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CONFORMAL RICCI COLLINEATIONS ON THREE-DIMENSIONAL
LORENTZIAN LIE GROUPS

YANLI WANG

ABSTRACT. In this paper, we determine all conformal Ricci collineations associated to the
Levi-Civita connection on three-dimensional Lorentzian Lie groups.

1. INTRODUCTION AND MOTIVATIONS

Symmetry is an important part of the study of spacetime, and collineations are the sym-
metry properties of spacetime. Collineations are the symmetry of geometric quantities,
which can be regarded as vector fields that preserve geometric quantities. Preserving
geometric quantities can be understood as the Lie derivative of the geometric quantity
in the direction of the vector field is 0. In 1969, Katzin first mentioned the concept of
Ricci collineations in [2], that is

Definition 1.1. Let X is a vector field, Ric is the Ricci tensor. If X satisfies

LXRic = 0,

then X is the Ricci collineation.

If only consider Ricci tensor Ric preserves its conformal class, this case is the classic
conformal Ricci collineations given by Duggal in [3], i.e. the vector field X satisfies
LXRic = 2λRic. In [4], Kühnel considered metric g and Ricci tensor Ric preserve confor-
mal class and defined a more general conformal Ricci collineation by the combination of
LXg = 2σg and LXRic = 2λRic . So

Definition 1.2. Let X is a vector field, Ric is the Ricci tensor. If X satisfies

LXRic = 2λg,

then X is the conformal Ricci collineation, where λ is a scalar function, up to a constant.
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When λ = 0, conformal Ricci collineation is reduced to Ricci collineation. Ricci Collineations
and conformal Ricci collineations have been discussed and determined in more different
spacetimes and for various other ricci tensors in [5, 6, 7, 8].
In [12, 14], Calvaruso and Cordero divided three-dimensional Lorentzian Lie groups into
{Gi}i=1,··· ,7, and geted corresponding Lie algebra {g}i=1,··· ,7.. By this classification, Batat
studied algebraic Ricci solitons on three-dimensional Lorentzian Lie groups in [10]. In
2022, Yong Wang computed canonical connections and Kobayashi-Nomizu connections
and their Ricci tensor in [11]. In this paper, similar to [11], we compute the Ricci ten-
sor of {Gi}i=1,··· ,7 associated to the Levi-Civita connection ∇L, and then determine all
conformal Ricci collineations associated to the Levi-Civita connection on {Gi}i=1,··· ,7 .
Where {Gi}i=1,··· ,4 are three-dimensional unimodular Lorentzian Lie groups; {Gi}i=5,··· ,7
are three-dimensional non-unimodular Lorentzian Lie groups.
In section 2, we first recall the definition of the Ricci collineation, and generalize to con-
formal Ricci collineation, then we determine conformal Ricci collineations associated to
the Levi-Civita connection on three-dimensional Lorentzian Lie groups.

2. MAIN RESULTS

Calvaruso and Cordero classified three-dimensional Lorentzian Lie groups into {Gi}i=1,··· ,7
equipped with a left-invariant Lorentzian metric g in [12, 14](see Theorem 2.1 and The-
orem 2.2 in [10]), and geted corresponding Lie algebra {g}i=1,··· ,7.. In [10], Batat studied
algebraic Ricci solitons of three-dimensional Lorentzian Lie groups, similar to his calcu-
lations, we compute the Ricci tensor of {Gi}i=1,··· ,7 associated to the Levi-Civita connec-
tion ∇L. We define the curvature tensor of the Levi-Civita connection ∇L:

RL(X, Y)Z = ∇L
X∇L

YZ −∇L
Y∇L

XZ −∇L
[X,Y]Z. (2.1)

The Ricci tensor of (Gi, g) associated to the Levi-Civita connection ∇L is defined by

ρL(X, Y) = −g(RL(X, e1)Y, e1)− g(RL(X, e2)Y, e2) + g(RL(X, e3)Y, e3). (2.2)

where g(ei, ej) = 0, i ̸= j; g(ei, ei) = 1, i = 1, 2; g(e3, e3) = −1. Let

RicL(X, Y) =
ρL(X, Y) + ρL(Y, X)

2
. (2.3)

we get the symmetric Ricci tensor.
We know that for vector X, Y, V, the Lie derivative of the Ricci tensor RicL associated to
V can be defined:

(LV RicL)(X, Y) := V[RicL(X, Y)]− RicL([V, X], Y)− RicL(X, [V, Y]) (2.4)

(Gi, g) admits left-invariant Ricci collineations associated to the Levi-Civita connection
∇L if and only if it satisfies (LV RicL)(X, Y) = 0. Further, conformal Ricci collineations
can be discribed:

Theorem 2.1. (Gi, g) admits conformal Ricci collineations associated to the Levi-Civita connec-
tion ∇L if and only if it satisfies

(LV RicL) = 2λg, (2.5)

where V = λ1e1 + λ2e2 + λ3e3 is a left-invariant vector field and λ1, λ2, λ3 are real numbers.
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2.1 Conformal Ricci collineations of G1

By [10], we have the following Lie algebra of G1 satisfies

[e1, e2] = αe1 − βe3, [e1, e3] = −αe1 − βe2, [e2, e3] = βe1 + αe2 + αe3, α ̸= 0. (2.6)

where e1, e2, e3 is a pseudo-orthonormal basis, with e3 timelike.

