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RIEMANNIAN GEOMETRY OF NONCOMMUTATIVE SUPER SURFACES

YONG WANG∗ AND TONG WU

ABSTRACT. In this paper, a Riemannian geometry of noncommutative super surfaces is
developed which generalizes [4] to the super case. The notions of metric and connections
on such noncommutative super surfaces are introduced and it is shown that the connec-
tions are metric-compatible and have zero torsion when the super metric is symmetric,
giving rise to the corresponding super Riemann curvature. The latter also satisfies the
noncommutative super analogue of the first and second Bianchi identities. We also give
some examples and study them in details.

1. INTRODUCTION

It is well known that 2-dimensional surfaces embedded in the Euclidean 3-space provide
the simplest yet nontrivial examples of Riemannian geometry. The Euclidean metric of
the 3-space induces a natural metric for a surface through the embedding; the Levi-Civita
connection and the curvature of the tangent bundle of the surface can thus be described
explicitly. In [4], Chaichian-Tureanu-Zhang-Zhang developed noncommutative defor-
mations of Riemannian geometry in the light of Whitney’s theorem. They deformed
the algebra of functions on a domain of the Euclidean space by introducing the Moyal
algebra, which is a noncommutative deformation of the algebra of smooth functions
on a region of R2. Then they developed a noncommutative Riemannian geometry for
noncommutative analogues of 2-dimensional surfaces embedded in 3-space. Working
over the Moyal algebra, they showed that much of the classical differential geometry for
surfaces generalized naturally to this noncommutative setting. In [2], the authors con-
structed deformation of the algebra of diffeomorphisms for canonically deformed spaces
with constant deformation parameter theta. The algebraic relations remained the same,
whereas the comultiplication rule (Leibniz rule) was different from the undeformed one.
Based on this deformed algebra a covariant tensor calculus was constructed and all the
concepts like metric, covariant derivatives, curvature and torsion was defined on the
deformed space as well. The construction of these geometric quantities was presented
in detail. In [3], Aschier found that the Lie algebra of infinitesimal diffeomorphisms on
noncommutative space allowed to develop differential and Riemannian noncommuta-
tive geometry. And noncommutative Einstein’s gravity equations were formulated. In
[5], Goertsches developed a theory of Riemannian supermanifolds up to a definition of

2010 Mathematics Subject Classification. 53C40; 53C42.
Key words and phrases. Noncommutative super surfaces; super connections; Moyal product; Bianchi identi-
ties.

281



Yong Wang∗ and Tong Wu

Riemannian symmetric superspaces. And various fundamental concepts needed for the
study of these spaces both from the Riemannian and the Lie theoretical viewpoint were
introduced.
On the other hand, it is well known that the classical differential geometry can be gen-
eralized to the super case. In [1], Bruce and Grabowski examined the notion of a Rie-
mannian Zn

2 manifold. They showed that the basic notions and tenets of Riemannian
geometry directly generalized to the setting of Zn

2 -geometry. For example, the funda-
mental theorem holded in the higher graded setting. They pointed out the similarities
and differences with Riemannian supergeometry.
The motivation of this paper is to generalize [4] to the super case. In Section ??, we in-
troduce the super Moyal algebra and the notions of metric and connections on noncom-
mutative super surfaces and it is shown that the connections are metric-compatible and
have zero torsion when the super metric is symmetric, giving rise to the corresponding
super Riemann curvature. The latter also satisfies the noncommutative super analogue
of the first and second Bianchi identities. In Section 3, we give some examples and study
them in details.

2. NONCOMMUTATIVE SUPER SURFACES

Firstly we introduce some notations on Riemannian supergeometry.

Definition 2.1. A locally Z2-ringed space is a pair S := (|S|,OS) where |S| is a second-
countable Hausdorff space, and a OS is a sheaf of Z2-graded Z2-commutative associative unital
R-algebras, such that the stalks OS,p, p ∈ |S| are local rings.

In this context, Z2-commutative means that any two sections s, t ∈ OS(|U|), |U| ⊂
|S| open, of homogeneous degree |s| ∈ Z2 and |t| ∈ Z2 commute up to the sign rule
st = (−1)|s||t|ts. Z2-ring space Um|n := (U, C∞

Um ⊗∧Rn), is called standard superdomain
where C∞

Um is the sheaf of smooth functions on U and ∧Rn is the exterior algebra of Rn.
We can employ (natural) coordinates xI := (xa, ξ A) on any Z2-domain, where xa form a
coordinate system on U and the ξ A are formal coordinates.

Definition 2.2. A supermanifold of dimension m|n is a super ringed space M = (|M|,OM)
that is locally isomorphic to Rm|n and |M| is a second countable and Hausdorff topological space.

The tangent sheaf T M of a Z2-manifold M is defined as the sheaf of derivations of
sections of the structure sheaf, i.e., T M(|U|) := Der(OM(|U|)), for arbitrary open set
|U| ⊂ |M|. Naturally, this is a sheaf of locally free OM-modules. Global sections of the
tangent sheaf are referred to as vector fields. We denote the OM(|M|)-module of vector
fields as Vect(M). The dual of the tangent sheaf is the cotangent sheaf, which we denote
as T ∗M. This is also a sheaf of locally free OM-modules. Global section of the cotangent
sheaf we will refer to as one-forms and we denote the OM(|M|)-module of one-forms as
Ω1(M).

Definition 2.3. A Riemannian metric on a Z2-manifold M is a Z2-homogeneous, Z2-symmetric,
non-degenerate, OM-linear morphisms of sheaves ⟨−,−⟩g : T M ⊗ T M → OM. A Z2-
manifold equipped with a Riemannian metric is referred to as a Riemannian Z2-manifold.

We will insist that the Riemannian metric is homogeneous with respect to the Z2-degree,
and we will denote the degree of the metric as |g| ∈ Z2. Explicitly, a Riemannian metric
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has the following properties:
(1)| ⟨X, Y⟩g | = |X|+ |Y|+ |g|,
(2)⟨X, Y⟩g = (−1)|X||Y| ⟨Y, X⟩g ,
(3) If ⟨X, Y⟩g = 0 for all Y ∈ Vect(M), then X = 0,
(4) ⟨ f X + Y, Z⟩g = f ⟨X, Z⟩g + ⟨Y, Z⟩g ,
for arbitrary (homogeneous) X, Y, Z ∈ Vect(M) and f ∈ C∞(M). We will say that a
Riemannian metric is even if and only if it has degree zero. Similarly, we will say that a
Riemannian metric is odd if and only if it has degree one. Any Riemannian metric we
consider will be either even or odd as we will only be considering homogeneous metrics.
Similar to [4], we give some notions about noncommutative super surfaces. Let us fix
a region U in R2 and write the coordinate of a point t in U as (t1, t2). Let h be a real
indeterminate, and denote by R[[h]] the ring of formal power series in h. Let A be the
set of the formal power series in h with coefficients being real smooth functions on U.
Namely, every element of A is of the form ∑i≥0 fihi, where fi are smooth functions on U.
Then A is an R[[h]]-module in an obvious way. Let

