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ABSTRACT. The class of (g, «, B)-metrics is an important subclass of («, f)-metrics which
contains well-known metrics such as Randers, Berwald and Matsumoto metrics. In this
paper, we find the necessary and sufficient conditions under which two classes of (g, «, B)-
metrics are projectively related to a Kropina metric.
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1. INTRODUCTION

Two regular metrics are called projectively related if there is a diffeomorphism between
them such that the pull-back metric is pointwise projective to another one. In Riemann-
ian geometry, two Riemannian metrics « and & on a manifold M are projectively related
if and only if their spray coefficients have the relation G, = G. + Pyy’, where P = P(x) is
a scalar function on M and P, := Py*. In Finsler geometry, two Finsler metrics F and F
on a manifold M are called projectively related if G' = G’ + Py', where G’ and G' are the
geodesic spray coefficients of F and F, respectively and P = P(x,y) is a scalar function
on the slit tangent bundle T M. In this case, any geodesic of the first is also geodesic for
the second and vice versa.

In order to find explicit examples of projectively related Finsler metrics, we consider
(«, B)-metrics. An (a, B)-metric is defined by F := a¢(s), s = B/« where ¢ = ¢(s) is a

C* scalar function on (—b, bp) with certain regularity, « = /a;;(x)y'y/ is a Riemannian

metric and B = b;(x)y' is a 1-form on a manifold M. The projective changes between
two special (&, B)-metrics have been studied by many geometers [2] [6] [9]. Among the
(a, B)-metrics, Randers metric F = a +  and Kropina metric F = %/ are important
and have deep geometric meaning [3] [10]. Then, Cui-Shen find necessary and sufficient
conditions under which the Berwald metric F = a + 28 + p?/a and a Randers metric
F = a + p are projectively related [2]. In [6], Mu-Cheng get the conditions that a Randers-
Kropina metric F = a + € + xa?/B is projectively equivalent to a Kropina metric F =
&%/ p.

Thefe exists a special subclass of («, f)-metrics, namely (g, , B)-metrics. Let¢ : [—1,1] —
R, ¢(s) = (1+5)7,1<g<2and ||B||« < 1. Itis easy to see that

¢ =q(1+s)"", ¢ =q(g—1)(1+5)7>>0.
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Some (g, «, B)-metrics projectively related to a Kropina metric

Since ¢(s) = (1+5)7 > 0,then¢ —s¢’ = (1+5s)1 1 [1+s(1—¢q)] >0, (|s| <1). Thus
F:= txcp(g) = (Hﬁ) is a Finsler metric. We call it (g, «, )-metric. Wheng = 1org = 2,
F becomes Randers metric and Berwald metric, respectively. If we substitute p with —pj

and take g = —1, the resulting metric is Matsumoto metric. In this paper, we are going

(Hﬁ)

to find the conditions under which the (g, «, §)-metric F = and a Kropina metric

F= ‘5‘—52 being projectively related.
Theorem 1. Let F = (‘Hﬁ (g #1) bea (q,a, B)-metric and F = &2/ B be a Kropina metric
on a n-dimensional mamfold M (n > 3), where o and & are two Riemannian metrics, B and
are two non-zero collinear 1-forms on M. Then F is projectively related to F if and only if they
are Douglas metrics and the geodesic coefficients of a and & have the following relation

1 o o q(q — 1)a’roo i
GO ¥ g ey s e ey e 1 PEAARY

where b’ := a'lbj, b' := a'lb;, b* := ||B||z and 6 := 6;y" is a 1-form on M.

G, — G =

Let us define ¢(s) := s(:°;)7"!. By a simple calculation, we get ¢ —s¢’ > 0. Then

F= ﬁ is a Finsler metric. This metric is another (g, a, B)-metric, also.