Lemma 2.1. The Ricci tensor of (G1, g) associated to the Levi-Civita connection ∇L is deter-
mined by

RicL(e1, e1) = −β2

2
, RicL(e1, e2) = −αβ, RicL(e1, e3) = αβ, (2.7)

RicL(e2, e2) = −2α2 − β2

2
, RicL(e2, e3) = 2α2, RicL(e3, e3) = −2α2 +

β2

2
.

Let V = λ1e1 + λ2e2 + λ3e3 is a left-invariant vector field, we can get the Lie derivative
of the Ricci tensor RicL associated to V.

Lemma 2.2.

(LV RicL)(e1, e1) = −3αβ2λ2 + 3αβ2λ3, (2.8)

(LV RicL)(e1, e2) =
3
2

αβ2λ1 − 3α2βλ2 + 3α2βλ3,

(LV RicL)(e1, e3) = −3
2

αβ2λ1 + 3α2βλ2 + α2βλ3,

(LV RicL)(e2, e2) = 6α2βλ1 − 3αβ2λ3,

(LV RicL)(e2, e3) = −6α2βλ1 +
3
2

αβ2λ2 +
3
2

αβ2λ3,

(LV RicL)(e3, e3) = 6α2βλ1 − 3αβ2λ2.

Then, if V is a conformal Ricci collineation associated to the Levi-Civita connection, by
Lemma 2.2 and Theorem 2.1, we have the following equations:

−3αβ2λ2 + 3αβ2λ3 = 2λ

3
2

αβ2λ1 − 3α2βλ2 + 3α2βλ3 = 0

−3
2

αβ2λ1 + 3α2βλ2 + α2βλ3 = 0

6α2βλ1 − 3αβ2λ3 = 2λ

−6α2βλ1 +
3
2

αβ2λ2 +
3
2

αβ2λ3 = 0

6α2βλ1 − 3αβ2λ2 = −2λ

(2.9)

By solving (2.9) , we get

Theorem 2.2. (G1, g, V) admits conformal Ricci collineations associated to the Levi-Civita con-
nection if and only if: α ̸= 0, β = 0, λ = 0, VRC =< e1, e2, e3 >, where VRC is the vector space
of conformal Ricci collineations on (G1, g, V).
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Proof. We know that α ̸= 0. By the second and third equations, we get α2βλ3 = 0, then
βλ3 = 0, so
case 1) If λ3 = 0, by (2.9), 

−3αβ2λ2 = 2λ

3
2

αβ2λ1 − 3α2βλ2 = 0

6α2βλ1 = 2λ

−6α2βλ1 +
3
2

αβ2λ2 = 0

6α2βλ1 − 3αβ2λ2 = −2λ

(2.10)

then we get λ = β = 0.
case 2) If λ3 ̸= 0, then we get β = 0. (2.9) holds.
So we have α ̸= 0, β = 0, λ = 0.

2.2 Conformal Ricci collineations of G2

By [10], we have the following Lie algebra of G2 satisfies

[e1, e2] = γe2 − βe3, [e1, e3] = −βe2 − γe3, [e2, e3] = αe1, γ ̸= 0. (2.11)

where e1, e2, e3 is a pseudo-orthonormal basis, with e3 timelike.

Lemma 2.3. The Ricci tensor of (G2, g) associated to the Levi-Civita connection ∇L is deter-
mined by

RicL(e1, e1) = −α2

2
− 2γ2, RicL(e1, e2) = 0, RicL(e1, e3) = 0, (2.12)

RicL(e2, e2) =
α2

2
− αβ, RicL(e2, e3) = −αγ + 2βγ, RicL(e3, e3) = −α2

2
+ αβ.

Similar to the previous lemma, we can get the Lie derivative of the Ricci tensor RicL

associated to V.

Lemma 2.4.

(LV RicL)(e1, e1) = 0, (2.13)

(LV RicL)(e1, e2) = (
1
2

α2γ − 2β2γ)λ2 + (−1
2

α3 − αγ2 − 2βγ2 + αβ2 − 1
2

α2β)λ3,

(LV RicL)(e1, e3) = (
1
2

α3 + αγ2 + 2βγ2 − αβ2 +
1
2

α2β)λ2 + (
1
2

α2γ − 2β2γ)λ3,

(LV RicL)(e2, e2) = (−α2γ + 4β2γ)λ1,

(LV RicL)(e2, e3) = 0,

(LV RicL)(e3, e3) = (−α2γ + 4β2γ)λ1.
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Then, if V is a conformal Ricci collineation associated to the Levi-Civita connection, by
Lemma 2.4 and Theorem 2.1, we have the following equations:

0 = 2λ

(
1
2

α2γ − 2β2γ)λ2 + (−1
2

α3 − αγ2 − 2βγ2 + αβ2 − 1
2

α2β)λ3 = 0

(
1
2

α3 + αγ2 + 2βγ2 − αβ2 +
1
2

α2β)λ2 + (
1
2

α2γ − 2β2γ)λ3 = 0

(−α2γ + 4β2γ)λ1 = 2λ

(2.14)

By solving (2.14) , we get

Theorem 2.3. (G2, g, V) admits conformal Ricci collineations associated to the Levi-Civita con-
nection if and only if one of the following holds:
(1) λ = 0, α = 2β, γ ̸= 0, γ ̸= 0, β ̸= 0, VRC =< e1 >,
(2) λ = 0, α = −2β, γ ̸= 0, VRC =< e1, e2, e3 >,
where VRC is the vector space of conformal Ricci collineations on (G2, g, V).

Proof. We know that γ ̸= 0, λ = 0,

case 1) If
1
2

α2γ − 2β2γ = 0, i.e. α2 = 4β2, then (−1
2

α3 − αγ2 − 2βγ2 + αβ2 − 1
2

α2β)λ3 = 0.

case 1-1) If α = 2β, then we have β(β2 + γ2)λ3 = 0, i.e. βλ3 = 0. When β ̸= 0, we have
λ2 = λ3 = 0, we get (1). When β = 0, we have α = 0, (2.14) holds. This situation falls into (2).
case 1-2) If α = −2β, (2.14) holds. This situation falls into (2).

case 2) If
1
2

α2γ − 2β2γ ̸= 0, i.e. α2 ̸= 4β2, then λ2 =
b
a

λ3, by the third equation we have

b
b
a

λ3 + aλ3 = 0,

i.e. (b2 + a2)λ3 = 0, we have a = b = 0, where b =
1
2

α3 + αγ2 + 2βγ2 − αβ2 +
1
2

α2β, a =

1
2

α2γ − 2β2γ. This is a contradiction.

2.3 Conformal Ricci collineations of G3

By [10], we have the following Lie algebra of G3 satisfies

[e1, e2] = −γe3, [e1, e3] = −βe2, [e2, e3] = αe1. (2.15)

where e1, e2, e3 is a pseudo-orthonormal basis, with e3 timelike.

Lemma 2.5. The Ricci tensor of (G3, g) associated to the Levi-Civita connection ∇L is deter-
mined by

RicL(e1, e1) = −αa1 − βa2 − γa3, RicL(e1, e2) = 0, RicL(e1, e3) = 0, (2.16)

RicL(e2, e2) = αa1 + βa2 − γa3, RicL(e2, e3) = 0, RicL(e3, e3) = −αa1 + βa2 − γa3.

Similar to the previous lemma, we can get the Lie derivative of the Ricci tensor RicL

associated to V.
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Lemma 2.6.

(LV RicL)(e1, e1) = 0, (2.17)

(LV RicL)(e1, e2) = (α − β)[γ2 − (α + β)2]λ3,

(LV RicL)(e1, e3) = (α − γ)[β2 − (α + γ)2]λ2,

(LV RicL)(e2, e2) = 0,

(LV RicL)(e2, e3) = (β − γ)[α2 − (β + γ)2]λ1,

(LV RicL)(e3, e3) = 0.

Then, if V is a conformal Ricci collineation associated to the Levi-Civita connection, by
Lemma 2.6 and Theorem 2.1, we have the following equations:

0 = 2λ

(α − β)[γ2 − (α + β)2]λ3 = 0

(α − γ)[β2 − (α + γ)2]λ2 = 0

(β − γ)[α2 − (β + γ)2]λ1 = 0

(2.18)

By solving (2.18) , we get

Theorem 2.4. (G3, g, V) admits conformal Ricci collineations associated to the Levi-Civita con-
nection if and only if one of the following holds:
(1) α + β + γ = 0, λ = 0, VRC =< e1, e2, e3 >,
(2) α + β + γ ̸= 0, α = β = γ ̸= 0, λ = 0, VRC =< e1, e2, e3 >,
(3) α = 0, β = γ ̸= 0, λ = 0, VRC =< e1, e2, e3 >,
(4) β = 0, α = γ ̸= 0, λ = 0, VRC =< e1, e2, e3 >,
(5) γ = 0, α = β ̸= 0, λ = 0, VRC =< e1, e2, e3 >,
(6) α + β + γ ̸= 0, α ̸= 0, β = γ, α ̸= γ, λ = 0, VRC =< e1 >,
(7) α + β + γ ̸= 0, β ̸= 0, α = γ, α ̸= β, λ = 0, VRC =< e2 >,
(8) α + β + γ ̸= 0, γ ̸= 0, α = β, β ̸= γ, λ = 0, VRC =< e3 >,
(9) α − β − γ = 0, α ̸= 0, β ̸= 0, γ ̸= 0, β ̸= γ, λ = 0, VRC =< e1 >,
(10) −α + β − γ = 0, α ̸= 0, β ̸= 0, γ ̸= 0, α ̸= γ, λ = 0, VRC =< e2 >,
(11) γ − α − β = 0, α ̸= 0, β ̸= 0, γ ̸= 0, α ̸= β, λ = 0, VRC =< e3 >,

where VRC is the vector space of conformal Ricci collineations on (G3, g, V).

