is induced by F on TM0,
which in a standard coordinate (xi, yi) for TM0 is given by

G = yi ∂

∂xi
− 2Gi(x, y)

∂

∂yi
,

where Gi(y) are local functions on TM given by

Gi :=
1

4
gil

{ ∂2[F2]

∂xk∂yl
yk − ∂[F2]

∂xl

}

, y ∈ Tx M.
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G is called the associated spray to (M, F). The projection of an integral curve of G is
called a geodesic in M. In local coordinates, a curve c(t) is a geodesic if and only if its
coordinates (ci(t)) satisfy c̈i + 2Gi(ċ) = 0.

For a tangent vector y ∈ Tx M0, define By : Tx M ⊗ Tx M ⊗ Tx M → Tx M and Ey : Tx M ⊗
Tx M → R by

By(u, v, w) := Bi
jkl(y)u

jvkwl ∂

∂xi
|x, Ey(u, v) := Ejk(y)u

jvk,

where

Bi
jkl(y) :=

∂3Gi

∂yj∂yk∂yl
(y), Ejk(y) :=

1

2
Bm

jkm(y),

u = ui ∂
∂xi |x, v = vi ∂

∂xi |x and w = wi ∂
∂xi |x. B and E are called the Berwald curvature and

mean Berwald curvature, respectively. A Finsler metric is called a Berwald metric and
mean Berwald metric if B = 0 or E = 0, respectively.

Define Dy : Tx M ⊗ Tx M ⊗ Tx M → Tx M by Dy(u, v, w) := Di
jkl(y)u

ivjwk ∂
∂xi |x where

Di
jkl := Bi

jkl −
2

n + 1
{Ejkδi

l + Ejlδ
i
k + Eklδ

i
j + Ejk,ly

i}.

We call D := {Dy}y∈TM0
the Douglas curvature. A Finsler metric with D = 0 is called

a Douglas metric [6]. It is remarkable that, the notion of Douglas metrics was proposed
by Bácsó-Matsumoto as a generalization of Berwald metrics (see [2] and [3]).

The Riemann curvature Ky = Ki
kdxk ⊗ ∂

∂xi |x : Tx M → Tx M is a family of linear maps on
tangent spaces, where

Ki
k = 2

∂Gi

∂xk
− yj ∂2Gi

∂xj∂yk
+ 2Gj ∂2Gi

∂yj∂yk
− ∂Gi

∂yj

∂Gj

∂yk
.

The flag curvature in Finsler geometry is a natural extension of the sectional curvature
in Riemannian geometry, which is first introduced by L. Berwald [4]. For a flag P =
span{y, u} ⊂ Tx M with flagpole y, the flag curvature K = K(P, y) is defined by

K(P, y) :=
gy(u, Ky(u))

gy(y, y)gy(u, u)− gy(y, u)2
.

When F is Riemannian, K = K(P) is independent of y ∈ P, and is just the sectional cur-
vature of P in Riemannian geometry. We say that a Finsler metric F is of scalar curvature
if for any y ∈ Tx M, the flag curvature K = K(x, y) is a scalar function on the slit tangent
bundle TM0. If K = constant, then F is said to be of constant flag curvature. F is called
of almost isotropic flag curvature if

K =
3cxm ym

F
+ σ, (4)

where c = c(x) and σ = σ(x) are scalar functions on M.
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Let F := αφ(s), s = β/α, be an (α, β)-metric on a manifold M, where φ = φ(s) is a C∞

function on the (−b0, b0) with certain regularity, α =
√

aijyiyj is a Riemannian metric

and β = bi(x)yi is a 1-form on M. Define bi|j by

bi|jθ
j := dbi − bjθ

j
i ,

where θi := dxi and θ
j
i := Γ

j
ikdxk denote the Levi-Civita connection form of α. Let

rij :=
1

2
(bi|j + bj|i), sij :=

1

2
(bi|j − bj|i).

Clearly, β is closed if and only if sij = 0.

For a Finsler metric F on an n-dimensional manifold M, the Busemann-Hausdorff vol-
ume form dVF = σF(x)dx1 · · · dxn is defined by

σF(x) :=
Vol(Bn(1))

Vol
[

(yi) ∈ Rn
∣

∣

∣
F
(

yi ∂
∂xi |x

)

< 1
] .

Let Gi denote the geodesic coefficients of F in the same local coordinate system. The
S-curvature is defined by

S(y) :=
∂Gi

∂yi
(x, y)− yi ∂

∂xi

[

ln σF(x)
]

,

where y = yi ∂
∂xi |x ∈ Tx M. S said to be isotropic if there is a scalar functions c = c(x) on

M such that S = (n + 1)cF.

Now, let φ = φ(s) be a positive C∞ function on (−b0, b0). For an (α, β)-metric F = αφ(s),
put

Q :=
φ′

φ − sφ′ .