∧P(ξ1, · · ·, ξr) be Grassmann algebra,
we take a, b ∈ A⊗∧

, then a = ∑1≤i1≤···≤ik≤P fi1···ik ξ i1 · · · ξ ik , b = ∑1≤j1≤···≤jq≤P gj1···jq ξ j1 · · ·
ξ jq , where fi1···ik , gj1···jq ∈ A. Define their star product (or more precisely, Moyal product)

a ∗ b := ∑
1≤i1≤···≤ik≤P,1≤j1≤···≤jq≤P

fi1···ik ∗ gj1···jq ξ i1 ∧ · · · ∧ ξ ik ∧ ξ j1 · · · ∧ξ jq ,

(2.1)

where fi1···ik ∗ gj1···jq is the star product of fi1···ik and gj1···jq in A.
Obviously, star product in A⊗ ∧

is associative. For the following part, we will denote
A⊗∧

by Ã.
Let xI := (t1, t2, ξ1, · · ·, ξP), then

∂xI (a ∗ b) = (∂xI a) ∗ b + (−1)|∂xI ||a|a ∗ ∂xI b,
(2.2)

where the operators ∂xI are derivations of the algebra Ã, a, b are homogeneous and
|∂t1 | = |∂t2 | = 0, |∂ξα

| = 1 (1 ≤ α ≤ P).

Definition 2.4. Let TX = Ã{ ∂
∂t1

, ∂
∂t2

, ∂
∂ξ1 , · · ·, ∂

∂ξP } be the free-left Ã-module and T̃X =

{ ∂
∂t1

, ∂
∂t2

, ∂
∂ξ1 , · · ·, ∂

∂ξP }Ã be the free-right Ã-module. Let g : TX ⊗ T̃X → Ã be a double Ã
module map defined by gI J = ⟨∂xI , ∂x J ⟩g , and let g0 = g mod h, which is a inverse matrix of
smooth functions on U ⊗∧P, then we call g the metric of the noncommutative super surface TX.

Given a noncommutative super surface TX with a metric g, there exists a unique matrix
[gJK] over Ã, which is the right inverse of g, i.e.,

gI J ∗ gJK = δK
I ,

where we have used Einstein’s convention of summing over repeated indices.
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Definition 2.5. For a, b, ci (1 ≤ i ≤ P), then ∂xI in Ã generate the left Ã-module TX and right
Ã-module T̃X, defined by

TX = a ∗ ∂t1 + b ∗ ∂t2 +
P

∑
i=1

ci ∗ ∂ξi , T̃X = ∂t1 ∗ a + ∂t2 ∗ b +
P

∑
i=1

∂ξi ∗ ci.

That is the left and right tangent bundles of the noncommutative super surface respectively, we
call also TX a noncommutative super surface.

Proposition 2.1. The metric induces a homomorphism of two-sided Ã-modules,

g : TX ⊗R[[h]] T̃X −→ Ã

defined for any Z = ZI ∗ ∂xI ∈ TX and Z̃ = ∂xI ∗ Z̃I ∈ T̃X by

Z ⊗ Z̃ 7→
〈

Z, Z̃
〉

g
= ZI ∗ gI J ∗ Z̃ J .

We have ⟨a∂xI , ∂x J b⟩g = a ∗ gI J ∗ b and | ⟨∂xI , ∂x J ⟩g | = |g|+ |∂xI |+ |∂x J |. Here we don’t

assume that gI J = (−1)|∂xI ||∂xJ |gJ I .
Next we define the Levi-Civita connections ∇ and ∇̃. We define ΓL

I J and Γ̃L
I J in Ã such

that

ΓL
I J := ΓI JK ∗ gKL, ΓI JK :=

1
2

(
∂gJK

∂xI + (−1)|∂xI ||∂xJ | ∂gIK

∂x J − (−1)|∂xK |(|∂xI |+|∂xJ |) ∂gI J

∂xK

)
;

Γ̃L
I J := gKL ∗ Γ̃I JL, Γ̃I JL = (−1)|∂xL |(|∂xI |+|∂xJ |)ΓI JL;

∇∂xI ∂x J = ΓL
I J∂xL , ∇̃∂xI ∂x J = ∂xL Γ̃L

I J .

(2.3)

Define
∇∂xI ( f ∂x J) = (∂xI f )∂x J + (−1)| f ||∂xI | f ∗ ∇∂xI ∂x J

and
∇̃∂xI (∂x J f ) = (−1)|∂x J ||∂xI |∂x J (∂xI f ) + ∇̃∂xI ∂x J ∗ f .

Then we get the following lemma

Lemma 2.1. For all Z ∈ TX, Z̃ ∈ T̃X and f ∈ Ã,

∇∂xI ( f ∗ Z) = (∂xI f ) ∗ Z + (−1)| f ||∂xI | f ∗ ∇∂xI Z,

∇̃∂xI (Z̃ ∗ f ) = (∇̃∂xI Z̃) ∗ f + (−1)|Z̃||∂xI |Z̃ ∗ ∂xI f .

(2.4)

Proof. Let Z = f1∂x J , Z̃ = ∂x J f1, we have

∇∂xI ( f ∗ Z) = ∇∂xI [( f ∗ f1)∂x J ]

= ∂xI ( f ∗ f1)∂x J + (−1)(| f |+| f1|)|∂xI |( f ∗ f1) ∗ ∇∂xI ∂x J

= [(∂xI f ) ∗ f1 + (−1)| f ||∂xI | f ∗ ∂xI f1]∂x J + (−1)(| f |+| f1|)|∂xI |( f ∗ f1) ∗ ∇∂xI ∂x J

= (∂xI f ) ∗ ( f1∂x J ) + (−1)| f ||∂xI |[( f ∗ ∂xI f1)∂x J + (−1)| f1||∂xI | f ∗ f1 ∗ ∇∂xI ∂x J ]

= (∂xI f ) ∗ Z + (−1)| f ||∂xI | f ∗ ∇∂xI Z,
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(2.5)

and

∇̃∂xI (Z̃ ∗ f ) = ∇̃∂xI (∂x J f1 ∗ f )

= (−1)|∂xI ||∂xJ |∂x J ∗ [∂xI ( f1 ∗ f )] + ∇̃∂xI ∂x J ∗ ( f1 ∗ f )

= (−1)|∂xI ||∂xJ |∂x J ∗ [∂xI f1 ∗ f + (−1)|∂xI || f1| f1 ∗ ∂xI f ] + (∇̃∂xI ∂x J ∗ f1) ∗ f

= (−1)|∂xI ||∂xJ |∂x J ∗ (∂xI f1) ∗ f + (−1)|∂xI |(|∂xJ |+| f1|)(∂x J ∗ f1) ∗ ∂xI f

+ (∇̃∂xI ∂x J ∗ f1) ∗ f

= (∇̃∂xI Z̃) ∗ f + (−1)|Z̃||∂xI |Z̃ ∗ ∂xI f ,

(2.6)

then we get (2.4). □

Proposition 2.2. For Z ∈ TX, Z̃ ∈ T̃X, when |g| = 0, gJK = (−1)|∂xJ ||∂xK |gKJ , then the
connections are metric compatible in the following sense:

∂xI

〈
Z, Z̃

〉
g
=

〈
∇∂xI Z, Z̃

〉
g
+ (−1)|∂xI ||Z|

〈
Z, ∇̃∂xI Z̃

〉
g

.