Theorem 2. Let F = # (g #1,-1) be a (q,a, B)-metric and F = &/ B be a Kropina

metrz;c on a n-dimensional manifold M (n > 3), where « and & are two Riemannian metrics, 5
and B are two non-zero collinear 1-forms on M. Then F is projectively related to F if and only if
they are Douglas metrics and the geodesic coefficients of « and & have the following relation

1 5 _ 5 th3roo ;
o i B — b
22 5 00 ST E a4 g (0% — el

where b' := a'lbj, b' := a'bj, b* := ||B||z and 6 := 6;y" is a 1-form on M.

G, — Gl =

(1.2)

2. PRELIMINARY

The geodesic curves of a Finsler metric F = F(x,y) on a smooth manifold M, are deter-
mined by the system of second order differential equations

d2xt dx
dtz +2GZ( E) — 0,

where the local functions G’ = G'(x, ) are called the spray coefficients, and given by
1y 0*F? oF?
G == il kY5 )
{axkayl YT o }

A Finsler metric F is called a Berwald metric, if G' are quadratic in y € T,M for any
x € M.
Let
; 0° ; 1 9G™ ;
i r_ —
Dji = dyioykoy! ( n+1 oy’ )- @1)
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It is easy to verify that D := D;. L4 ® 9; ® dx* ® dx is a well-defined tensor on slit

tangent bundle TMy. We call D the Douglas tensor. The Douglas tensor D is a non-
Riemannian projective invariant, namely, if two Finsler metrics F and F are projectively
equivalent, G' = G' + Py, where P = P(x,y) is positively y-homogeneous of degree
one, then the Douglas tensor of F is same as that of F. Finsler metrics with vanishing
Douglas tensor are called Douglas metrics [7] [8]. The notion of Douglas metrics was
first proposed by Bacs6-Matsumoto as a generalization of Berwald metrics [1].

An («, B)-metric is a Finsler metric on a manifold M defined by F := a¢(s), s = B/«,
where ¢ = ¢(s) is a C® function on the interval (—by, by) with certain regularity, « =

\/@ijy'y! is a Riemannian metric and B = b;(x)y’ is a 1-form on M. For an (a, f)-metric,
let us define b;; by bi|j9f = db; — b]-G{, where 6 := dx' and 9{ = Ff:kdxk denote the
Levi-Civita connection form of a. Let

1 1
rij = 5 i+ bye), - sij o= 5 (bigj = byj)-

Clearly, B is closed if and only if 5;; = 0. An (&, B)-metric is said to be trivial if r;; = s;; =
0. Put
rio = rigyl, roo = riy'yl, 1= b'ry, ro:=ry
Sio = Si]'yj, S]' = biSi]', Sg = S]y]
For an («, B)-metric F = a¢(s), put
(P,
¢ —s¢"
Let G' = G'(x,y) and G}, = Gi(x,y) denote the coefficients of F and a respectively in the
same coordinate system. By definition, we have

Q:=

G' = G! +aQsh + (—2Qasy + roo)(®% +¥b'), (2.2)
where
0. P 59" +¢'¢') ¢._ L ¢” .
24;[(4; —s¢!) + (b2 — SZ)M ’ 2(p—sq') + (b2 —s2)¢"

By (2.2), it follows that every trivial («, B)-metric satisfies G' = G/, and then it reduces to
a Berwald metric.

3. PROOF OF THEOREM[I]

For an (g, «, B)-metric F = P the following hold

a1 7

4
Q= s(1—q)+1’
o_ 1 (1 —2(q —1)s)
282(1— ) +s(2—q) +1+0%(g - 1)’
1 99 = 1)
YA s + 12— 1) (3.1)
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Some (g, «, B)-metrics projectively related to a Kropina metric

In the following, we shall denote the quantities for F by the same letters with the bar and
the corresponding indices. Then for a Kropina metric F = & + 3, we have

_ 1 - 3 - 1
= —— =——, Y= —. 2
Q 25 © 252’ 2h2 (32)

To prove Theorem[I] we remark the following.

Lemma 1. [5] Let F = ‘%2 be a Kropina metric on a n-dimensional manifold M. Then
(1) (n > 3) Kropina metric F with (b* # 0) is a Douglas metric if and only if

1
b2
(2) (n = 2) Kropina metric F is a Douglas metric.