Proof. We know that λ = 0. By the fourth equation, we have (β − γ)(α − β − γ)(α + β +
γ)λ1 = 0.
case 1) If α + β + γ = 0, (2.18) holds. We get (1).
case 2) If α + β + γ ̸= 0, β − γ = 0, by (2.18),{

α(α − γ)λ3 = 0

α(α − γ)λ2 = 0
(2.19)

case 2-1) If α = 0, then β = γ ̸= 0, (2.19) holds. We get (3).
case 2-2) If α ̸= 0, then α = γ. We get (2).
case 2-3) If α ̸= 0, α ̸= γ, then λ2 = λ3 = 0. We get (6).
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case 3) If α + β + γ ̸= 0, β − γ ̸= 0, then α − β − γ = 0. By (2.18),

{
(α − β)βλ3 = 0

(α − γ)γλ2 = 0
(2.20)

case 3-1) If β = 0, then α = γ ̸= 0. (2.20) holds. We get (4).
case 3-2) If β ̸= 0, α − β = 0, then γ = 0. (2.20) holds. We get (5).
case 3-3) If β ̸= 0, α − β ̸= 0, we have α ̸= 0, β ̸= 0, γ ̸= 0, then λ2 = λ3 = 0. We get (9).
case 4) If α + β + γ ̸= 0, β − γ ̸= 0, α − β − γ ̸= 0, then λ1 = 0. By (2.18),

{
(α − β)(γ − α − β)λ3 = 0

(α − γ)(−α + β − γ)λ2 = 0
(2.21)

case 4-1) If α = β, then γ ̸= 0. By (2.21) we have (α − γ)γλ2 = 0, then λ2 = 0. We get (8).
case 4-2) If α ̸= β, γ − α − β = 0, then α ̸= 0, γ ̸= 0, β ̸= 0 . By (2.) we have (α − γ)βλ2 = 0,
then λ2 = 0. We get (11).
case 4-3) If α ̸= β, γ − α − β ̸= 0, then λ3 = 0. If α = γ, then β ̸= 0. (2.21) holds. We get (7).
If α ̸= γ, then −α + β − γ = 0, we have α ̸= 0, β ̸= 0, γ ̸= 0. We get (10).

2.4 Conformal Ricci collineations of G4

By [10], we have the following Lie algebra of G4 satisfies

[e1, e2] = −e2 + (2η − β)e3, η = 1 or − 1, [e1, e3] = −βe2 + e3, [e2, e3] = αe1. (2.22)

where e1, e2, e3 is a pseudo-orthonormal basis, with e3 timelike.

Lemma 2.7. The Ricci tensor of (G4, g) associated to the Levi-Civita connection ∇L is deter-
mined by

RicL(e1, e1) = −α2

2
, RicL(e1, e2) = 0, RicL(e1, e3) = 0, (2.23)

RicL(e2, e2) =
α2

2
+ 2η(α − β)− αβ + 2, RicL(e2, e3) = α + 2η − β,

RicL(e3, e3) = −α2

2
− 2βη + αβ + 2.

Similar to the previous lemma, we can get the Lie derivative of the Ricci tensor RicL

associated to V.
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Lemma 2.8.

(LV RicL)(e1, e1) = 0, (2.24)

(LV RicL)(e1, e2) = (−α2

2
+ β2 − 2βη + 2)λ2

+ (−α3

2
− α2β

2
+ αβ2 − 2αβη + 2β2η + α − 3β + 2η)λ3,

(LV RicL)(e1, e3) = (
α3

2
+

α2β

2
− αβ2 + 2αβη + 2β2η − α2η − α − 5β + 2η)λ2

+ (−α2

2
+ β2 − 4βη + 2)λ3,

(LV RicL)(e2, e2) = (α2 − 2β2 + 4βη + 4)λ1,

(LV RicL)(e2, e3) = η(α − 2β + 2η)(α + 2β − 2η)λ1,

(LV RicL)(e3, e3) = (α2 − 2β2 + 8βη − 4)λ1.

