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HARMONICITY OF VECTOR FIELDS ON 1-DIMENSIONAL EXTENSIONS OF
LORENTZIAN SOLVABLE LIE GROUPS

FERDINAND H. KOUDJO

ABSTRACT. Our paper studied the harmonicity properties of vector fields on 1-dimensional
extensions of Lorentzian solvables Lie groups. From the harmonicity condition on warped
products, we characterize harmonic vector fields on such extensions and we construct
some examples. Finally we determine a vector fields that are harmonic as maps from an
1-dimensional extension of Lorentzian solvable group onto its tangent bundle equipped
with the Sasaki metric.

1. INTRODUCTION

Let (M, g) be a smooth pseudo-Riemannian manifold. A smooth vector field X on M
determines a section of the tangent bundle TM and therefore it is natural to investigate
vector fields from the points of view of the corresponding maps X : (M, g) — (TM, g°),
where (TM, ¢°) is equipped with the Sasaki metric.

The energy of X is, by definition, the energy of the corresponding map. A natural and
general problem is to decide which vector fields X on (M, g) qualify as "better than the
rest” with regard to harmonicity properties. The most general among these criteria are
the following.

(i) X is harmonic map if it is a critical point for the energy functional
E:C*(M,TM) — R

(ii) X is harmonic section if it is a critical point for the energy functional E |y
restricted to maps defined by vector fields

Generally, these two predefined notions are not equivalent as shown in the case of the
remark 6.5 of our work, where a harmonic vector field is not a harmonic map.

In [11], Milnor considered a special class of solvable Lie groups such that for any x,y
in their Lie algebras, [x, y] is a linear combination of x and y. For convenience, we call
such a Lie group, a LCS Lie group. It was proved that every left-invariant Riemannian
metric on such a Lie group is of constant negative sectional curvature. Then in [12]
Nomizu proved that every left-invariant Lorentzian metric on a LCS Lie group is also of
constant sectional curvature. However, depending on the choice of left invariant Lorentz
metrics, the sign of the constant sectional curvature may be positive or negative. Later,
Albuquerque generalized this result to the semi-Riemannian case in [1].
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Harmonicity properties of vector fields on this Lorentzian solvable Lie groups have been
studied in [10]. In this paper, first, we determine harmonicity conditions for vector fields
on the warped product B x s F(Theorem 3.1) by using a characteristic variational con-
dition relatively to Sasaki metric, where (B, gg) and (F, gr) are two pseudo-Riemannian
manifolds with f : B —]0, +oo[. We apply this to the case B = I C R and F a Lorentzian
solvable Lie groups G to investigate the harmonicity properties of vector fieldson I x ¢ G.
Finally we construct some examples.

2. PRELIMINARIES

The tangent bundle TM of a pseudo-Riemannian manifold (M, g) can be endowed in a
natural way with a pseudo-Riemannian metric ¢°, the Sasaki metric, depending only on
the pseudo-Riemannian structure g of the base manifold M. It is uniquely determined
by

(XYM =¢5(X7,Y?) =g(X,Y)om, (X" YY) =0 (2.1)
Let V denote a smooth vector field on M and {ei}izl/‘__/n a pseudo-orthonormal basis of

(M, g). The energy of V is, the energy of the corresponding smoothmap V : (M, g) —
(TM, g°), that is

1 m
E(V) = Evol(D) + 5 [ IVVIPeg p = Ygleie)
i=1

(assuming M compact; in the non-compact case, one works over relatively compact do-
mains). The Euler-Lagrange equations characterize vector fields V defining harmonic
maps as the ones whose tension field 7(V) = tr(V?V) vanishes, where

(V) = {tr[R(V.V, V) ]} + {V*VV}"
and with respect to a pseudo-orthonormal local frame {ej,..., e, } on (M, g), with
¢; = g(e;, e;) = £1 for all indices i, we have V*VV = iei{vvgieiv — V¢V, V}. Thus,
V defines a harmonic map from (M, g) to (TM, g°) if arZ:Jl1 only if
S(V)=t[R(V.V,V)]=0 and V*VV=0. 2.2)

A smooth vector field V is said to be a harmonic section if and only if it is a critical point
of E” where E? is the vertical energy. The corresponding Euler-Lagrange equations are
given by V*VV = 0.