5ij = 75 (bi5j — bj5:); (3.3)

For an («, B)-metric , the Douglas tensor is determined by

; 03 ; 1 9T
t = - L ! '4
Di dyiaykay! ( n+1oy™ v). (3.4)
where
T':= aQsl) + ¥ (roo — 20Qso) b, (3.5)

Tyn = Q'so + Yo (b7 — s%) (roo — 20Qs0) + 2¥ [ro — Q' (b* — 5%)sp — Qsso].(3.6)

Now, let F and F be two (&, )-metrics which have the same Douglas tensor, i.e., D;kl =
D;kl. From 2.I) and (3.4), we have

o° i i 1 Ty, i
e — I — Tn;ln — T"Zn H o= . 7
Then there exists a class of scalar function H;k = H]ik(x) such that
S 1 o ,
T =T/ (Tjh = Ty’ = Hiy, (3.8)

where H), = H]’fk(x)yiyf , T"and Ty are given by (3.5) and (B.6) respectively. In this paper,

1
we assume that A := P

Lemma 2. Let F = % (q # 1) bea (q,a, B)-metric and F = &>/ B be a Kropina metric on a
n-dimensional manifold M (n > 3), where a and & are two Riemannian metrics and B and B are
two non-zero collinear 1-forms on M. Then F and F have the same Douglas tensor if and only if
they are all Douglas metrics.

Proof. The sufficiency is obvious. Suppose that F and F have the same Douglas tensor
on an n-dimensional manifold M when n > 3. Then (3.8) holds. By plugging (3.1I) and

(.2) into (3.8), we obtain
Ala® + Bia® + Cla* + Dia® + E'a® + Fia + H' N Alg? + B
Ia5 + Ja* + Ka® 4+ La2 + Ma + N 20%B

= Hy, (3.9)
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where
Al i=—24(1 — gb* + ¢*b?) [(1 — gb* + ?b?)sh — q(q — 1)sobl},
B' =g 2(p — DA(L+ gb)soy’ — 29(q — 1)(q — 2)sob’
+4p(q — 2)(4°0* — qb* + 1)s +2A(q — 1)(q°b* — qb* + D)oy’
—(q—1)(¢°0* — qb* + 1)roobi],
Cl:=g [(q —1)(g%V* — 2¢b* 4 qb* + 29 — 3) Broob’ + A(q —1)(g — 2)b?rooy’
—2(q — DA(§*V* — 24°b* + qb* + 29 — 3) Broy’
+[46% (7 +1)(7 — 1)* + (29° + 89 — 12)] s
—2M(q — 1)(3¢°b* — 2b°¢* + 29 — b*q — 3) Bsoy’
—2q(9+1)(g — 1)*0b'],
D' i=q(q — 1)B[ (24 — 107 + 6)ABsoy’ — 4(g +1)(q — 2%}
—(g+4)(q = 1)brooy’ +3(q — 1)root’],
E':=—q(g = 1)[2(g = 1)(q + 1)} + A 26 (9 +1) (9 = 1)* + (9 — 2) oo/
—2A(g—1)(3g —1)(g +1)Bsoy’ —2A(g+1)(g —1)*roy’ + (g +1)(g — 1)2,Bi’oobi],
F:=—Aq(q+4)(q — 1)*B%ro0y,
H :=2Aq(q+1)(p — 1)°B*r00y'".
and
I ::—2(—qb2 + ?b* +1)?,
(—qb® + qzbz +1)(q0* —24°b* + °b* + 37 - 5),
2(—10 — ¢* +10q + 64°b* — 124°b* + 6q1?),
=-2(q — 1)B*(29*b* — 2¢°b* + 3¢* — 24°b* + 2q + 2qb* — 10),
=2*(q+1)(q-5)(9 —1)%
—2ﬁ5( +1)%(q - 1)>%