(2.7)

Proof. Let Z = f1∂x J , Z̃ = ∂xK f2, then

∂xI

〈
Z, Z̃

〉
g
= ∂xI ⟨ f1∂x J , ∂xK f2⟩g

= ∂xI ( f1 ∗ gJK ∗ f2)

= ∂xI f1 ∗ gJK ∗ f2 + (−1)|∂xI || f1| f1 ∗ ∂xI gJK ∗ f2

+ (−1)|∂xI |(| f1|+|gJK |) f1 ∗ gJK ∗ ∂xI f2,
(2.8)

and 〈
∇∂xI Z, Z̃

〉
g
+ (−1)|∂xI ||Z|

〈
Z, ∇̃∂xI Z̃

〉
g

=
〈
∇∂xI ( f1∂J), ∂xK f2

〉
g
+ (−1)|∂xI ||( f1∂xJ )|

〈
( f1∂x J ), ∇̃∂xI (∂xK f2)

〉
g

= (∂xI f1) ∗ gJK ∗ f2 + (−1)|∂xI || f1| f1 ∗
〈
∇∂xI ∂x J , ∂xK

〉
g
∗ f2 + (−1)|∂xI |(| f1|+|∂xJ |)

(−1)|∂xK ||∂xI | f1 ∗ gJK ∗ ∂xI f2 + (−1)|∂xI |(| f1|+|∂xJ |) f1

〈
∂x J , ∇̃∂xI ∂xK

〉
g
∗ f2.

(2.9)

Because by |g| = 0,

(−1)|∂xI |(| f1|+|∂xJ |)(−1)|∂xK ||∂xI | = (−1)|∂xI |(| f1|+|gJK)|.
(2.10)
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We only prove 〈
∇∂xI ∂x J , ∂xK

〉
g
+ (−1)|∂xI ||∂xJ |

〈
∂x J , ∇̃∂xI ∂xK

〉
g
= ∂xI gJK.

(2.11)

Then by (2.3), we have〈
∇∂xI ∂x J , ∂xK

〉
g
+ (−1)|∂xI ||∂xJ |

〈
∂x J , ∇̃∂xI ∂xK

〉
g

=
〈

ΓL
I J∂xL , ∂xK

〉
g
+ (−1)|∂xI ||∂xJ |

〈
∂x J , ∂xL Γ̃L

IK

〉
g

= ΓL
I J ∗ gJK + (−1)|∂xI ||∂xJ |gJL ∗ Γ̃L

IK

= ΓI JK + (−1)|∂xI ||∂xJ |Γ̃IKJ .
(2.12)

By (2.3)-(2.8) and Γ̃IKJ = (−1)|∂xJ |(|∂xI |+|∂xK |)ΓIKJ , we have

ΓI JK + (−1)|∂xI ||∂xJ |Γ̃IKJ

=
1
2

(
∂gJK

∂xI + (−1)|∂xI ||∂xJ | ∂gIK

∂x J − (−1)|∂xK |(|∂xI |+|∂xJ |) ∂gI J

∂xK

)
+ (−1)|∂xJ ||∂xK |

+
1
2

(
∂gKJ

∂xI + (−1)|∂xI ||∂xK | ∂gI J

∂x J − (−1)|∂xJ |(|∂xI |+|∂xK |) ∂gIK

∂xK

)
=

1
2

∂xI [gJK + (−1)|∂xJ ||∂xK |gKJ ]

= ∂xI gJK.
(2.13)

Therefore, (2.7) holds. □

Proposition 2.3. When gI J = (−1)|∂xJ ||∂xI |gJ I , then torsion vanishes in the following sense:

T∇ = 0, T∇̃ = 0. (2.14)

Proof. By [1], we have

T∇(∂xI , ∂x J ) = ∇∂xI ∂x J − (−1)|∂xJ ||∂xI |∇∂xJ ∂xI

= ΓL
I J∂xL − (−1)|∂xJ ||∂xI |ΓL

JI∂xL

= (ΓL
I J − (−1)|∂xJ ||∂xI |ΓL

JI)∂xL .
(2.15)

By (2.3), we have

ΓL
I J − (−1)|∂xJ ||∂xI |ΓL

JI

=
1
2

(
∂gJK

∂xI
+ (−1)|∂xI ||∂xJ | ∂gIK

∂x J
− (−1)|∂xK |(|∂xI |+|∂xJ |)

∂gI J

∂xK

)
∗ gKL

− (−1)|∂xJ ||∂xI | 1
2

(
∂gIK

∂x J
+ (−1)|∂xI ||∂xJ | ∂gJK

∂xI
− (−1)|∂xK |(|∂xI |+|∂xJ |) ∂gJ I

∂xK

)
∗ gKL
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= (−1)|∂xK |(|∂xI |+|∂xJ |)
(
(−1)|∂xI ||∂xJ | ∂gJ I

∂xK
− ∂gI J

∂xK

)
= 0.

(2.16)

Similarly, T∇̃(∂xI , ∂x J ) = 0. Therefore, we get Proposition 2.3. □

Next we consider curvatures and Bianchi identities in noncommutative super surfaces.
Let [∇∂xI ,∇∂xJ ] := ∇∂xI ∇∂xJ − (−1)|∂xI ||∂xJ |∇∂xJ ∇∂xI and [∇̃∂xI , ∇̃∂xJ ] := ∇̃∂xI ∇̃∂xJ − (−1)|∂xI ||∂xJ |∇̃∂xJ ∇̃∂xI .

Straightforward calculations show that for all f ∈ Ã,

[∇∂xI ,∇∂xJ ]( f ∗ Z) = (−1)| f |(|∂xI |+|∂xJ |) f ∗ [∇∂xI ,∇∂xJ ]Z, Z ∈ TX,

[∇̃∂xI , ∇̃∂xJ ](Z̃ ∗ f ) = [∇̃∂xI , ∇̃∂xJ ]Z̃ ∗ f , Z̃ ∈ T̃X.

Clearly the right-hand side of the first equation belongs to TX, while that of the second
equation belongs to T̃X. We restate these important facts as a proposition.