3. HARMONIC VECTOR FIELDS ON WARPED PRODUCTS

In this section, we consider K = M xs N where f : M —]0,+oo[, where M is m-
dimensional pseudo-Riemannian manifold and N 7n- dimensional pseudo-Riemannian
manifolds and we determine the harmonicity conditions for vector fields on K.

Let {¢;}i—1 . m be an pseudo-orthonormal basis of (M, gyr) and {ej'},—; _, an pseudo-
orthonormal basis of (N,gn). Then {e;}i—1, . u+n is an pseudo-orthonormal basis of
(K,g) with e; = (e,0) fori = 1,..,m and e;,, = 1(0,‘«32’) fori = 1,..,n. Hence, we

f

obtain
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Theorem 3.1. Let (M, gm) and (N, gn) be a pseudo-Riemannian manifolds and f : M —
R*. a smooth function on B. Let {e}}i—1 . be an pseudo-orthonormal basis of (M, gn) and
{e!'}i—1 .. n an pseudo-orthonormal basis of (N, gn). Then a vector field V = Vi + V, on K =
M x ¢ N is a harmonic vector field if and only if

VY - J’fvga V1t ch(divN Vy) grad™ f+
Pvlf(zf ) grad¥ f = 0 . @3.1)
M

n
where AM(f) = —tr H, p= Zei/ er =gV (e e”),
i=1

The proof of this theorem use the theorem 3.1 of [8], by considering here two pseudo
Riemannian manifolds.

Assume that M = I C R, V3 = ¢(t)0; on I and V; a vector field on (N, g), then a
vectorfield V=V +Vo,onK =1 x fNisa harmonic vector field if and only if

f(#) f(t) f(1)?
VVVL— F(O " ()Va+ (1 —p)f'(H)2Va=0;t €1

! / ! 2
{¢"<t> #pl W) -2 LD divi) - p g0 =0 2

Next, we recall some results on the structure of LCS Lie groups and its Lie algebras.

Definition 3.1. A n-dimensional Lorentzian LCS Lie group G (n > 1) is said to be of type A
if the induced metric is non degenerate when it is restricted to the commutative ideal u of co-
dimension 1 in Lie algebra g of G. A Lorentzian LCS Lie group G is said to be of type B if the
induced metric is degenerate when it is restricted to the commutative ideal u of co-dimension 1 in
Lie algebra g of G.

Type A: If uis non degenerate, then by [12] we have the following equations:
g=RbPu,<bu>=0,[bx]=x,Vx €u

In this case, a Lie group G is said to be of type A; if b is timelike, and G is said to be of

type A; if b is spacelike.

Type Aj: bis timelike, ie, < b,b >= —AZ with A > 0. Fix an orthonormal basis
{e1,€2,- -+ ,e,_1} of uand set b = Ae,,. Then we have the following equations:

1

Xei’ <e,e;>=1, i=1,---,n—1, <eye, >=—1 (3.3)
Type Aj : b is spacelike, ie., < b,b >= A2 with A > 0.Similarly as above, fix an
orthonormal basis {e1,¢e2,--- ,e,-1 of u and set b = Ae,. Then we have the following
equations:

[en/ ei] =

1
<6, <eer>=-1, <e,eg>=1 i=2,---,n, (3.4)

[en/ 61‘] = 2
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Type B: If u is degenerate, then by [12] u contains a lightlike vector c and an
(n — 2)-dimensional subspace u; on which the metric is positive definite such that
u = Rc @y and < ¢, u; >= 0. Moreover, by [12]we have the following equations:

g=RbBERcPuw, u=Rchuw, <bb>=<cc>=0,
<bc>=-1, <buy>=<cuy >=0, [bc=c [byl=y VYyecu.
fix an orthonormal basis {ey, s, - -, e,—2} of uy and set

V2 V2
en_1 = 7(b—c), en = 7(b+c).