_2[5

and
Al :=D%8) — b5y, B := B2Ay (7o + 50) — b'Too).
.9) is equivalent to following
20%B(A'a® +B'a® 4 C'a* + D'a® + E'a® + F'a + H')
+ (A& + B') (1a® + Ja* + Ka® 4 La® + Ma + N)
= 20%B(Ia° + Ja* + Ka® + La® + Ma + N)Hj,. (3.10)
First we show that A’ can be divide by B.
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Some (g, «, B)-metrics projectively related to a Kropina metric

By replacing y' with —y in (3.10), we get the following
—20?B(—A'a® +B'a® — C'a* + D'a® — E'a® + Fia — H')
_ (Aiaz + Bi)(l(x5 — Ja* + Ka® — La® + Ma — N)

= —20*B(Ia° — Ja* + Ka® — La® + Ma — N)H},. (3.11)
(B.10) + (B.17)) yields
20%B(A'a® 4 Cla* + E'a® + H') + (A'&% 4 B')(Ja* + La® + N)
= 20*B(Ja* + La® + N) Hjy,. (3.12)

(B.10) — (B.11]) implies that
(B'a* 4 D'a® 4 F')(20B) + (A'a* + B') (Ia* + Ka® 4 M)

= 20%B(Ia* + Ka? + M) H,. (3.13)
If g = —1then H' = N = M = 0. Thus (3.12) and (3.13) are equivalent to
20%B(Ala* + C'a® + E') + (A'a® + B') (Ja® + L) = 2b*B(Ja® + L) H, (3.14)

and

20*B(B'a* + D'a* + F') + (A'a* + B)(Ia* + Ka?) = 20°B(Ia* + Ka?)Hiy.  (3.15)
By (3.14) and (B.15), it results that (A'a® + B')(Ja? + L) and (A'&? + B')(Ia* + Ka?) can
be divided by B. Thus B = uf and A‘a*la* can be divided by B. Since f is prime with
respect to « and &, therefore A’ := D25} — b5y can be divided by B. If g # 1, —1, then (3.12)
and (B.13) implies that (A'&? + B')(Ja* + La? + N) and (A'a? + B')(Ia* + Ka? + M) can
be divided by B. Since f is prime with respect to « and &, then A" := b5}, — b'5 can be
divided by B. Hence, there is a scaler function ¢’ (x) such that

b*sh — b'so = ¢'B. (3.16)
Contracting (3.16) with 7; := a;;/ yields
yi(x) = -
Then we have
- 1 -
Sz']' = ﬁ(blsj — b]SZ) (317)

Now, suppose that # > 3. Then by Lemmal[l] F = &%/ is a Douglas metric. Since F and
F have the same Douglas tensor, then both of them are Douglas metrics.

If n = 2, then F = &/ is a Douglas metric by Lemmal[ll Thus F and F having the same
Douglas tensors. This means that they are all Douglas metrics. This completes the proof
of Lemma[2

On the other hand, the following holds.

Lemma 3. [4] Suppose that Q/s # constant for an («, B)-metric F = ¢(s) on a manifold
M of dimension n > 3. If F is a Douglas metric and b := ||Bx||« # 0, then B is closed.
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Now, we are in the position to prove Theorem Il

Proof of Theorem [Tt We prove the theorem in two cases, as follows.

Case (1): g = —1.
First we proof the necessity. If F is projectively equivalent to F, then they have the same
Douglas tensor. By Lemma[2 F and F are both Douglas metrics. F = 2% atp is a Douglas

metric if and only if b;; = 0. Thus by (2.2), we have

ilj

G =G (3.18)
On the other hand, plugging 3.2) and (3.17) in 2.2) yields
Gl =Gl — L [ — a2 + (250y" — Foob’) +2-20% Ooﬁy ]. (3.19)

2b?
By the projective equivalence of F and F again, there is a scalar function P = P(x,y) on
T My such that G' = G' + Py'. From (3.18) and (3.19) we have

1 . .
5 (825" + Foob'). (3.20)

Note that the right side of (3.20) is a quadratic in y. Then there exists a 1-form 6 = 6;(x)y’
on M such that

[P 0+ Py = ol - ¢

o b( 7005) 6. (3.21)

Thus we have

Gl =G+ 2%2 (828" + Foob’) + Oy, (3.22)
This completes the proof of the necessity.
Conversely, because of rop = 0 and from (L.1)), (3.18) and (3.19) we have

i i 1, TPy
G'=G+ [9+2—b2( 0+ 23 )y (3.23)

In this case, F is projectively related to F.