Then, if V is a conformal Ricci collineation associated to the Levi-Civita connection, by
Lemma 2.8 and Theorem 2.1, we have the following equations:

0 = 2λ

(−α2

2
+ β2 − 2βη + 2)λ2

+(−α3

2
− α2β

2
+ αβ2 − 2αβη + 2β2η + α − 3β + 2η)λ3 = 0

(
α3

2
+

α2β

2
− αβ2 + 2αβη + 2β2η − α2η − α − 5β + 2η)λ2

+(−α2

2
+ β2 − 4βη + 2)λ3 = 0

(α2 − 2β2 + 4βη + 4)λ1 = 2λ

η(α − 2β + 2η)(α + 2β − 2η)λ1 = 0

(α2 − 2β2 + 8βη − 4)λ1 = −2λ

(2.25)

By solving (2.25) , we get

Theorem 2.5. (G4, g, V) admits conformal Ricci collineations associated to the Levi-Civita con-
nection if and only if one of the following holds:
(1) η = 1 or − 1, λ = 0, α = 2η, β = 0, VRC =< e2, e3 >,

(2) η = 1 or − 1, λ = 0, m = 0, n = 0, α2 − 4 ̸= 0, VRC =<
2βη

α2 − 4
e2 + e3 >,

(3) η = 1 or − 1, λ = 0, m = 0, n ̸= 0, α2 − 4 − n = 0, VRC =< e2 >.
(4) η = 1 or − 1, λ = 0, m ̸= 0, m(m − 2β)− n(4β2 − α2 − 8β + 4 − n) = 0,
VRC =< − n

m
e2 + e3 >.

where m = −α2

2
+ β2 − 2βη + 2, n = −α3

2
− α2β

2
+ αβ2 − 2αβη + 2β2η + α− 3β+ 2η, VRC

is the vector space of conformal Ricci collineations on (G4, g, V).

Proof. We know that η = 1 or − 1. By the fifth equation, we have (α − 2β + 2η)(α + 2β −
2η)λ1 = 0.
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Then by the sixth equation, 2β2λ1 = 0. If β = 0, then (α2 + 4)λ1 = 0, i.e. λ1 = 0; otherwise

β ̸= 0, then λ1 = 0. So λ = λ1 = 0, let m = −α2

2
+ β2 − 2βη + 2, n = −α3

2
− α2β

2
+ αβ2 −

2αβη + 2β2η + α − 3β + 2η, (2.25) can be simplified to{
mλ2 + nλ3 = 0

(4β2η − α2η − 8β + 4η − n)λ2 + (m − 2βη)λ3 = 0
(2.26)

case 1) If η = 1, let m1 = m, n1 = n, by (2.) we have{
m1λ2 + n1λ3 = 0

(4β2 − α2 − 8β + 4 − n1)λ2 + (m1 − 2β)λ3 = 0
(2.27)

case 1-1) If m1 = 0, then n1λ3 = 0.

case 1-1-1) If n1 = 0, by m1 = −α2

2
+ (β − 1)2 + 1 = 0, (2.27) can be simplified to

(−α2 + 4(β − 1)2)λ2 − 2βλ3 = (α2 − 4)λ2 − 2βλ3 = 0.

If α2 − 4 = 0, then β = 0 or 2, 2βλ3 = 0. When β = 0, by n1 = 0 we have α = 2, this situation
falls into (1); otherwise β = 2, by n1 = 0, we get a contradiction.

If α2 − 4 ̸= 0, then λ2 =
2β

α2 − 4
λ3. This situation falls into (2).

case 1-1-2) If n1 ̸= 0, then λ3 = 0. By (2.27) we have

(α2 − 4 − n1)λ2 = 0,

then α2 − 4 − n1 = 0. This situation falls into (3).
case 1-2) If m1 ̸= 0, then λ2 = − n1

m1
λ3, m1(m1 − 2β)− n1(4β2 − α2 − 8β + 4 − n1) = 0.

This situation falls into (4).
case 2) If η = −1, similar to η = 1, λ = λ1 = 0, let m2 = m, n2 = n, we have
case 2-1) α = −2, β = 0, this situation falls into (1).

case 2-2) m2 = 0, n2 = 0, α2 − 4 ̸= 0, λ2 = − 2β

α2 − 4
λ3. This situation falls into (2).

case 2-3) m2 = 0, n2 ̸= 0, α2 − 4 − n2 = 0, λ3 = 0. This situation falls into (3).
case 2-4) m2 ̸= 0, m2(m2 − 2β) − n2(4β2 − α2 − 8β + 4 − n2) = 0, λ2 = − n2

m2
λ3. This

situation falls into (4).

2.5 Conformal Ricci collineations of G5

By [10], we have the following Lie algebra of G5 satisfies

[e1, e2] = 0, [e1, e3] = αe1 + βe2, [e2, e3] = γe1 + δe2, α + δ ̸= 0, αγ + βδ = 0. (2.28)

where e1, e2, e3 is a pseudo-orthonormal basis, with e3 timelike.
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Lemma 2.9. The Ricci tensor of (G5, g) associated to the Levi-Civita connection ∇L is deter-
mined by

RicL(e1, e1) = α2 + αδ +
β2 − γ2

2
, RicL(e1, e2) = 0, RicL(e1, e3) = 0, (2.29)

RicL(e2, e2) = δ2 + αδ − β2 − γ2

2
, RicL(e2, e3) = 0, RicL(e3, e3) = −(α2 + δ2 +

(β + γ)2

2
).