Then we have the following equations:

V2 . V2

¢ for i=1,2,---,n—2; [en_l,en]:T(en—en_l)

<e,e;>=1, for i=1,---,n—1, <eye, >=—1 (3.5)

len—1,ei] = [en, €] =

4. HARMONIC VECTOR FIELDS ON I x G: G IS TYPE A

Consider an n-dimensional connected simply connected Lorentzian Lie group G of type
Aj. Using 3.3 and the well-known Koszul formula one can determine the Levi-Civita
connection as follows:

1 1 )
Ve = —Xen,Ve,.en = _Xei' i=1,---,n—1

Vei =0, in other case
The Riemann curvature tensor is given by

1

R(ey, ei)e; = —R(ej, en)e; R(ey,ei)en = —R(ej, en)e; = ﬁei, i=1---,n—1

= ﬁen/
R(ej,ej)ex = 0 in other cases

n n
Given a left invariant vector fields V = Z K;e; with < Z Kz2 — Kﬁ = 1) , we have
i=1 i=1

1
VQI-V:_X(Kien'i-Knei),i:l,"’,n_l al'ld vEnVZO

. 1 n—1
V*VV = _ﬁ <(1’l — 1)Knen + Z Kiei>

i=1

-1
Also div(V;) = —HTKn, Hence ,a vector field V = Vi + V, on I X ¢ G is a harmonic

vector field if and only if
f'(t)
HOM By
—% ((n —DKyen+ ) Kiei> — (f(t)f”(t) - (3- n)f'(t)2> (Knen +) Kiei) =0tel

i=1 i=1

/ fr? =1 f(t)
47 (t) - (1’[ - 2) f(t)2 ¢(t) =2 A Ky f(t)

¢"(t) + (n-2)
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N L PN 100,
¢ 2 102
K[ FOF1(0) = G =mp 2+ "5 =0

K; [f(t)f”(t)— (3—n)f'(t)>+ ”A_zl] =0,i=1---,n—1tel

n—1
Because of 2 Kl-2 — K,ZZ = 1, hence V is harmonic if and only if

i=1
1" . f/(t) / —(n— f,(t)z _ (Yl—l) f/(t)
¢"(t) + (n=2) [0 (t) = ( n_2) [{0E ¢t) = 27— )

FOFH - G-mfr = -" e

n
Theorem 4.1. Let V = Z Kie; denote a left-invariant unit vector field on a group G of type Ay
i=1
where {e1,- - - , ey} be a pseudo orthonormal basis of its Lie algebra. A vector field V. = V1 + V,
on the warped product I x¢ G, I C R f : I —]0, +oo[ with Vi = ¢(t)0; is a harmonic vector
n

field if and only if V. =Y _ Kie; and
i=1

'(t) f1()? (n—=1)  f(t)
”t—f—(n—Zf( "(t) — (n—2) t) = -2 K
FOF (0 = G=mf () =-"t e
Remark 4.2. A vector field V.= Vi + Va on I X G with G is of type Ay cannot be a harmonic
vector field if f is a constant on I = R
Next we consider an n-dimensional connected simply connected Lorentzian Lie group
G of type As. We obtain

Velelz_*en/ve,-en:_ €i, i:1,“‘,7’l—1

A
1 .
Veiei:Xen, i=2,---,n—-1
V.ej =0, in other case

The Riemann curvature tensor is given by

! 1
= ﬁel’ R(ellen)el == —R(ez,en)el e —

1

R(e;,e1)er = —R(ej, en)en

R(elzen)en = _R(ei/el>ei = 1 = 2,3,---,n—1
R(ej,ej)ex = 0 in other cases

1 1 .
Ve1V:_X(K1en+Kne1) Ve,V =0, VeiV:_X(Knei_Kien) Vi=2.,n-1
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) 1 n—1 . n—1
ViVV = 1z ((n —1)Kye, + g Kl-e,-> and div(V) = — ) Ky

A vector field V on M x I N is a harmonic vector field if and only if

/ 1(1\2 n_ /
¢"<t>+<n—z>§((f))q>'<t>—< L o) = 2"k L

% <( 1)Knen + Z Kez) - < fOf) - (8- ”)f/(f)z) <Kn€n + EK@) =0;tel

i=1

it s i F O i
#'(0) + (=27 (6~ (0 -2

)
K | FO£0) = B =m o7 ="
K, [f(t)f”(t) B m)f(r) }

p7 1 = 2

— | =0i=1 n-Litel
n—1

If K, = 0, Hence ) K? = 1 and V is harmonic if and only if
i=1

/ / 2
{¢"<t>+<nz>f o)~ (-2 g1y = 0

f®) 1 f()?
fOf' () =B =n)f(t)? = 5t €l

If K, # 0, V is harmonic if and only if

f/(t) /( ) . (TZ _2)f,(t)2

Py 0 0 B ) = T
FOfF"(t) =@ =n)f'(t)* = T
\m;%ﬁzq i=2,.  n—Ltel

RN 1) JONY () LAV
o) + (=2 ) - -2 K

FOF ()~ 3= mfi (e ="