Case (2): g #1,—1.

First we proof the necessity. If F is projectively equivalent to F, then they have the
same Douglas tensor. By Lemma D] we know that F and F are both Douglas metrics.
If ¢ = 1,1, then it is easy to prove that ¢(s) = (1 + s)7 satisfies Q/s # constant. By
Lemmal[3 we have s;; = 0. By (2.2), it follows that

i1 q(a —2(g —1)B)roo i
G = Gt AP+ 2= qap+ 1+ —DPY
41 9(9 = 1aroo i (3.24)

20 =) + (2 - qap+ (1 +49(q - 1)b?)a?
Plugging (3.2) and (3.17) in (2.2) implies that
. 1

Gl = Gl — 5z [ — 85+ (2509’ — Fonb) + 2”’0@ ). (3.25)
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By the projective equivalence of F and F again, there is a scalar function P = P(x,y) on
TMy such that G' = G' + Py'. By (3.24) and (3.25), we have

N i 1 o1 gla —2(q — 1)B]roo i
- — P —_ = - A
Gi— Gy + | 252 (S0 -+ Toob') 2(1—q2)ﬁ2~|—(2—q)(x5+[1+(q2—CI)b2]"‘2]y
2 .2 , , .
1 (4* — 9)a®roo b — L (@25 Foob). (3.26)

21—+ 2 qap+[1+g(g-1)pa" 252

Note that the right side of (3:26) is a quadratic in y. Then there exists a 1-form 6 = 6;(x)y’
on M such that

S - q(a —2(qg —1)B)roo B
Thus we get
iy L q(q — 1)a*roo AT R i
Gy + 2(1-g?)B2+(2—q)aB+ (1 +q(q— 1)b2>“2b = G; + 21_72(& §' + 7oob') + 0y

This completes the proof of the necessity.

Conversely, by (L), (3.18) and (3.19) we have

qle —2(q — 1)B]roo Iy
A—PDF+2—qap+[1+ (@2 — ez ¥

Thus F is projectively equivalent to F. This completes the proof.

S 1. 1
Gl_GZ = [G—f—ﬁ(so—{—roobl)—f—i

By Lemmal(l] LemmaBland Theorem 1] we have the following.

Corollary 1. Let F = % (g # 1) bea (q,a, B) metricand F = &*/ B be a Kropina metric
on a n-dimensional manifold M (n > 3), where « and & are two Riemannian metrics, p and

are two nonzero collinear 1-forms on M. Then F is projectively equivalent to F if and only if .

1 q(q — 1)aroo b — G4
2(1-g*)p*+ (2—q)ap+[1+4q(g — 1)b?|a? ‘
sij =0,

1 (825" 4 Foob') + B,

G, + 2

- 1. .
Si]' = ﬁ{blS] — b]Sl}

where b; ; denote the coefficients of the covariant derivatives of B with respect to a.
It is well known that the Berwald metric F = ('HTW on a manifold M is a Douglas metric
if and only if

by; = 2t[(1 + 2b%)a;; — 3bibj], (3.28)

where T = 7(x) is a scalar function on M. Thus by (3.28) and Theorem [I, we get the
following.
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Corollary 2. Let F = (‘HT)Z be a Berwald metric and F = &/ be a Kropina metric on a
n-dimensional manifold M (n > 3), where a and & are two Riemannian metrics, B and B are
two non-zero collinear 1-forms on M. Then F is projectively related to F if and only if they are

Douglas metrics and the following holds

1 . . .
e (5625_1 + Foob') — 210l

where T = T(x) is a scalar function on M.