Similar to the previous lemma, we can get the Lie derivative of the Ricci tensor RicL

associated to V.

Lemma 2.10.

(LV RicL)(e1, e1) = 2α(α2 + αδ +
β2 − γ2

2
)λ3, (2.30)

(LV RicL)(e1, e2) = [β(δ2 + αδ − β2 − γ2

2
) + γ(α2 + αδ +

β2 − γ2

2
)]λ3,

(LV RicL)(e1, e3) = −α(α2 + αδ +
β2 − γ2

2
)λ1 − γ(α2 + αδ +

β2 − γ2

2
)λ2,

(LV RicL)(e2, e2) = 2δ(δ2 + αδ − β2 − γ2

2
)λ3,

(LV RicL)(e2, e3) = −β(δ2 + αδ − β2 − γ2

2
)λ1 − δ(δ2 + αδ − β2 − γ2

2
)λ2,

(LV RicL)(e3, e3) = 0.

Then, if V is a conformal Ricci collineation associated to the Levi-Civita connection, by
Lemma 2.10 and Theorem 2.1, we have the following equations:

2α(α2 + αδ +
β2 − γ2

2
)λ3 = 2λ

[β(δ2 + αδ − β2 − γ2

2
) + γ(α2 + αδ +

β2 − γ2

2
)]λ3 = 0

(α2 + αδ +
β2 − γ2

2
)(αλ1 + γλ2) = 0

2δ(δ2 + αδ − β2 − γ2

2
)λ3 = 2λ

(δ2 + αδ − β2 − γ2

2
)(βλ1 + δλ2) = 0

0 = −2λ

(2.31)

By solving (2.31) , we get

Theorem 2.6. (G5, g, V) admits conformal Ricci collineations associated to the Levi-Civita con-
nection if and only if one of the following holds:

(1) α2 + αδ − γ2

2
= 0, β = 0, α + δ ̸= 0, αγ = 0, δ ̸= 0, λ = 0, VRC =< e1 >,

(2) α2 + αδ +
β2 − γ2

2
= 0, β ̸= 0, α + δ ̸= 0, αγ + βδ = 0, λ = 0, VRC =< − δ

β
e1 + e2 >,

(3) α = 0, β = 0, δ ̸= 0, γ ̸= 0, λ = 0, VRC =< e1 >,

(4) δ2 + αδ − β2 − γ2

2
= 0, α ̸= 0, α + δ ̸= 0, αγ + βδ = 0, λ = 0, VRC =< −γ

α
e1 + e2 >,
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(5) α2 + αδ +
β2 − γ2

2
̸= 0, δ2 + αδ − β2 − γ2

2
̸= 0, α ̸= 0, α + δ ̸= 0, αγ + βδ = 0, αδ −

βγ = 0, λ = 0, VRC =< −γ

α
e1 + e2 >.

where VRC is the vector space of conformal Ricci collineations on (G5, g, V).

Proof. We know that λ = 0, α + δ ̸= 0, αγ + βδ = 0. By the fourth equation, we have

δ(δ2 + αδ − β2 − γ2

2
)λ3 = 0.

case 1) If λ3 = 0, (2.31) can be simplified to
(α2 + αδ +

β2 − γ2

2
)(αλ1 + γλ2) = 0

(δ2 + αδ − β2 − γ2

2
)(βλ1 + δλ2) = 0

(2.32)

case 1-1) If α2 + αδ +
β2 − γ2

2
= 0, (2.32) can be simplified to

(α + δ)2(βλ1 + δλ2) = 0,

i.e. βλ1 + δλ2 = 0.
case 1-1-1) If β = 0, then δλ2 = 0. When δ = 0, by α + δ = 0, αγ + βδ = 0, we have

α ̸= 0, γ = 0, α2 + αδ +
β2 − γ2

2
= α2 ̸= 0, we get a contradiction; otherwise δ ̸= 0, λ2 = 0.

we get (1).

case 1-1-2) If β ̸= 0, then λ1 = − δ

β
λ2. We get (2).

case 1-2) If α2 + αδ +
β2 − γ2

2
̸= 0, then αλ1 + γλ2 = 0.

case 1-2-1) If α = 0, by α + δ = 0, αγ + βδ = 0, we have δ ̸= 0, β = 0, γ ̸= 0, then λ2 = 0.
We get (3).
case 1-2-2) If α ̸= 0, then λ1 = −γ

α
λ2. (2.32) can be simplified to

(δ2 + αδ +
β2 − γ2

2
)(−βγ + αδ)λ2 = 0.

If δ2 + αδ +
β2 − γ2

2
= 0, (2.32) holds. we get (4).

If δ2 + αδ +
β2 − γ2

2
̸= 0, then αδ − βγ = 0. We get (5).

case 2) If λ3 ̸= 0, δ = 0, we have α ̸= 0, γ = 0, by (2.31) we get β = 0, α = 0. This is a
contradiction.