Ki(2—n)=0, i=2,---,n—1tel

hence
Vo = Kjeg + Koep, Ky #0

FOF )+ F(87 = 3

FIOAP (1) = —2Kafi(1);t € I
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Orvz = Kyen, K, # 0
" n— f/<t> / —(n— f/(t)z — _ (”_1> f/(t)
§/(6) + (= 2) @' (8) = (1= 25z 9(6) = 225 2K

2_n—1

HOTUORICETIOE T

n
Theorem 4.3. Let V = Z Kie; denote a left-invariant unit vector field on a group G of type Az
i=1
where {e1,- - - , e, } be an pseudo orthonormal basis of its Lie algebra. A vector field V = Vi + V,
on the warped product I x¢ G, I C R f : I —]0, +oo[ with Vi = ¢(t)0; is a harmonic vector

field if and only if

(Vs = Kpen, Ky # 0
Vo = Kieq + Krep, K> 71é 0 (I)”(t) + (1’1 — 2)J;((tt)) (P/(t)—
FOL () + f()? = 2 N )2 o =1 f(b)
FOAP"(£) = —2Kaf'(t),t € 1 (n=2) f(1)? o) = =2 A _Kl” f(t)
fOf(t) =B —n)f'(t)* = 2 tEl

Remark 4.4. A vector field V.= Vi + Vp on [ X G with G is of type A, cannot be a harmonic
vector field if f is a constant on I = R
5. HARMONIC VECTOR FIELDSON I Xy G : GISTYPE B

Consider an n-dimensional simply connected Lorentzian Lie group G of the type B. We
obtain

2 2 .
Veei = \zf(enl —en), Veen_1 = Veen, = —\Z[ei i=1,2---,n—2
V2 V2
ven,len—l = venen—l = _7311/ venen—l = Venen = _7311—1/

Veie]- =0 in all other cases

Vi,j,ke{1,2,3,---,n}, Re,e)er =0
n

For an arbitrary left invariant vector field V = E K;e;, we have
i=1

2 2 )
VeV = \{Ki(enl —ey) — \zf(Kn1 +Kpe, i=1,2---,n-2

V2
Ve, V=V, V= T(anlen - Knenfl)
We now determine V.V, V and Vvei ¢;V for all indices i. We obtain

1 .
veiveivz E(anl“‘Kn)(enfl_en)/ i=1,--,n-2
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1
VEn—l VE;z—l‘] = Ven vEnV = E(Kn—len—l + Knen)

Vo, V=0 i=12-,n-2

1
vv"nf]‘en*l‘/ = vvenenv = E(Kn*len + Knenfl)
-2
Thus we get V*VV = nT(an + Ky)(en +en—1).
2
We have div(Vz) = —\2[(71 —1)(Ky + Ky—1)

Then a vector field V on I X ¢ G is a harmonic vector field if and only if

v PO R 40
¢ (t) + ( 2) f(t) ¢ (t) ( 2) f(t)2 (t) \/E( 1)(Kﬂ +Kn71) f(t)
n—2

n—2
5 (Kn 4 K1) (en—1 +en) = <f(t)f"(t) + (n — 3)f’(t)2) <Kn1€n1 + Knen + ) Kiei>

i=1

tel

W o o SR 701
<t; (0 =2) 29/ (6) = (1 =2) 25 9(0) = —V2n = 1Ky +Kun) s

2 (K Ka) = (JOS"0) + (1= 3)f (12 ) Koy =0
"2 Kt Kur) = (FOF 0+ (1= 3)f (12 ) Ky =0
Ki<f(t)f"(t) + (n —3)f/(t)2) =0,i=1,---,n—2,tel

Suppose that f(t)f"(t) + (n —3)f'(t)*> = 0, then (n — 2)(K,, + K;,_1) =0
FOF"(E) = f(t)?

