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ON GENERALIZED DOUGLAS CURVATURE OF FINSLER METRICS

SAMEER ANNON ABBAS AND LÁSZLÓ KOZMA

ABSTRACT. One of the important quantities in Finsler geometry is Douglas’ curvature
which is an invariant tensor by a projective change ϕ : F → F̄. The aim of this paper
is to study a class of Finsler metrics that includes the classes of Douglas metrics. Finsler
metrics in this class are known as generalized Douglas metrics. We prove that every
generalized Douglas metric with vanishing B̃-stretch tensor is a Douglas metric under
the condition that the mean Berwald curvature is horizontally constant along geodesics
of F. Then, we show that if (M, F) is a Douglas Finsler manifold then the Finsler metric F
is an H-stretch metric if and only if it is a B̃-metric.

1. INTRODUCTION

Let γ = γ(t) be a geodesic curve of a Finsler metric F on a C∞-manifold M which
is determined by the system of second order ordinary differential equations γ̈i(t) +
2Gi (γ(t), γ̇(t)) = 0, where the local functions Gi = Gi(x, y) are called the spray co-
efficients of F. A Finsler metric F is said to be projective to another Finsler metric F̄ if
any geodesic of F is a geodesic of F̄ and vice versa. The condition for it is written as

Ḡi = Gi + Pyi,

where P = P(x, y) is a positive homogeneous scalar function of degree one. The change
ϕ : F → F̄ is called projective. In Finsler geometry projective invariants play an impor-
tant role. Namely, if a Finsler metric F has a curvature, then any Finsler metric projec-
tively equivalent to F must have the same curvature. Douglas curvature is one among
them, which proposed by Bácsó-Matsumoto as a Berwald curvature extension [7].
L. Berwald was the first to introduce the Berwald connection, which effectively ex-
panded the concept of Riemann curvature of Finsler metrics. Through his connection, he
also introduced some non-Riemannian quantities in Finsler geometry. Berwald metrics
are the most Riemannian-like of the Finsler metrics and are characterized by quadratic
Gi(x, y) in directions [5].
A Finsler metric is a stretch-type metric if the length of a vector does not change when
traveling parallel along an infinitesimal parallelogram. Berwald coined the term called
stretch curvature in 1924 as an extension of Landsberg curvature which is denoted by
Σy. A Finsler metric is called stretch metric if Σ = 0 [4].
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Let y ∈ Tp M be an arbitrary vector and γ = γ(t) be the geodesic with γ(0) = p, γ̇(0) =
y. The B̃-curvature of F is given by

B̃y(u, v, w) :=
d
dt

[
Bγ̇(t)(U(t), V(t), W(t))

]
t=0

,

where U = U(t), V = V(t) and W = W(t) are linearly parallel vector fields along γ(t)
with U(0) = u, V(0) = v and W(0) = w. The Finsler metric F is called B̃-metric if and
only if B̃ = 0 (see [9, Proposition 9.3.1]).
Very recently, S. A. Abbas and L. Kozma in [1] introduced the stretch B̃-curvature which
is defined

Ky : Tp M × Tp M × Tp M × Tp M → Tp M,

by Ky(u, v, w, z) = Ki
jklm(y)u

jvkwlzm ∂
∂xi |x, u, v, w, z ∈ Tp M, with

Ki
jklm := B̃i

jkl,m − B̃i
jkm,l , (1.1)

where B̃i
jkl,m is the horizontal derivatives of B̃i

jkl with respect to the Berwald connection

of Finsler metric F. A Finsler metric F is said to be B̃-stretch metric if and only if K = 0.
Every Berwald metric is a B̃-stretch metric.
Let us consider a non-trivial example.

Example 1.1. The interesting family of protectively flat Finsler metrics called quadratic metrics
introduced by Berwald in [6] which is defined on the unit ball Bn where |.| and ⟨., .⟩ are the
Euclidean norm and the inner product in Rn respectively.

F(x, y) =

(√
|y|2 − (|x|2|y|2 − ⟨x, y⟩2) + ε⟨x, y⟩

)2

(1 − |x|2)2
√
(1 − |x|2) |y|2 − ⟨x, y⟩2

.

The Finsler metric F is a B̃-stretch metric, not B̃-metric, not Berwaldian, this can be
shown using the Finsler package and Maple program [14].
Numerous metrics such as Riemannian metrics, Berwald metrics, and locally projec-
tively flat Finsler metrics are special Douglas metrics. Thus, Douglas metrics form a rich
class of metrics in Finsler geometry (see [10, 3, 11, 13])
In this paper, we study a new class of Finsler metric which contains the class of Douglas
metric as special case called generalized Douglas metric.
The B̃-curvature of this class is given by

B̃i
jkl := Bi

jkl + ωjkδi
l + ωjlδ

i
k + ωklδ

i
j + Ejk;lyi, (1.2)

where ω is a smooth map M → ∧2T∗
p M given by ω(p) := ωij(p)dxi ∧ dxj at any point

p ∈ M.
We show that a generalized Douglas Finsler manifold reduces to a Douglas manifold if
its stretch B̃-curvature vanishes as follows

Theorem 1.1. Let (M, F) be a generalized Douglas Finsler manifold. Suppose that F is a B̃-
stretch metric. Then F is a Douglas metric.