So δ ̸= 0, δ2 + αδ − β2 − γ2

2
= 0, then α2 + αδ +

β2 − γ2

2
̸= 0. By (2.31) we have α = γ = 0,

by αγ − βδ = 0, we have β = 0, soδ2 + αδ +
β2 − γ2

2
̸= 0, we get a contradiction.

2.6 Conformal Ricci collineations of G6
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By [10], we have the following Lie algebra of G6 satisfies

[e1, e2] = αe2 + βe3, [e1, e3] = γe2 + δe3, [e2, e3] = 0, α + δ ̸= 0, αγ − βδ = 0. (2.33)

where e1, e2, e3 is a pseudo-orthonormal basis, with e3 timelike.

Lemma 2.11. The Ricci tensor of (G6, g) associated to the Levi-Civita connection ∇L is deter-
mined by

RicL(e1, e1) = −α2 − δ2 +
(β − γ)2

2
, RicL(e1, e2) = 0, RicL(e1, e3) = 0, (2.34)

RicL(e2, e2) = −α2 − αδ +
β2 − γ2

2
, RicL(e2, e3) = 0, RicL(e3, e3) = δ2 + αδ +

β2 − γ2

2
.

Similar to the previous lemma, we can get the Lie derivative of the Ricci tensor RicL

associated to V.

Lemma 2.12.

(LV RicL)(e1, e1) = 0, (2.35)

(LV RicL)(e1, e2) = α(−α2 − αδ +
β2 − γ2

2
)λ2 + γ(−α2 − αδ +

β2 − γ2

2
)λ3,

(LV RicL)(e1, e3) = β(δ2 + αδ +
β2 − γ2

2
)λ2 + δ(δ2 + αδ +

β2 − γ2

2
)λ3,

(LV RicL)(e2, e2) = −2α(−α2 − αδ +
β2 − γ2

2
)λ1,

(LV RicL)(e2, e3) = [−β(δ2 + αδ +
β2 − γ2

2
)− γ(−α2 − αδ +

β2 − γ2

2
)]λ1,

(LV RicL)(e3, e3) = −2δ(δ2 + αδ +
β2 − γ2

2
)λ1.

Then, if V is a conformal Ricci collineation associated to the Levi-Civita connection, by
Lemma 2.12 and Theorem 2.1, we have the following equations:

0 = 2λ

(−α2 − αδ +
β2 − γ2

2
)(αλ2 + γλ3) = 0

(δ2 + αδ +
β2 − γ2

2
)(βλ2 + δλ3) = 0

−2α(−α2 − αδ +
β2 − γ2

2
)λ1 = 2λ

[−β(δ2 + αδ +
β2 − γ2

2
)− γ(−α2 − αδ +

β2 − γ2

2
)]λ1 = 0

−2δ(δ2 + αδ +
β2 − γ2

2
)λ1 = −2λ

(2.36)

By solving (2.36) , we get

Theorem 2.7. (G6, g, V) admits conformal Ricci collineations associated to the Levi-Civita con-
nection if and only if one of the following holds:

(1) α2 + αδ +
γ2

2
= 0, β = 0, α + δ ̸= 0, αγ = 0, δ ̸= 0, λ = 0, VRC =< e2 >,
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(2) α2 + αδ − β2 − γ2

2
= 0, β ̸= 0, α + δ ̸= 0, αγ − βδ = 0, λ = 0, VRC =< − δ

β
e2 + e3 >,

(3) α = 0, β = 0, δ ̸= 0, γ ̸= 0, λ = 0, VRC =< e2 >,

(4) δ2 + αδ +
β2 − γ2

2
= 0, α ̸= 0, α + δ ̸= 0, αγ − βδ = 0, λ = 0, VRC =< −γ

α
e2 + e3 >,

(5) α2 + αδ − β2 − γ2

2
̸= 0, δ2 + αδ +

β2 − γ2

2
̸= 0, α ̸= 0, α + δ ̸= 0, αγ − βδ = 0, αδ −

βγ = 0, λ = 0, VRC =< −γ

α
e2 + e3 >.

where VRC is the vector space of conformal Ricci collineations on (G6, g, V).

Proof. We know that λ = 0, α + δ ̸= 0, αγ − βδ = 0. By the fifth equation, we have

α(α2 + αδ − β2 − γ2

2
)λ1 = 0.

case 1) If λ1 = 0, (2.36) can be simplified to
(α2 + αδ − β2 − γ2

2
)(αλ2 + γλ3) = 0

(δ2 + αδ +
β2 − γ2

2
)(βλ2 + δλ3) = 0

(2.37)

case 1-1) If α2 + αδ − β2 − γ2

2
= 0, (2.37) can be simplified to

(α + δ)2(βλ2 + δλ3) = 0,

i.e. βλ2 + δλ3 = 0.
case 1-1-1) If β = 0, then δλ3 = 0. When δ = 0, by α + δ = 0, αγ − βδ = 0, we have

α ̸= 0, γ = 0, α2 + αδ − β2 − γ2

2
̸= 0, we get a contradiction; otherwise δ ̸= 0, λ3 = 0. We

get (1).

case 1-1-2) If β ̸= 0, then λ2 = − δ

β
λ3. We get (2).

case 1-2) If α2 + αδ − β2 − γ2

2
̸= 0, then αλ2 + γλ3 = 0.

case 1-2-1) If α = 0, by α + δ ̸= 0, αγ − βδ = 0, we have δ ̸= 0, β = 0, γ ̸= 0, then λ3 = 0.
We get (3).
case 1-2-2) If α ̸= 0, then λ2 = −γ

α
λ3. (2.37) can be simplified to

(δ2 + αδ +
β2 − γ2

2
)(−βγ + αδ)λ3 = 0.