e Ifn=2,wehave < ¢"(t)=—v2(K;+ Kz)?((:))

V =Kie1 + Kpep, t €1
() + =259/ () -
o IfK, = —K,_1,n > 3,wehave FOf"(#) +(n=3)f(t)*=0

n—2
Vo = Z Kie; + K, (enl — en>,t el
i=1
Suppose that Vi =1,2,--- ,n — 2, K; = 0, we have necessary K, # 0, K,,_1 # 0 and
2 /(t) / _ ) fl(t)z _ _2\/§ — 1K fl(t)
¢"(t) + (n— )f( P'(t) — (n—=2)—25¢(t) = (n— 1)Ky

t) f(t) f(t)
FOF'(#)+(n=3)f (1) =n—2
Vo = Knley1+en),t €1

(n— f/(t)2
f(l‘)2

¢(t) =0
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n
Theorem 5.1. Let V = E Kie; denote a left-invariant unit vector field on a group G of type B
i=1
where {e1, - - - , e, } be an pseudo orthonormal basis of its Lie algebra. A vector field V. = Vi + V),
on the warped product I x ¢ G, I C R f : I —]0, +-oo[ with Vi = ¢(t)0; is a harmonic vector

field if and only if

(1)
n=2
s =puE
() = —VaK + k) )
Vo = Kie1 + Kpep, t € 1
(2)
n=>3K,=—-K;1
" 0ol IO
o6+ -2 0 - -2 L0000 ~ 0
fOf'()+m=3)f(t)?=0
Vo, = niZKiei + K, 1 <€n1 — en),t el
i=1
(3)

s o L0 OSSN ()
910+ (n = 2) 9/ ()~ (n =25 0(0) = —2v20n — 1)K

n?
fOf(t) + (n - )f( )2 -2
Vo =K, (en 1+ en)

Remark 5.2. If f is constant function on R, then a vector field V is harmonic vector field is and
only if ¢ if affine function and (n — 2)(K,, + K,—1) =0

6. HARMONIC VECTORS FIELDS WHICH ARE HARMONIC MAPS ON WARPED PRODUCT
I ><f G

We now determine the horizontal part S(V) of the tension fields on the warped product
M x s N. We write S(V) = 51(V) + S2(V) where

m m+n
S1(V) =) R(V,V,V)e; and S(V) = Y €&R(V,V,V)e.
i=1 i=m+1

Theorem 6.1. Let (M, gn) and (N, gn) be a pseudo-Riemannian manifolds and f : M — R,
a smooth function on M. Let {e;}i—1  , be an pseudo-orthonormal basis of (M,gn) and
{e/'}iz1 .. n an pseudo-orthonormal basis of (N, gn). Then a harmonic vector field V = Vi + Va
on K = M X ¢ N is a harmonic map field if and only if
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(S(Vl) + pvf(zf) i grad™ f + |, ||*V adegrade+ jlr div(V5) Vil grad f =0
;25(1/2) -y (e;g) HY (V1 ¢) — }Hf(vgfvl,e;)) v,
i=1
—f—graj_{(f) le(VZ)VZ — VV2V2>
+V}<{> éisN(e" Va)e! ij_f) grad £(f)(p — 1)Va = 0

(6.1)

By Considering M = I C R, V; = ¢(t)9; on I and V; a vector field on (N, g),

2 ¢! 1/
s<v>=(p4’“)f SO 5, 4 IVal2F (0 ()3 + - div(Va)p(e) f (1)

f(#)2 f(t)
f(lt)zs(VZ) _ L e )f((t))f”( >V + (f)(f:)/(t)v + j;((t)) div(V)Vo—
];((:))22 VV2V2 + (P(j[)(j:)(;) (p - 1)V2 (fzf)l:g ) ;R (61 ’ V2)€§/> ,t € I

Then (6.1) is equivalently to,

2 g1
p L0 ()+HVzHZf’(t)f”(t)+f(lt)diV(Vz)<l>(t) =o0tel
1 FORWF 1), PEFD, PO f
S(V)n f(t)2 ol Voo i AV~ i T
)Z; +‘P<f)(j;)(3)(p DV, =0;

n
Consider V, = ) " K;V; a unit vector field on G of type A; and we can determine on this

type of lie group the harmonic vector field which are harmonic map. We have

n—1

S(V) = Z R(Vel.V, V)ei — R(VenV,V)en
i=1
1 n—1
= e ZK?en—K%en
i=1
1
S(V) = _Fen
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n—1
Vy,Vo = K,V Vo + 2 Kl-Ve,.Vz
i=1

= i (Ken+1< el>

= (1+K2)ew + Ky ZK61>

\'—‘ >\

- >

=

siR(ei, Vz)@l' = R(el Vz) R(en V2>

I

,..

