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ABSTRACT. We will use the British flag theorem to prove an elegant theorem for two
similarly oriented regular polygons-2n.
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1. INTRODUCTION
The British flag theorem is one of the simplest theorems in plane geometry.

Theorem 1.1 (British flag). If ABCD be a rectangle and P be any point on the plane, then

PA? 4+ PC? = PB? + PD? (1)

Theorem 1.1 could easily be given as an assignment for secondary school students after
they have learnt the Pythagoras theorem. Theorem 1.1 can be found in [1,p.87]. It is
impossible to list all the applications of theorem 1.1. In this article, by proving a new
theorem, an elegant theorem for two similarly oriented regular polygons-2n, we will be
introducing another interesting application of theorem 1.1.

The new theorem is stated using the concept of signed area of a quadrilateral.

Definition 1.1. The signed area of a quadrangle XYZT is a number, denoted as S [XYZT),
and defined as S [XYZT] = %XZ A YT, where notation a )\ b refers to the cross product of two

vectors a and b, i.e. a Ab = 1 |a||b|sin(a, b), where (a, b) is the directional angle between
two vectors a and b.

Apparently, S [XYZT]) = S[YZTX] = S[ZTXY] = S [TXYZ].

Denote the area of a polygon as S(.).

o S[XYZT] = S (XYZT) if quadrangle XYZT is convex and positively orientated (f.1a);
e S[XYZT] = S(XYZ) — S(XTZ) if quadrangle XYZT is concave at T and triangle XYZ
is positively orientated (f.1b);

¢ S[XYZT] =S (XYO) — S (ZTO) if quadrangle XYZT cutsitselfat O = XT NYZ and
triangle XYO is positively orientated (f.1c);

¢ S[XYZT] = S(ZTO) — S (XYO) if quadrangle XYZT cuts itself at O = XTNYZ and
triangle XYO is negatively orientated (f.1.d).

The yellow triangles on figures 1 are positively orientated (1.a, 1.b, 1.c, 1.d) and the green
ones are negatively orientated (1.b, 1,c, 1.d). Definition 1.1 can be found in [2, pp. 178-
184].
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Theorem 1.2. If A1 Aj...A, and By B;...Byy, are two similarly oriented reqular polygons, then
S[AiAi+1Biy1Bi] + S[An+iAntiv1Buyiv1Buy] is constant forany i € {1; 2; ...; 2n}, assum-
ing that A2n+1 = A1 and an+1 = Bl.

Due to the concept of signed area in theorem 1.2, regular polygon B;B;...By, does not
have to lie inside regular polygon AjA;...Aj,; quadrangles A;A;1B;1B; and
ApyiApyiv1Byyit1Bug i can cut themselves foranyi € {1; 2; ...; 2n}, assuming that Ay, 11 =
A1 and an+1 = Bl.

2. PROOF OF THE THEOREM 1.2

First, we need one lemma.

Lemma 2.1. If ABCD and A¢BoCoDy are two similar and similarly oriented rectangles, then
1
S [ABB()A()] +S [CDD()C()] = 5 (AB NAC — AyBy /\AoCo) .

Proof of lemma 2.1. Because ABCD and A¢ByCoDy are similar and similarly oriented,
there exist a point P, which is the centre of spiral similarity transforming ABCD into
ApByCyoDg and real numbers k and « such that (f.2).

PAy _ PBy _ PCy _ PDy _

PA — PB ~ PC __ PD ’
(PA, PAo) = (PB, PBy) = (PC, PCy) = (PD, PDy) = & (mod27).
Thus, by theorem 1.1, noting that CD = — AB; CoDy = — A¢By, we have
A D A D
Do Do
A S\P Co Ao Co
B 0 c B Bo c
(f2.a) (t2.b)
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2 (S [ABBOA()] + S [CDD()C()])
= ABy A BA( + CDy A DGy
= (PBy — PA) A (PAg — PB) + (PDy — PC) A (PCy — PD)
= —PBy APB — PA APAg + PA APB + PBy A PA,
—PDy A PD — PC A PCy + PC A PD + PDy A PCy
= PBy - PBsina — PA-PAysina + PDy-PDsina — PC - PCysina
+PA A (PA + AB) + PC A (PC + CD) + (PAg -+ AgBg) A PAg + (PCy + CoDy) A PCy
= ksina (PB? 4+ PD? — PA? — PC?) + PA A AB + PC A CD + AgBg A PAg + CoDy A PCo
= —AB APA + AB A PC + AgBy A PAg — AgBy A PCy
= AB A (PC — PA) — AgBy A (PCy — PAy)
= (ABAAC — ApBy A AgCy).

Therefore, S{ABByAg| + S [CDDCo] = 3 (ABAAC — AgBy A AgCo) . O

Note. A Spiral similarity with center P, rotation angle « and similarity coefficient k is the
sum of a central similarity with center P and similarity coefficient k and a rotation about
P through the angle «, taken in either order [3, p.36].

Next, we are going to prove theorem 1.2 (f.3.a, £.3.b).

Without the loss of generality, assume that A;A»...Ay, and By B;...By, are positively ori-
ented.

Let O, and O, are the centres of AjA;...Ay, and B B,...By, respectively.

A Aten

(f3.a) (£3.b)

Because A1 Aj...Ay, and By B;...By, are regular polygons that share a positive orientation,
AjAi1AirnAif14y and BB 1B, Bi14, are similar and positively oriented rectangles
foranyi € {1; 2; ..; n}, assuming that Ap,11 = Aj and By,+1 = Bs.

Hence, by the lemma 2.1, we have

S[AiAiy1Bi1Bi] + S [AinAiv14nBivi1nBiva]

(AjAit1 A AjAiin — BiBii1 ABiBip)

(A A1+1 A; AZ+7’Z Sin(A A1+1,A A1+n) - BiBi+1'BiBi+n Sin(BiBi+1, BiBl+n))
(AiAi1AiAs o sin A1 Ay — BiBiy1.BiBiyy sin By BBy
(25(AiAit1Airn) — 25(BiBit1Bitn))

(45(04A;Aiy1) —4S5(0yB;iBi11))

(5(0aAiAis1) — S(OpBiBiy1))

(% (A1Az...A2y) — 5-S (B1By...Bay))

(

n

S (A1A2 Aszn) — S (BiBa...Bay)) .

: \H N NINI=NI= N N[=RN| =
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This means that S [A;A;11Bi+1Bi] + S[An+;An+i+1Butit1Bny;] is constant for any i €
{1; 2; ..; 2n} , assuming that Ay, 11 = Aj and By, 11 = B;.
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