G —GL =0y +

4. PROOF OF THEOREM[2]

In this section, we are going to prove the Theorem 2l More precisely, we find the con-
ditions that an (g, «, B)-metric F = (5—/%% being projectively equivalent to a Kropina
q

metric. For the (g, «, B)-metric F = o)1 the following are hold
_ 51 _ q _ s(s —2q)
B G A | G V) M
First we prove the following.
Lemma 4. Let F = (/S—é# be an (q,a, B)-metric and F = &*/B be a Kropina metric on a

n-dimensional manifold M (n > 3) where a and & are two Riemannian metrics and B and B are
two non-zero collinear 1-forms. Then F and F have the same Douglas tensor if and only if they
are all Douglas metrics.

Proof. The sufficiency is obvious. Suppose that F and F have the same Douglas tensor
on a manifold M of dimension n > 3. Then (3.8) holds. By plugging (38.2) and (4.1) into
B.8), we obtain

y8 Al Aiz2 L Bi ,
Sk (42)
Y5 Bjo 202B

where

Af = 28755 = 3Aq(q — 1)Brooy’

A5 = 6AB%soy’ — 2(3q +2) % +2q(q° — 1)AB*rooy’

Ay = 2[(q+1)* +29(q +1)]Bsh — 2(69 + 1)AB*soy’ + q(q — 1) *rool
+4(q — 1) [3AL*Broy’ — 2AB*roy'],

Al = [2q9(q+1)(3g — 1) — 6qb*|ABs0y’ +2q(q% — 1)AB*[Bro — bProoly’
—2qB*(q + 1) = 26%]sy — qB°[2Bs0 + (4> — )root’,

A5 = 2q(59 +2)Ab*Bs0y’ — 2q(29 + 1) B°[2b%s} — sob'],

AL = 24%(q + 1) B2[2b%s)) — sob’] — 24%(3q + 1) Ab?Bsoy’
—4*(q — DAV B[2roy’ — roob'],

L= 2q°b?B(b%si — sob'),
Aé = —2q3b2(b256 - sobi). (4.3)
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and

Bo=2(q—-1)f,

By = —4(q —1)(q+1)p°,

B, =2(q —1)(q+1)%F°,

Bs = 4q(q — 1)b*B*,

By = —4q(q* — )PP,

Bs =0,

Bs = 2q°(q — 1)b*B, (4.4)
and

Al = E2§6 — Ei§0, B = E[ZAyi(I_’o + §0) - Eii_’oo].

(4.2) is equivalent to

ZA’M )(20%B) + (A'a ZB o)) = (25%B) ZB o) Hy. (4.5)
j=1 =

By replacing i’ with —y' in @35), we get

4 . . - -
Z Al @j+1% o - Al(zj)“(2]))(_2b2r3)
=1

j=0 j=0
—20B(Y_ Bioj1ya @Y — Y By Hiy, (4.6)
j=0 j=0
(@3) — (4.6) implies that
4 ) . . . 3 ) 3 ) .
20°B(Y Alpya™) + (A + B) ) Bpjya™ = 20°B ) Biojyal®) Hyy. 4.7)
(@.5)) + (.6)) yields
2 2 2 Ai=2 9] !
2B°B Y Ay + (A& +B) Y Bigjunya @Y
j=0 j=0
1 . .
= 20°B Y Bpyyiqya @ TV Hy. (4.8)
j=0
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[% x (A7)] + [([A.8]) x «] give us the following

(A'a® + B) [(’;)(Béw) + <§B4 + By)a + (l;Bz LB+ §BO}

+5B)[(C i+ Agac + (E A+ At + £+ ae?] =
(2b*B) Hy, [(’;)(Bﬁw) + ('534 + B3)at + (532 + By)a® + /;Bo}. (4.9)
All of members of set { (EA%+ Al ), (EBe+By_1)), EBo, EBy |j = 6,4,2, k = 4,2
g4 (]71)/[1]( (kfl)/q 6’L]0 ] Xy L&y 9
have the factor 2. Let us put