If δ2 + αδ +
β2 − γ2

2
= 0, (2.37) holds. We get (4).

If δ2 + αδ +
β2 − γ2

2
̸= 0, then αδ − βγ = 0. We get (5).

case 2) If λ1 ̸= 0, α = 0, we have δ ̸= 0, β = 0, by (2.36) we get γ = 0, δ = 0. This is a
contradiction.

So α ̸= 0, α2 + αδ − β2 − γ2

2
= 0, then δ2 + αδ +

β2 − γ2

2
̸= 0. By (2.36) we have β = δ = 0,

by αγ − βδ = 0, we have γ = 0, soα2 + αδ − β2 − γ2

2
= α2 ̸= 0,, we get a contradiction.

23



Yanli Wang

2.7 Conformal Ricci collineations of G7

By [10], we have the following Lie algebra of G7 satisfies

[e1, e2] = −αe1 − βe2 − βe3, [e1, e3] = αe1 + βe2 + βe3, [e2, e3] = γe1 + δe2 + δe3, α+ δ ̸= 0, αγ = 0.

where e1, e2, e3 is a pseudo-orthonormal basis, with e3 timelike.

Lemma 2.13. The Ricci tensor of (G7, g) associated to the Levi-Civita connection ∇L is deter-
mined by

RicL(e1, e1) = −γ2

2
, RicL(e1, e2) = 0, RicL(e1, e3) = 0, (2.38)

RicL(e2, e2) = −α2 − γ2

2
+ αδ − βγ, RicL(e2, e3) = α2 − αδ + βγ,

RicL(e3, e3) = −α2 − γ2

2
+ αδ − βγ.

Similar to the previous lemma, we can get the Lie derivative of the Ricci tensor RicL

associated to V.

Lemma 2.14.

(LV RicL)(e1, e1) = 0, (2.39)

(LV RicL)(e1, e2) = −βγ2

2
λ2 + (

βγ2

2
− γ3

2
)λ3,

(LV RicL)(e1, e3) = (
βγ2

2
+

γ3

2
)λ2 −

βγ2

2
λ3,

(LV RicL)(e2, e2) = βγ2λ1 + δγ2λ3,

(LV RicL)(e2, e3) = −βγ2λ1 −
δγ2

2
λ2 −

δγ2

2
λ3,

(LV RicL)(e3, e3) = βγ2λ1 + δγ2λ2.

Then, if V is a conformal Ricci collineation associated to the Levi-Civita connection, by
Lemma 2.14 and Theorem 2.1, we have the following equations:

0 = 2λ

−βγ2

2
λ2 + (

βγ2

2
− γ3

2
)λ3 = 0

(
βγ2

2
+

γ3

2
)λ2 −

βγ2

2
λ3 = 0

βγ2λ1 + δγ2λ3 = 2λ

−βγ2λ1 −
δγ2

2
λ2 −

δγ2

2
λ3 = 0

βγ2λ1 + δγ2λ2 = −2λ

(2.40)

By solving (2.40) , we get

24



Conformal Ricci collineations on three-dimensional Lorentzian Lie groups

Theorem 2.8. (G7, g, V) admits conformal Ricci collineations associated to the Levi-Civita con-
nection if and only if one of the following holds:
(1) γ = 0, α + δ ̸= 0, λ = 0, VRC =< e1, e2, e3 >,
(2) α = 0, β = 0, δ ̸= 0, γ ̸= 0, λ = 0, VRC =< e1 >.
where VRC is the vector space of conformal Ricci collineations on (G7, g, V).

Proof. We know that λ = 0, α + δ ̸= 0, αγ = 0. By (2.40), we have δγ2(λ2 − λ3) = 0.
case 1) If δ = 0, by α + δ ̸= 0, αγ = 0, we have α ̸= 0, γ = 0, (2.40) holds. This situation falls
into (1).
case 2) If δ ̸= 0, γ = 0, α + δ ̸= 0, (2.40) holds. This situation falls into (1).
case 3) If δ ̸= 0, γ ̸= 0, then λ2 = λ3, by αγ = 0, we have α = 0. (2.40) can be simplified to

γ3

2
λ2 = 0

βγ2λ1 + δγ2λ2 = 0
(2.41)

We get λ2 = λ3 = 0, β = 0. We get (2).
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