Proposition 2.4. The following maps

[∇∂xI ,∇∂xJ ] : TX → TX, [∇̃∂xI , ∇̃∂xJ ] : T̃X → T̃X.

are super left and super right Ã-module homomorphisms, respectively

Write

[∇∂xI ,∇∂xJ ]∂xK = R(∂xI , ∂x J )∂xK := RL
I JK ∗ ∂xL ,

[∇̃∂xI , ∇̃∂xJ ]∂xK = R̃(∂xI , ∂x J )∂xK := ∂xL ∗ R̃L
I JK,

(2.17)

for some RL
I JK, R̃L

I JK ∈ Ã.

Definition 2.6. We refer RL
I JK, R̃L

I JK, respectively, as the super Riemann curvatures of the left
and right tangent bundles of the noncommutative super surface X.

Lemma 2.2. The following equalities holds:

RL
I JK = ∂xI (ΓL

JK)− (−1)|∂xI ||∂xJ |∂x J (ΓL
IK) + (−1)|∂xI |(|∂xJ |+|∂xK |+|∂xM |)ΓM

JK ∗ ΓL
IM

− (−1)|∂xJ |(|∂xK |+|∂xM |)ΓM
IK ∗ ΓL

JM,

R̃L
I JK = Γ̃L

IM ∗ Γ̃M
JK − (−1)|∂xI ||∂xJ |Γ̃L

JM ∗ Γ̃M
IK + (−1)|∂xI ||∂xL |∂xI (Γ̃L

JK)

− (−1)|∂xJ |(|∂xI |+|∂xL |)∂x J (Γ̃L
IK).

Proposition 2.5. The super Riemann curvatures of the left and right tangent bundles coincide
in the sense that RI JKL = −(−1)(|∂xI |+|∂xJ |)|∂xK |R̃I JLK.

Proof. Define RI JKL = RM
I JK ∗ gML and R̃I JKL = gLM ∗ R̃M

I JK. Then,

RI JKL =
〈
(∇∂xI ∇∂xJ − (−1)|∂xI ||∂xJ |∇∂xJ ∇∂xI )∂xK , ∂xI

〉
g

287



Yong Wang∗ and Tong Wu

=
〈
∇∂xI ∇∂xJ ∂xK , ∂xL

〉
g
− (−1)|∂xI ||∂xJ |

〈
∇∂xJ ∇∂xI ∂xK , ∂xL

〉
g

= ∂xI

〈
∇∂xJ ∂xK , ∂xL

〉
g
− (−1)|∂xI |(|∂xJ |+|∂xK |)

〈
∇∂xJ ∂xK , ∇̃∂xI ∂xL

〉
g
− (−1)|∂xI ||∂xJ |

∂x J

〈
∇∂xI ∂xK , ∂xL

〉
g
+ (−1)|∂xI ||∂xJ |(−1)|∂xJ |(|∂xI |+|∂xK |)

〈
∇∂xI ∂xK , ∇̃∂xJ ∂xL

〉
g

.

(2.18)

By Proposition 2.2 and〈
∇∂xJ ∂xK , ∇̃∂xI ∂xL

〉
g
= ∂x J

〈
∂xK , ∇̃∂xI ∂xL

〉
g
− (−1)|∂xK ||∂xJ |

〈
∂xK , ∇̃∂xJ ∇̃∂xI ∂xL

〉
g

,

then we have

RI JKL = (−1)|∂xI |(|∂xJ |+|∂xK |)(−1)|∂xJ ||∂xK |
〈

∂xK , ∇̃∂xJ ∇̃∂xI ∂xL

〉
g

− (−1)|∂xK |(|∂xI |+|∂xJ |)
〈

∂xK , ∇̃∂xI ∇̃∂xJ ∂xL

〉
g

= −(−1)(|∂xI |+|∂xJ |)|∂xK |R̃I JLK.
(2.19)

□

Let

RL
I JK;P = ∂xP(RL

I JK) + (−1)|∂xP |(|∂xI |+|∂xJ |+|∂xK |+|∂xS |)RS
I JK ∗ ΓL

PS − ΓS
PI ∗ RL

SJK

− (−1)|∂xI |(|∂xS |+|∂xJ |)ΓS
PJ ∗ RL

ISK − (−1)(|∂xI |+|∂xJ |)(|∂xK |+|∂xS |)ΓS
PK ∗ RL

I JS.

Then we get the following theorem

Theorem 2.1. When gI J = (−1)|∂xI ||∂xJ |gJ I , the super Riemann curvatures of the left and right
tangent bundles of the noncommutative super surface X satisfies the first Bianchi identity and
the second Bianchi identity

(−1)|∂xI ||∂xK |RL
I JK + (−1)|∂xI ||∂xJ |RL

JKI + (−1)|∂xJ ||∂xK |RL
KI J = 0, (2.20)

(−1)|∂xP ||∂xJ |RL
I JK;P + (−1)|∂xI ||∂xJ |RL

PIK;J + (−1)|∂xP ||∂xI |RL
JPK;I = 0. (2.21)

Proof. Note

Bi(∂xI , ∂x J , ∂xK) := RL
I JK + (−1)|∂xI |(|∂xJ |+|∂xK |)RL

JKI + (−1)(|∂xI |+|∂xJ |)|∂xK |RL
KI J .

(2.22)

By gI J = (−1)|∂xI ||∂xJ |gJ I , then T(∂xI , ∂x J ) = 0, that is ∇∂xI ∂x J = (−1)|∂xI ||∂xJ |∇∂xJ ∂xI . So
using the definition of the Riemann curvature tensor, then

Bi(∂xI , ∂x J , ∂xK)

= [∇∂xI ,∇∂xJ ]∂xK + (−1)|∂xI |(|∂xJ |+|∂xK |)[∇∂xJ ,∇∂xK ]∂xI + (−1)(|∂xI |+|∂xJ |)|∂xK |[∇∂xK ,∇∂xI ]∂x J

= ∇∂xI ∇∂xJ ∂xK − (−1)|∂xI ||∂xJ |∇∂xJ ∇∂xI ∂xK + (−1)|∂xI |(|∂xJ |+|∂xK |)[∇∂xJ ∂xK ∂xI

− (−1)|∂xJ ||∂xK |∇∂xK ∂x J ∂xI ] + (−1)(|∂xI |+|∂xJ |)|∂xK |[∇∂xK ∇∂xI ∂x J − (−1)|∂xI ||∂xK |∇∂xI ∇∂xK ∂x J ]
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= ∇∂xI [∇∂xJ ∂K − (−1)|∂xJ ||∂xK |∇∂xK ∂x J ]− (−1)|∂xI ||∂xJ |∇∂xJ [∇∂xI ∂xK − (−1)|∂xI ||∂xK |∇∂xK ∂xI ]

− (−1)(|∂xI |+|∂xJ |)|∂xK |∇∂xK [∇∂xI ∂x J − (−1)|∂xI ||∂xJ |∇∂xJ ∂xI ]

= 0.