= [ZKGZ n—lKnen]

n
Then a vector field V = V; 4+ V; is harmonic map if and only if V, = Z K;e;, and
i=1

AMn=2)f'(t)f" tzsb)( P AALPFOF () + A =n)f(1)f" () ))Kn
t

t
')+ -2 E D0 - (-9 L g - 2 P L
FOS" (1) = G=mf (12 = ="
oy @R ) = CE Ok 09 0K, - £ (090 (0K,
—HT_lf’(t)ZK% + ¢(?{;)(t)3 (n—3)Ky =0

(=7 OF O+ FOF OF D + 1=K (0 + 3K (1P~

POf ()  p(O)f (t)
f(1)A? f(#)

tel

(n 3))1(1-:0,1':1,---,11—1

If K, = 0, we have f'(t)f"(t) = 0,¢(t)f'(t) = 0 and f'(t)* = %(Not possible). Hence

n
V = V1 4+ V, is harmonic map if and only if V, = Z Kie;, K, # 0 and
i=1
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Mn—afuvggﬁﬂﬁ+wwfﬂ$7¥w+a—ny<v;>;?§
" I A PN ¢ _ (¢
'(0)+ 01 =2) 5 9/ (8) = (1= 2) (1) KR

n

FOF ()~ B-mf (17 ="

to ek - E Dk g0k, - 00 0K,
n— '(t)3
(= FOF O+ FOF PO + 0= MK (0P + 1K (0
SF) 9O Nk 0.
e+ =) Jlemoim,

tel
\

,n—1

n
Theorem 6.2. Let V = ) _ Ke; denote a left-invariant unit vector field on a group G of type A,

i=1
where {e1,- - ,en} be a pseudo orthonormal basis of his Lie algebra. A vector field Vi + V, on
the warped product I x f G, I C R f : I —]0, +oo[ with V1 = ¢(t)0; is a harmonic map if and

only if
V2 = iKiei, Kn 7'é 0 and
i=1
A(n —2)f’(f)f"J(cfz43(f) +Af(f (;){’;( )+ (1 —”)(f( )f)( )f(é)fn
1" B "(¢ , B B ()2 (¢
o0+ (=258 00 - -2 e = 2 L

n

FOF (0~ B-mf (07 ="

1 1 / (i’l — 1)f/(t)¢(t) " / ! 1"
3 020G = TSP FOF (00 (0K, — £ (D60 (K,

=l 9OS Oy
SO+ EEEE - 3)K, =0

(= £ Or 000 + 105 OF 1)+ 1=Kt 0P+

Lo o 0P L pOFOY N o
Ao 02 = L+ HO ) =0 =1

tel
\

n
Consider V, = Z K;V; a unit vector field on G of type A, and we can determine on this
i=1
type of lie group the harmonic vector field which are harmonic map. We have

n—1
S(V) = —R(VyV,V)er + Z R(V.V,V)e; because V,V =0

i=2
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1 1 n—1
i) R(ey, V)er = 2 —Kje, and R(eq, V)er = 1 (Knen + Z Kiei> Hence
i=2
1 n—1
R(V.,V,V)es =3 (K — Kf)en + Ku Y Kie;

i=2

1
ii) R(e;, V)e; = ﬁ(lﬁel + Kye,) and R(e,, V)e; = 0 Hence

1
R(Ve,-V, V)ei = ﬁKn(Klel + Knen)

Then

S(V) = A13<( —2)KuKyes — Ky Z Kel>

Vi, Vo = i<(1+1<2 — K, 21<e1>

n n—1
Y &iR(e;, Va)ei; = —R(ey, Va)er + Y R(ei, Va)ei + R(en, Va)en
i=1 i=2
1 n—1
= F |:(1’l — 1)K1€1 — (TZ — 3)Kn€n + 2 Kz-el}
i=2