For a number b ∈ [0, b0), let us define

Φ := −(Q − sQ′)[n∆ + 1 + sQ]− (b2 − s2)(1 + sQ)Q′′

where

∆ := 1 + sQ + (b2 − s2)Q′.

Lemma 1. ([1]) Let F = αφ(s), s = β
α , be an non-Riemannian (α, β)-metric on a manifold

M of dimension n ≥ 3. Suppose that φ 6= c1

√
1 + c2s2 + c3s for any constant c1 > 0, c2

and c3. Then F is of isotropic S-curvature if and only if one of the following holds
(a) β satisfies

rij = 0, sj = 0 (5)

In this case, S = 0.
(b) β satisfies

rij = ε(b2aij − bibj), sj = 0, (6)
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where ε = ε(x) is a scalar function, b := ‖βx‖α and φ = φ(s) satisfies

Φ = −2(n + 1)k
φ∆

2

b2 − s2
, (7)

where k is a constant. In this case, S = (n + 1)cF with c = kε.

It is remarkable that, it prove that the condition Φ = 0 characterizes the Riemannian
metrics among (α, β)-metrics. Hence, in the continue, we suppose that Φ 6= 0.

3. THE PROOF OF THE THEOREM 1

In this section, we are going to prove the Theorem 1.

The Proof of the Theorem 1: Let F = αφ(s), s = β/α, be a non-Randers type (α, β)-
metric on a manifold M of dimension n ≥ 3. Suppose that F has isotropic Berwald
curvature (1) with almost isotropic flag curvature (4). By Theorem 1.1 in [13], every
isotropic Berwald metric has isotropic S-curvature. Then, by Theorem 1.1 in [9], F has
almost isotropic flag curvature (4).
Conversely, suppose that F is of scalar flag curvature K = K(x, y) with isotropic S-
curvature (3). It is sufficient to prove that F is a isotropic Berwald metric or equivalently
the Berwald curvature of F is given by

Bi
jkl = c

{

Fyjyk δi
l + Fykyl δi

j + Fylyj δi
k + Fyjykyl yi

}

, (8)

where c = c(x) is a scalar function on M. It is well-known that, F is a isotropic Berwald
metric if and only if it is a Douglas metric D = 0 with isotropic mean Berwald curvature

Eij =
n + 1

2
cF−1hij

Since every isotropic Berwald metric has isotropic mean Berwald curvature, then it is
sufficient to prove that F is a Douglas metric D = 0. By assumption, F has isotropic
S-curvature. According to the Lemma 1, we have two cases as follows:

Case 1: Let (5) hold, i.e., rij = 0 and sj = 0. In this case, S = 0. By Lemma 5 in [5],
β must be a closed 1-form, i.e.,

sij = 0.

Then β is parallel with respect to α and in this case F reduces to a Berwald metric. By
Theorem 4 in [5], F is locally Minkowskian.

Case 2: Let (6) hold, i.e., rij = ε(b2aij − bibj) and sj = 0, where ε = ε(x) is a scalar func-
tion on M. We show that F can not be a Douglas metric and then this case is not hold. In
contrary, suppose that F is a Douglas metric with isotropic S-curvature or equivalently
it is a isotropic Berwald metric. Then the Berwald curvature of F is given by

Bi
jkl = c

{

Fyjyk δi
l + Fykyl δi

j + Fylyj δi
k + Fyjykyl yi

}

, (9)

where c = c(x) is a scalar function on M. By Theorem 1.1 in [13], every isotropic Berwald
metric of scalar flag curvature on a manifold M of dimension n ≥ 3 is a Randers metric
F = α + β. This is a contradiction with our assumption. �
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By Theorem 1, we get the following.

Corollary 1. Let F := αφ(s) be an (α, β)-metric on a manifold M of dimension n ≥ 3. Suppose
that F is not a Finsler metric of Randers type. Then F is a Finsler metric of scalar flag curvature
with vanishing S-curvature if and only if the flag curvature K = 0 and F is a Berwald metric. In
this case, F is a locally Minkowski metric.

Now, we study two dimensional (α, β)-metrics. Every isotropic Berwald metric has
isotropic S-curvature [13]. In [15], Yang proved that every two dimensional (α, β)-metric
has vanishing S-curvature. Then, by Szabó rigidity theorem for Berwald surface, we get
the following.

Corollary 2. Let F := αφ(s) be an (α, β)-metric with isotropic Berwald curvature on a 2-
dimensional manifold M. Suppose that F is not a Finsler metric of Randers type. Then F is
locally Minkowskian.

The author conjecture that the Corollary 2 might be extended for the case that dim(M) ≥
3. But, we have not been able to prove it yet.

Conjecture: Every non-Randers type (α, β)-metric with isotropic Berwald curvature is a
Berwald metric.
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