Therefore, the first Bianchi identity holds. To prove the second Bianchi identity, let ∂̃xL
:=

∂xR gRL, then by [∇∂xI ,∇∂xJ ]∂xK = RL
I JK∂xL , we have

RL
I JK =

〈
[∇∂xI ,∇∂xJ ]∂xK , ∂̃xL

〉
g

.

By Proposition 2.2, we have

∂xP(RL
I JK) =∂xP

(〈
[∇∂xI ,∇∂xJ ]∂xK , ∂̃xL

〉
g

)
=

〈
∇∂xP ([∇∂xI ,∇∂xJ ]∂xK), ∂̃xL

〉
g

+ (−1)|∂xP |(|∂xI |+|∂xJ |+|∂xK |)
〈
[∇∂xI ,∇∂xJ ]∂xK , ∇̃∂xP ∂̃xL

〉
g

.

(2.23)

Obviously,

(−1)|∂xP ||∂xJ |
{
− ∂xP(RL

I JK) +
〈
∇∂xP ([∇∂xI ,∇∂xJ ]∂xK), ∂̃xL

〉
g

+ (−1)|∂xP |(|∂xI |+|∂xJ |+|∂xK |)
〈
[∇∂xI ,∇∂xJ ]∂xK , ∇̃∂xP ∂̃xL

〉
g

}
= 0.

(2.24)

Replace (P, I, J) with (J, P, I), we get

(−1)|∂xI ||∂xJ |
{
− ∂x J (RL

PIK) +
〈
∇∂xJ ([∇∂xP ,∇∂xI ]∂xK), ∂̃xL

〉
g

+ (−1)|∂xJ |(|∂xP |+|∂xI |+|∂xK |)
〈
[∇∂xP ,∇∂xI ]∂xK , ∇̃∂xJ ∂̃xL

〉
g

}
= 0.

(2.25)

Similarly, replace (P, I, J) with (I, J, P), we get

(−1)|∂xP ||∂xI |
{
− ∂xI (RL

JPK) +
〈
∇∂xI ([∇∂xJ ,∇∂xP ]∂xK), ∂̃xL

〉
g

+ (−1)|∂xI |(|∂xJ |+|∂xP |+|∂xK |)
〈
[∇∂xJ ,∇∂xP ]∂xK , ∇̃∂xI ∂̃xL

〉
g

}
= 0.

(2.26)

By adding the above three equations (2.24), (2.25) and (2.26) together, and by further
computations. Then the second Bianchi identity can be proved. □

289



Yong Wang∗ and Tong Wu

First by [1], we get the the formula of the Ricci curvature tensor Ric and scale curvature
tensor S in noncommutative super surface.

Ric(∂x J , ∂xK) = ∑
I
(−1)|∂xI |(|∂xI |+|∂xJ |+|∂xK |) 1

2
[RL

I JK + (−1)|∂xJ ||∂xK |RL
IKJ ].

(2.27)

S := ∑
I J
(−1)(|∂xI |+1)|∂xJ |RJ I ∗ gI J ,

(2.28)

where RJ I denotes the Ricci curvature tensor Ric(∂x J , ∂xI ).

3. EXERCICES

In this section, we consider in some detail four concrete examples of noncommutative
super surfaces.

Exercice 1. Let R2
h(t1, t2) be double warped, and h and f are functions of t1 and t2 respectively,

where f (t2) ̸= 0, h(t1) ̸= 0, and f1(h)h=0 = 1, f2(h)h=0 = 1.
Then we define the metric g on R2

h(t1, t2)

g11 = f1(h) f (t2), g12 = g21 = 0, g22 = f2(h)h(t1).

Then the inverse metric is given by

g11 =
1

f1(h) f (t2)
, g12 = g21 = 0, g22 =

1
f2(h)h(t1)

.

The computations are quite lengthy, thus we only record the results here. For the Christoffel
symbols, by (2.3), we have

Γ111 = 0, Γ112 = −1
2

f1(h)
∂ f (t2)

∂t2
, Γ121 =

1
2

f1(h)
∂ f (t2)

∂t2
;

Γ122 =
1
2

f2(h)
∂h(t1)

∂t1
, Γ211 =

1
2

f1(h)
∂ f (t2)

∂t2
, Γ212 =

1
2

f2(h)
∂h(t1)

∂t1
;

Γ221 = −1
2

f2(h)
∂h(t1)

∂t1
, Γ222 = 0.

By (2.3), for R2
h, the following equalities holds

Γ1
11 = 0, Γ2

11 = −1
2

f1(h)
f2(h)

f ′(t2) ∗
1

h(t1)
, Γ1

12 =
1
2

f ′(t2)

f (t2)
;

Γ2
12 =

1
2

h′(t1)

h(t1)
, Γ1

21 =
1
2

f ′(t2)

f (t2)
, Γ2

21 =
1
2

h′(t1)

h(t1)
;

Γ1
22 = −1

2
f2(h)
f1(h)

h′(t1) ∗
1

f (t2)
, Γ2

22 = 0.
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We now find the super curvature tensors with respect to h,

R1
121 =

1
4

h′(t1)

h(t1)
∗ f ′(t2)

f (t2)
− 1

4
f ′(t2) ∗

h′(t1)

h(t1)
∗ 1

f (t2)
;

R1
122 =

− 1
2 f ′′(t2) f (t2) +

1
4 f ′(t2)2

f (t2)2 +
1
2

f2(h)
f1(h)

[(
1
2

h′(t1)
2

h(t1)
− h′′(t1)

)
∗ 1

f (t2)

]
;

R2
121 =

1
2

h′′(t1)h(t1)− 1
2 h′(t1)

2

h(t1)2 +
1
2

f1(h)
f2(h)

[
2 f ′′(t2) f (t2)− f ′(t2)2

2 f (t2)
∗ 1

h(t1)

]
;

R2
122 =

1
4

h′(t1) ∗
f ′(t2)

f (t2)
∗ 1

h(t1)
− 1

4
f ′(t2)

f (t2)
∗ h′(t1)

h(t1)
.

By (2.27), we can also compute the Ricci curvature tensor,

R11 = −1
2

h′′(t1)h(t1)− 1
2 h′(t1)

2

h(t1)2 +
1
2

f1(h)
f2(h)

[
2 f ′′(t2) f (t2 − f ′(t2)2)

2 f (t2)
∗ 1

h(t1)

]
;

R12 = R21 =
1
2

[
1
4

h′(t1)

h(t1)
∗ f ′(t2)

f (t2)
− 1

4
f ′(t2) ∗

h′(t1)

h(t1)
∗ 1

f (t2)
− 1

4
h′(t1) ∗

f ′(t2)

f (t2)
∗ 1

h(t1)
;

+
1
4

f ′(t2)

f (t2)
∗ h′(t1)

h(t1)

]
;

R22 =
− 1

2 f ′′(t2) f (t2) +
1
4 f ′(t2)2

f (t2)2 +
1
2

f2(h)
f1(h)

[(
1
2

h′(t1)
2

h(t1)
− h′′(t1)

)
∗ 1

f (t2)

]
.