Di:= 12(EA;1+A1' ), j=6,4,2

g (-1
Cpi= ;z(gBk By, k=472
Ce := qlﬁBe = 2q(q - 1)t
Co:= qlﬁB& (4.10)

Then é x (A.9) yields
(A'a* + B') [Con® + Cya* + Con® + Co| + 2b°B[Da® + Diya* + Dha?|
= 20*BH}) [Con® + Caa* + Coa® + Co) . (4.11)
By @.7) and (@), it follows that (A'a® + Bi)(Z?:O Boja'®) and (A'a? + B) [Cea® +
Cya* + Coa? + Co| can be divided by B. Thus B = pf and A‘a?Cea* can be divided by

B. Since B is prime with respect to a and &, then A’ := b3}, — b'5) can be divided by B.
Hence, there is a scaler function ¢ (x) such that

b?sh — b'so = ¢'p. (4.12)
Contracting @12) with 7; := a;;/ yields ' (x) = —§'. Then we have
- 1 - 7.
Sl']' = Ez (biS]' - b]SZ) (413)

Now, suppose that n > 3. Then by Lemmal[ll F = &2/ is a Douglas metric. Since F and
F have the same Douglas tensor, both of them are Douglas metrics.

In the case n = 2, by Lemmall] F=a%/ E is a Douglas metric. Thus F and F having the
same Douglas tensor means that they are all Douglas metrics. This completes the proof
of Lemmalfdl

Now, we are in the position to prove Theorem

Proof of Theorem [2 First, we proof the necessity. If F is projectively related to F, then
they have the same Douglas tensor. By Lemma[d] F and F are both Douglas metrics. If
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g =1, —1, then it is easy to prove that ¢(s) = € satisfies £ <~ # constant. By Lemma

B} it results that si]' = 0. By 2.2), we get
i1 B(B —2ga)roo i1 qaro
=t 3 ) ralowt — Y 2
Plugging (3.2) and @.13) in (2.2) yields
1
52 [ — &% + (250y" — Foob') + 2 ooﬁy ] (4.15)

By assumption, there is a scalar function P = P(x,y) on TMO such that G' = G + Py'.
Then by .14) and (@.15) we have

1 ‘B(,B—qux)roo 1. = T i i i
P 2w e )Y = GG

1)‘7 1

b'. (4.14)

G =Gi—

IR N q0ro0 i
2 T 2 ey + g

The right side of @.16) is a quadratic in y. Then there exists a 1-form 6 = 6;(x)y’ on M
such that

(4.16)

1 B(B —2qa)roo T
Y Ry AT @17)
Thus we get
i1 qa°ro0 i_ A Loog oo i
Gl + GL + — (as" + 7pol') + 0y (4.18)

2PB-w) - — o
This completes the proof of the necessity.
Conversely, from (1.2), (ml) and (4.15) it follows that

i G B(B —2qa)r 1
C=0 [9 * 282 (B—a) + q(bz,xgo_ B)a Tom (30 + ool )}y (4.19)

Thus F is projectively equivalent to F. This completes the proof.

By Lemmas/[l] Bland Theorem 2 we can conclude the following.

Corollary 3. Let F = (lif% (g #1,-1) bea (q,a, B)-metric and F = &*/p be a Kropina

metric on a n-dimensional manifold M (n > 3) where « and & are two Riemannian metrics, p
and B are two nonzero collinear 1-forms. Then F is projectively related to F if and only if the
following holds

i A oo, ooy 1 q0ro0 i
G, — G; 7 (0( 5"+ Foob ) > ,32(,3 — a) n q(bzlxz — ,Bz)ch (4.20)
5ij =0, (4.21)
1
S_ij bj{ '5' — ;5 1} (4.22)

where by; denote the coefficients of the covariant derivatives of p with respect to a.
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