Using, V = Vj + V5 is harmonic map if and only if additional to harmonic vector condi-
tion , we have

A =2)f' (O (OP(1) + AL (O ()" (1) + (1= n) f(£) " (1) p(H)Ky = 0
2

K1<—nAsz(t) + /(\tz)ff(/())(n—l)-l-
FOL 09 (1) = F (OO (E) + =5 + SR <n—3>) =0

(2K 02 + Qﬁgﬁf( ) WOF (0~ F D00+

)3"_’_¢(t)ft/)(t)3(n_3)> :0’122,...,71—1
) /
( LS ey - "’%f’(m 3K+ £ (D () K

()f”() 5= 1K+ 20 3K, ) =0 p e 1
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that is equivalently to,

or

(Vs = Kaep, Ky # 0
FOF(0)+ £ (1 = 55
FIOAY (1) = 2Kaf (1)

MRS O () SOF 90K =0

7w+ 0 0 ke~ 00 00K

l 3
+5Ke - PP Ky =0, € 1

(Vo = Kpen, Ky # 0
] YO () N !
¢"(t) + (n—2) [0 ¢'(t) — ( 12) )2 ¢(t) 2 A f(#)
FOF () = B=n)f (1) =
JAf > FIOF () + (1L —n) F(1)f" (1) p(£) K = 0

/\(n—2gf/(f)f (£) > (t /
LR e OOFG) gk ) £ (1)K
P(Of (1)’

A f(t) - /\Zf(t) (

F OO (O)Kn + 55 (n = 1)K + [0 (n—3)Ky=0,t €1

n
Theorem 6.3. Let V = Z Kie; denote a left-invariant unit vector field on a group G of type Ay

i=1

where {ey, - - - , e, } be an pseudo orthonormal basis of its Lie algebra. A vector field V = Vi + V,
on the warped product I x ¢ G, I C R f : I —]0, +oo[ with Vi = ¢(t)0; is a harmonic vector
field if and only if

or

V2 K2€2 K27é0
fFOF )+ £ (1) =

A2
f(BAP" (1) = —2Kyf' (t)
A2 (" (8) — fF(Of" (K = 0

_ L

(
2 0 o(t)f'(t) "
R ALURSSITE )1I< 2+ F(Of (:) ¢ (Ko~
fi®)p)f" 1)Kz + )L3K2 (t}{t)t) =0,tel
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(Vs = Kyen, Kn # 0
() + =259/ -
FOF(6) = (3= n)f (1) = ”T‘zl

A= 2)f (O (917 + AFBRF (O (1) + (1= m) () ()p(1)Ks = O
1K L 90F (1)

(0PN VT \ B0
(=20 = —2 3 Ky

xS0 Sy (=K SO 08 OKa =T (00 Okt
P (1) _
33 (1= 1Ky + 0 (n—3)K,=0,t €1

Ended, we can determine on the type B of lie group G the harmonic vector field which
are harmonic map. We have

n
=Y &R(V,V,V)e; = 0.
i=1

V2 n=2 2 (12
VVZVZ = —7(Kn_1 + Kn) Kie; + 2( 2 Kiz —K,_1K,, — K%>en—1 _
i=1

ﬁ n—2
T < Z K12 + anlKn + K%_l)en
i=1

i=1

V2 = V2
= 7(Kn—1 + Kn) Z Kie; + 5 (1 — Ky 1Ky — Ki_l)en—l -

2 i=1
2
\zf <1 + anlKn + K%) €n

also .

ZE{R(QZ', VQ)EZ‘ = S(VQ) =0

i=1
Hence V = V; + V5 is harmonic map if and only if additional to harmonic vector condi-
tion, we have