By (2.28), we get the scalar curvature

S = −
{

1
2

h′′(t1)h(t1)− 1
2 h′(t1)

2

h(t1)2 +
1
2

f1(h)
f2(h)

[
2 f ′′(t2) f (t2 − f ′(t2)2)

2 f (t2)
∗ 1

h(t1)

]}
∗ 1

f1(h) f (t2)

+

{
1
4

h′(t1) ∗
f ′(t2)

f (t2)
∗ 1

h(t1)
− 1

4
f ′(t2)

f (t2)
∗ h′(t1)

h(t1)

}
∗ 1

f2(h)h(t1)
.

Exercice 2. Let f (t2) > 0, h(t1) > 0, and the metric g satisfies the following equalities

g11 = f (t2), g12 = 0, g21 = 1, g22 = h(t1).

Then the inverse metric is given by

g11 =
1

f (t2)
, g12 = 0, g21 = − 1

h(t1)
∗ 1

f (t2)
, g22 =

1
h(t1)

.

Then the computations can be carried out in much the same way as in the case of Example 1, and
by (2.3) we mainly get

Γ111 = 0, Γ112 = −1
2

∂ f (t2)

∂t2
, Γ121 =

1
2

∂ f (t2)

∂t2
;

Γ122 =
1
2

∂h(t1)

∂t1
, Γ211 =

1
2

∂ f (t2)

∂t2
, Γ212 =

1
2

∂h(t1)

∂t1
;
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Γ221 = −1
2

∂h(t1)

∂t1
, Γ222 = 0.

By (2.3), the following equalities holds

Γ1
11 =

1
2

f ′(t2) ∗
1

h(t1)
∗ 1

f (t2)
, Γ2

11 = −1
2

f ′(t2) ∗
1

h(t1)
, Γ2

12 =
1
2

h′(t1)

h(t1)
;

Γ1
12 = −1

2
∗ h′(t1)

h(t1)
∗ 1

f (t2)
+

1
2

f ′(t2)

f (t2)
, Γ1

21 =
1
2

f ′(t2)

f (t2)
− 1

2
h′(t1)

h(t1)
∗ 1

f (t2)
;

Γ2
21 =

1
2

h′(t1)

h(t1)
, Γ1

22 = −1
2

h′(t1) ∗
1

f (t2)
, Γ2

22 = 0.

We now find the super curvature tensors with respect to h,

R1
121 =

h′(t1)
2 − 2h(t1)h′′(t1)

4h(t1)2 ∗ 1
f (t2)

− f ′(t2)2 − 2 f ′′(t2) f (t2)

4 f (t2)2 ∗ 1
h(t1)

∗ 1
f (t2)

+
1
4

f ′(t2) ∗
1

h(t1)
∗ f ′(t2)

f (t2)2 − 1
4

h′(t1)

h(t1)
∗ f ′(t2)

f (t2)
∗ 1

h(t1)
∗ 1

f (t2)
+

1
4

h′(t1)

h(t1)
∗ f ′(t2)

f (t2)

+
1
4

f ′(t2) ∗
1

h(t1)
∗ 1

f (t2)
∗ h′(t1)

h(t1)
∗ 1

f (t2)
− 1

4
f ′(t2) ∗

h′(t1)

h(t1)
∗ 1

f (t2)
;

R1
122 =

h′(t1)
2 − 2h(t1)h′′(t1)

4h(t1)
∗ 1

f (t2)
− 1

4
h′(t1)

h(t1)
∗ f ′(t2)

f (t2)2 +
f ′(t2)2 − 2 f (t2) f ′′(t2)

4 f (t2)2

− 1
4

h′(t1) ∗
f ′(t2)

f (t2)
∗ 1

h(t1)
∗ 1

f (t2)
− 1

4
h′(t1)

h(t1)
∗ 1

f (t2)
∗ h′(t1)

h(t1)
∗ 1

f (t2)

+
1
4
∗ f ′(t2)

f (t2)
∗ h′(t1)

h(t1)
∗ 1

f (t2)
;

R2
121 =

2h(t1)h′′(t1)− h′(t1)
2

4h(t1)2 +
2 f (t2) f ′′(t2)− f ′(t2)2

4 f (t2)
∗ 1

h(t1)
+

1
4

h′(t1)

h(t1)

∗ f ′(t2)

f (t2)
∗ 1

h(t1)
− 1

4
f ′(t2) ∗

1
h(t1)

∗ 1
f (t2)

∗ h′(t1)

h(t1)
;

R2
122 =

1
4

h′(t1) ∗
f ′(t2)

f (t2)
∗ 1

h(t1)
− 1

4
h′(t1)

h(t1)
∗ f ′(t2)

f (t2)
∗ 1

h(t1)
+

f ′(t2)2

f (t2)
∗ 1

h(t1)

− 1
4

h′(t1)
2

h(t1)2 .

By (2.27), we can also compute the Ricci curvature tensor,

R11 = −2h(t1)h′′(t1)− h′(t1)
2

4h(t1)2 − 2 f (t2) f ′′(t2)− f ′(t2)2

4 f (t2)
∗ 1

h(t1)
− 1

4
h′(t1)

h(t1)

∗ f ′(t2)

f (t2)
∗ 1

h(t1)
+

1
4

f ′(t2) ∗
1

h(t1)
∗ 1

f (t2)
∗ h′(t1)

h(t1)
;

R12 = R21 =
1
2

[
h′(t1)

2 − 2h(t1)h′′(t1)

4h(t1)2 ∗ 1
f (t2)

− f ′(t2)2 − 2 f ′′(t2) f (t2)

4 f (t2)2 ∗ 1
h(t1)

∗ 1
f (t2)

− 1
4

h′(t1) ∗
f ′(t2)

f (t2)
∗ 1

h(t1)
+

1
4

h′(t1)

h(t1)
∗ f ′(t2)

f (t2)
∗ 1

h(t1)
− f ′(t2)2

f (t2)
∗ 1

h(t1)
+

1
4

h′(t1)
2

h(t1)2

]
;
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R22 =
h′(t1)

2 − 2h(t1)h′′(t1)

4h(t1)
∗ 1

f (t2)
− 1

4
h′(t1)

h(t1)
∗ f ′(t2)

f (t2)2 +
f ′(t2)2 − 2 f (t2) f ′′(t2)

4 f (t2)2

− 1
4

h′(t1) ∗
f ′(t2)

f (t2)
∗ 1

h(t1)
∗ 1

f (t2)
− 1

4
h′(t1)

h(t1)
∗ 1

f (t2)
∗ h′(t1)

h(t1)
∗ 1

f (t2)

+
1
4
∗ f ′(t2)

f (t2)
∗ h′(t1)

h(t1)
∗ 1

f (t2)
.

By (2.28), we get the scalar curvature

S =

{
− 2h(t1)h′′(t1)− h′(t1)

2

4h(t1)2 − 2 f (t2) f ′′(t2)− f ′(t2)2

4 f (t2)
∗ 1

h(t1)
− 1

4
h′(t1)

h(t1)
∗ f ′(t2)

f (t2)
∗ 1

h(t1)

+
1
4

f ′(t2) ∗
1

h(t1)
∗ 1

f (t2)
∗ h′(t1)

h(t1)

}
∗ 1

f (t2)
+

{
1
2

[
h′(t1)

2 − 2h(t1)h′′(t1)

4h(t1)2 ∗ 1
f (t2)

− f ′(t2)2 − 2 f ′′(t2) f (t2)

4 f (t2)2 ∗ 1
h(t1)

∗ 1
f (t2)

− 1
4

h′(t1) ∗
f ′(t2)

f (t2)
∗ 1

h(t1)
+

1
4

h′(t1)

h(t1)
∗ f ′(t2)

f (t2)
∗ 1

h(t1)

− f ′(t2)2

f (t2)
∗ 1

h(t1)
+

1
4

h′(t1)
2

h(t1)2

]}
∗
(
− 1

h(t1)
∗ 1

f (t2)

)
+

{
h′(t1)

2 − 2h(t1)h′′(t1)

4h(t1)
∗ 1

f (t2)

− 1
4

h′(t1)

h(t1)
∗ f ′(t2)

f (t2)2 +
f ′(t2)2 − 2 f (t2) f ′′(t2)

4 f (t2)2 − 1
4

h′(t1) ∗
f ′(t2)

f (t2)
∗ 1

h(t1)
∗ 1

f (t2)

− 1
4

h′(t1)

h(t1)
∗ 1

f (t2)
∗ h′(t1)

h(t1)
∗ 1

f (t2)
+

1
4
∗ f ′(t2)

f (t2)
∗ h′(t1)

h(t1)
∗ 1

f (t2)

}
∗ 1

h(t1)
.

Exercice 3. Another simple example is described by A = ( ∂
∂t1

, ∂
∂t2

, ∂
∂ξ ), and let the metric g is

even and asymmetry, then g( ∂
∂ξ , ∂

∂ξ ) ̸= 0. And the metric g satisfies

g11 = ϕ1(h) f1(t1), g12 = 0, g13 = εξ, g21 = 0;

g22 = ϕ2(h) f2(t1), g23 = 0, g31 = εξ, g32 = 0, g33 = 1,

where f1(t1) > 0, f2(t1) > 0, ϕ1(h)h=0 = 1, and ϕ2(h)h=0 = 1.
Then the inverse metric is given by

g11 =
1

ϕ1(h) f1(t1)
, g12 = 0, g13 = −εξ

1
ϕ1(h) f1(t1)

, g21 = 0;

g22 =
1

ϕ2(h) f2(t1)
, g23 = 0, g31 = −εξ

1
ϕ1(h) f1(t1)

, g32 = 0, g33 = 1.

Then by (2.3), we have

Γ111 =
1
2

ϕ1(h) f ′1(t1), Γ122 =
1
2

ϕ2(h) f ′2(t1), Γ133 = ε;

Γ212 =
1
2

ϕ2(h) f ′2(t1), Γ221 = −1
2

ϕ2(h) f ′2(t1), Γ313 = ε, Γ331 = 0,

where ΓI JK = 0 for else (I, J, K).
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By (2.3), the following equalities holds

Γ1
11 =

1
2

f ′1(t1)

f1(t1)
, Γ2

11 = 0, Γ3
11 = −1

2
εξ

f ′1(t1)

f1(t1)
, Γ1

12 = 0, Γ2
12 =

1
2

f ′2(t1)

f2(t1)
;

Γ3
12 = 0, Γ1

13 = −ε2ξ
1

ϕ1(h)
1

f1(t1)
, Γ2

13 = 0, Γ3
13 = ε;

Γ1
21 = 0, Γ2

21 =
1
2

f ′2(t1)

f2(t1)
, Γ3

21 = 0, Γ1
22 = −1

2
ϕ2(h)
ϕ1(h)

f ′2(t1)

f1(t1)
, Γ2

22 = 0;

Γ3
22 =

1
2

εξ
ϕ2(h)
ϕ1(h)

f ′2(t1)

f1(t1)
, Γ1

23 = Γ2
23 = Γ3

23 = 0, Γ1
31 = −ε2ξ

1
ϕ1(h)

1
f1(t1)

, Γ2
31 = 0;

Γ3
31 = ε, Γ1

32 = Γ2
32 = Γ3

32 = Γ1
33 = Γ2

33 = Γ3
33 = 0.

We now find nonzero components of the super curvature tensors with respect to h,

R1
122 = −1

4
ϕ2(h)
ϕ1(h)

2 f ′′2 (t1) f1(t1)− f ′2(t1) f ′1(t1)

f1(t1)2 +
1
4

ϕ2(h)
ϕ1(h)

f ′2(t1)
2

f1(t1) f2(t1)
;

R2
121 =

2 f ′′2 (t1) f2(t1)− f ′2(t1)
2

4 f2(t1)2 − 1
4

f ′1(t1) f ′2(t1)

f1(t1) f2(t1)
, R2

123 = −1
2

ε2ξ
1)

ϕ1(h)
f ′2(t1)

f1(t1) f2(t1)
;

R3
122 =

1
2

εξ
ϕ2(h)
ϕ1(h)

f ′′2 (t1)

f1(t1)
+

1
4

εξ
ϕ2(h)
ϕ1(h)

2ε f ′2(t1)− f ′2(t1)
2

f1(t1) f2(t1)
, R1

131 = −2ε2ξ
1

ϕ1(h)
f ′1(t1)

f1(t1)2

− ε3ξ
1

ϕ1(h)
1

f1(t1)
, R1

133 = ε2 1
ϕ1(h)

1
f1(t1)

, R3
133 = −ε3ξ

1
ϕ1(h)

1
f1(t1)

, R3
131 = ε2;

R2
231 = −1

2
ε2ξ

ϕ2(h)
ϕ1(h)2

f ′2(t1)

f1(t1)2 , R2
232 = −1

2
ε2ξ

1
ϕ1(h)2

f ′2(t1)

f1(t1) f2(t1)
, R1

331 = −2ε2 1)
ϕ1(h)

1
f1(t1)

,

where RL
I JK = 0, for any else (I, J, K, L).