(0= 200 (OF (1) + FPF (1) = LA ()0~ 1K + Kyr) = 0

1(1\3
(= 7o @+ fo s o - fm_w Ky ) (0 + (=3 L v
\f(Knl‘f’Kn)]:_leKiei {(1_1@1 1Ky K >en 1= {<1+Kann+K%>en:0
tel
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that is equivalently to
case 1:

n=2f(t)f"(t) = f’(t);/(t)
¢"(t) = —V2(Ki + KZ)W
‘—/2 = K1€1 + K2€2

FORA )~ A 90K+ K| () =0

i V2
V2

tel
case 2:

n>3,K, = —K, 1
!/ / 2

¢ (t) + (n — 2)]}((:)) ¢'(t) — (n— 2)?5:;2 ¢(t) =0

fOF () + (n=2)¢(t)*) =0

(- 70006+ For 07

+(n=3)¢(t)

n—2
Vo =) Kie; — Ku(ey—1 —en)
i=1

tel

that is equivalently to

=27 (90 + F0/0) A0 + K| Ko (1) -

( = f(OeB) (1) + f(1)¢'(8)f(E) + (n = 3)o(t) i
- < — (e f"(8) + F()" (D) f7(8) + (n = 3)o(t) 10

SN

V2
2

n—2

34ﬁwwo+fmwar—2fm@a+mﬂKﬁwﬂ+“%wvwoa+@+Kmﬂ:o

FOF (D1~ K~ Kikg) =0

Ve Lf'(t)=0,¢"(t) =0,n>3,Ky = —Ky_1, Vo = Y Kie; + Ky—1(en—1 — €n)
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Case 3:

W PR e P
o0+ -2 200 - -2 E o0 = 2vin - v, L
AP )+ (0307 = n 2

n(en 1+en)

( FONOF ) + £ (1) (5)—

1(4)\3
V2(n = 1)Kuf' (1) + (n — 3)¢(t>ff(<tt)) > " \ff (1 +K5) =0

1(4£\3
(= £ 0) + PO () = Valn = DK (07 + (=300 0 ) -

V2P k) =0

tel
\

y / /(472 /
00+ (=259~ -2 0 = 2v2n - 1)K,

fOf()+m=3)f (1) =n—2
W, = Kn(enfl + en)
fA+KE) =—f(t)(1-K7)

tel
So that we obtainn = 2,1 =R,Vt € R, f'(t) = 0,¢"(t) =0, V2 = Ka(e1 + €2)

n
Theorem 6.4. Let V = E Kie; denote a left-invariant unit vector field on a group G of type B
i=1
where {e1,- - - , ey} be a pseudo orthonormal basis of its Lie algebra. A vector field V. = V1 + V,
on the warped product I X ¢ G, I C R, f : I —]0, +oo[ with Vi = ¢(t)9; is a harmonic vector
field if and only if

=2, fOF" () = (17

(0 = V3K + K L

Vo, = Kqe1 + Kpep

(s V2 () (K + 1<2>)f"< )=0

(=2 000+ 7006~ 70 (K1 +2) Ko (0) + LA O (00 + K3+ Kik)
(—2f/(t)¢(t) + 09/ () — V() (K + Ka) )Kf ~ V20 (1) (1 - K - KiK)
(el

or
Viel = IR,f’(t) = O,(P”(t) = 0,1’1 > 3,Kn = _Kn—lr V2 = nizKiei + Kn—1<en—1 — €n)
i=1
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or
n=2vteI=R,f(t)=0,¢"(t) =0V, = Ky(e1 + )

Remark 6.5. If f is constant on I = R, then a harmonic vector field on I X y G with G is type
B, is harmonic map

Proposition 6.1. ifn =2, f(t) = %, P(t) = —%Kztln |t|, a vector fields

V = ¢(t)0: + (Kie1 + Kaez) (K1, Kz € R, K§ + K3 = 1) on the warped product R* x s G, with
G is of type A is a harmonic vector field but cannot be define a harmonic map

Proposition 6.2. if n =2, f(t) = exp(t), ¢(t) = —\f(Kl + Kp)t2, a vector field

V = ¢(t)9; + (Kie1 + Kaez) (K1, Kz € R, K} +K3 = 1) on R x ¢ G, with G is of type B is a
harmonic vector field but cannot be define a harmonic map

7. CONCLUSION

The analysis performed in performed in this aims is the harmonicity of vector fields on
extended Class of Lorentzian solvable Lie groups. After having determined the har-
monicity condition on the warped product M X ¢ N, by using a characteristic variational
condition. We apply this to the case I x G where I C IR and consider G a special class of
solvable Lie groups, to investigate the harmonicity properties of vector fieldson I X G
called extended Class of a Lorentzian solvable Lie groups
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