By (2.27), we can also compute asymptotic expansions of the Ricci curvature tensor,

R11 =
f ′2(t1)

2

4 f2(t1)2 − 2 f ′′2 (t1) f2(t1)
+

1
4

f ′1(t1) f ′2(t1)

f1(t1) f2(t1)
+ ε2, R12 = 0;

R13 = ε2ξ
1

ϕ1(h)

(
− f ′1(t1)

f1(t1)2 +
1

f1(t1)

)
, R23 = R33=0;

R22 = −1
4

ϕ2(h)
ϕ1(h)

2 f ′′2 (t1) f1(t1)− f ′2(t1) f ′1(t1)

f1(t1)2 +
1
4

ϕ2(h)
ϕ1(h)

f ′2(t1)
2

f1(t1) f2(t1)
.

By (2.28), we get the scalar curvature

S =

[
f ′2(t1)

2

4 f2(t1)2 − 2 f ′′2 (t1) f2(t1)
+

1
4

f ′1(t1) f ′2(t1)

f1(t1) f2(t1)
+ ε2

]
∗ 1

ϕ1(h)
1

f1(t1)

+

[
− 1

4
1

ϕ1(h)
2 f ′′2 (t1) f1(t1)− f ′2(t1) f ′1(t1)

f1(t1)2 +
1
4

1
ϕ1(h)

f ′2(t1)
2

f1(t1) f2(t1)

]
∗ 1

f2(t1)
.
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Exercice 4. The last example is described by A = ( ∂
∂t1

, ∂
∂t2

, ∂
∂ξ ), and let the metric g is even and

asymmetry, then g( ∂
∂ξ , ∂

∂ξ ) ̸= 0. And the metric g satisfies

g11 = f (t2), g12 = 0, g13 = εξ, g21 = 0;

g22 = h(t1), g23 = 0, g31 = 0, g32 = 0, g33 = 1.

Then the inverse metric is given by

g11 =
1

f (t2)
, g12 = 0, g13 = −εξ

1
f (t2)

, g21 = 0;

g22 =
1

h(t1)
, g23 = 0, g31 = 0, g32 = 0, g33 = 1.

Then by (2.3), we have

Γ112 = −1
2

f ′(t2), Γ121 =
1
2

f ′(t2), Γ122 =
1
2

h′(t1), Γ133 = ε;

Γ211 =
1
2

f ′(t2), Γ212 =
1
2

h′(t1), Γ221 = −1
2

h′(t1), Γ313 =
1
2

ε,

where ΓI JK = 0 for else (I, J, K).
By (2.3), the following equalities holds

Γ1
11 = 0, Γ2

11 = −1
2

f ′(t2) ∗
1

h(t1)
, Γ3

11 = 0, Γ1
12 =

1
2

f ′(t2)

f (t2)
, Γ2

12 =
1
2

h′(t1)

h(t1)
;

Γ3
12 = −1

2
εξ

f ′(t2)

f (t2)
, Γ1

13 = Γ2
13 = 0, Γ3

13 = ε, Γ1
21 =

1
2

f ′(t2)

f (t2)
, Γ2

21 =
1
2

h′(t1)

h(t1)
;

Γ3
21 = −1

2
εξ

f ′(t2)

f (t2)
, Γ1

22 = −1
2

h′(t1) ∗
1

f (t2)
, Γ2

22 = 0, Γ3
22 =

1
2

εξh′(t1) ∗
1

f (t2)
;

Γ1
23 = Γ2

23 = Γ3
23 = Γ3

31 = Γ1
32 = Γ2

32 = Γ3
32 = Γ1

33 = Γ2
33 = Γ3

33 = 0.

We now find the super curvature tensors with respect to h,

R1
121 =

1
4

h′(t1)

h(t1)
∗ f ′(t2)

f (t2)
− 1

4
f ′(t2) ∗

h′(t1)

h(t1)
∗ 1

f (t2)
, R1

122 =
h′(t1)

2 − 2h′′(t1)h(t1)

4h(t1)
∗ 1

f (t2)

+
f ′(t2)2 − 2 f ′′(t2) f (t2)

4 f (t2)2 , R2
121 =

h′′(t1)h(t1)− h′(t1)
2

4h(t1)2 +
2 f ′′(t2) f (t2) f ′(t2)2

4 f (t2)
∗ 1

h(t1)
;

R2
122 =

1
2

h′(t1) ∗
f ′(t2)

f (t2)
∗ 1

h(t1)
− 1

4
f ′(t2)

f (t2)
∗ h′(t1)

h(t1)
, R3

121 = −1
4

εξ
h′(t1)

h(t1)
∗ f ′(t2)

f (t2)
− 1

2
ξ

f ′(t2)

f (t2)

+
1
4

εξ f ′(t2) ∗
h′(t1)

h(t1)
∗ 1

f (t2)
, R3

122 =
1
2

ξ

(
εh′′(t1) + h′(t1)−

1
2

ε
h′(t1)

2

h(t1)

)
∗ 1

f (t2)

+
1
4

εξ
2 f ′′(t2) f (t2)− f ′(t2)2

f (t2)2 , R3
131 =

1
2

ε2, R3
132 =

1
4

ε
f ′(t2)

f (t2)
, R3

231 =
1
4

ε
f ′(t2)

f (t2)
;

R3
232 = −1

4
εh′(t1) ∗

1
f (t2)

,
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where RL
I JK = 0, for any else (I, J, K, L).

By (2.27), we can also compute the Ricci curvature tensor,

R11 = −h′′(t1)h(t1)− h′(t1)
2

4h(t1)2 − 2 f ′′(t2) f (t2) f ′(t2)2

4 f (t2)
∗ 1

h(t1)
+

1
2

ε2, R12 =
1
8

h′(t1)

h(t1)
∗ f ′(t2)

f (t2)

− 1
8

f ′(t2) ∗
h′(t1)

h(t1)
∗ 1

f (t2)

1
4

h′(t1) ∗
f ′(t2)

f (t2)
∗ 1

h(t1)
+

1
8

f ′(t2)

f (t2)
∗ h′(t1)

h(t1)
+

1
4

ε
f ′(t2)

f (t2)
, R13 = 0;

R22 =
h′(t1)

2 − 2h′′(t1)h(t1)

4h(t1)
∗ 1

f (t2)
+

f ′(t2)2 − 2 f ′′(t2) f (t2)

4 f (t2)2 − 1
4

εh′(t1) ∗
1

f (t2)
;

R23 = R33=0.

By (2.28), we get the scalar curvature

S =

[
− h′′(t1)h(t1)− h′(t1)

2

4h(t1)2 − 2 f ′′(t2) f (t2) f ′(t2)2

4 f (t2)
∗ 1

h(t1)
+

1
2

ε2
]
∗ 1

ϕ1(h)
1

f (t2)

+

[
h′(t1)

2 − 2h′′(t1)h(t1)

4h(t1)
∗ 1

f (t2)
+

f ′(t2)2 − 2 f ′′(t2) f (t2)

4 f (t2)2 − 1
4

εh′(t1) ∗
1

f (t2)

]
∗ 1

h(t1)
.
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