The converse of Theorem 1.1 is not true. Let us introduce a famous example of Finsler
metrics introduced by a physicist G. Randers in 1949 [8].
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Example 1.2. Let |.| and ⟨., .⟩ be the Euclidean norm and the inner product in Rn respectively.
Let F = α + β be a Finsler metric with ∥βx∥α < 1 where

α =

√
|y|2 + ε (|x|2|y|2 − ⟨x, y⟩2)

1 + ε|x|2 , β =

√
−ε⟨x, y⟩

1 + ε|x|2 , ε < 0,

and x ∈ Bn(δ) ⊂ Rn, δ = 1√
−ε

, y ∈ TxBn(δ). Putting ε = −1, we get a metric called
Funk metric which satisfies Fxs − FFys = 0. A Funk metric F is a Douglas metric but it is
not B̃-stretch.
H. Akbar-Zadeh in [2] defined the important non-Riemannian quantity called H-curvature
arisen from the mean Berwald curvature E by the covariant horizontal differentiation
along geodesics.
For a non-zero vector y ∈ Tp M defined

Hy : Tp M × Tp M → R,

by Hy(u, v) = Hjk(y)ujvk, u, v ∈ Tp M, with

Hy(u, v) :=
d
dt

[
Eγ̇(t)(U(t), V(t))

]
t=0

,

where U = U(t) and V = V(t) are linearly parallel vector fields along γ(t) with U(0) =
u, V(0) = v. The Finsler metric F is called H-metric if and only if H = 0.
By taking a trace of (1.1) we get the quantity called stretch H-curvature which is κ = {κy :
y ∈ Tp M}, where

κy : Tp M × Tp M × Tp M → R

by κy(u, v, w) = κjkl(y)ujvkwl , u, v, w ∈ Tp M, with

κjkl := Hjk,l − Hjl,k.

If κ = 0, then a Finsler metric F is called H-stretch metric.
Every Finsler metric with vanishing B̃-curvature has vanishing H-curvature. Thus, every
B̃-metric is an H-metric then it is H-stretch metric. But the converse might not hold. A.
Tayebi et al. in [12] showed that it is true on Finsler surfaces. We generalized this result
as follows

Theorem 1.2. Let (M, F) be a Douglas Finsler manifold with n ≥ 3. Then every H-stretch
metric is a B̃-metric.

Exploiting the above statements, the next result gives a formula involving the relation
between the quantities stretch B̃-curvature and stretch H-curvature. Namely, we have
the following

Theorem 1.3. Let (M, F) be a Douglas Finsler manifold. Then, the stretch B̃-curvature of F is
given by

Ki
jklm :=

2
n + 1

{
κjlmhi

k + κklmhi
j

}
. (1.3)
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2. DEFINITIONS AND PRELIMINARIES

This section reviews some important definitions and concepts of Finsler manifolds that
are extensively used in this work. For more detail see [9, 7, 12].
Let M be a C∞-manifold of dimension n, and let TM := ∪p∈MTp M be the tangent bundle
of M, where Tp M is the tangent space at p ∈ M. We set TM⋆ = TM \ {0} where {0}
stands for {(p, 0) | p ∈ M, 0 ∈ Tp M}. A Finsler metric on a manifold M is a function
F : TM → [0, ∞) with the following properties:

(1) F is C∞ mapping over TM⋆;
(2) at each point p ∈ M, the restriction Fp := F |Tp M is a Minkowski norm on Tp M.

A C∞-manifold M with Finsler metric F are called Finsler manifold denoted by the pair
(M, F).
Let (M, F) be a Finsler manifold. A global vector field G = yi ∂

∂xi − 2Gi(x, y) ∂
∂yi is in-

duced by Finsler metric F on TM⋆, where Gi(x, y) are local functions on TM⋆ satisfying
Gi(x, ky) = k2Gi(x, y), for all k > 0. The functions Gi are given by

Gi :=
1
4

gil
{

2
∂

∂xk (gjl)−
∂

∂xl (gik)
}

yjyk. (2.1)

G is called the associated spray to (M, F).
For y ∈ Tp M⋆, define the Cartan torsion of F as follows:

Cy : Tp M × Tp M × Tp M → R,

by

Cy(v1, v2, v3) :=
1
2

d
dt

[
gy+tv3

(v1, v2)
]

t=0
, v1, v2, v3 ∈ Tp M.

For a vector y ∈ Tp M⋆, the mean Cartan torsion of a Finsler metric F is defined by
Iy : Tp M → R where:

Iy(v) :=
n

∑
i=1

Cy

(
∂

∂xj ,
∂

∂xk , v
)

gjk(y), v ∈ Tp M,

where { ∂
∂xj } is a basis for Tp M at p ∈ M.

For y ∈ Tp M⋆ the Berwald curvature of F is defined by By(u, v, w) = Bi
jkl(y)u

jvkwl ∂
∂xi |x,

where

Bi
jkl :=

∂3Gi

∂yj∂yk∂yl .

The Finsler metric F is called a Berwald metric if and only if B = 0.
The mean Berwald curvature is defined by Ey(u, v) = Ejk(y)ujvk, where

Ejk :=
1
2

B m
m jk =

1
2

∂2

∂yj∂yk

(
∂Gm

∂ym

)
.

For y ∈ Tp M⋆, and γ = γ(t) be the geodesic with γ(0) = p, γ̇(0) = y.
Let U = U(t), V = V(t) and W = W(t) are linearly parallel vector fields along γ with
U(0) = u, V(0) = v and W(0) = w. The Landsberg curvature of Finsler metric F is given
by

Ly(u, v, w) :=
d
dt

[
Cγ̇(t) (U(t), V(t), W(t))

]
t=0

.

232



On generalized Douglas Curvature of Finsler metrics

A Finsler metric is said to be a Douglas metric if there exists positively 1-homogeneous
function P(x, y) on M where the spray coefficients Gi = Gi(x, y) of a Finsler metric F can
be expressed in the following form

Gi(y) =
1
2

Γi
jk(x)yjyk + P(x, y)yi.

On an n-dimensional manifold M, for a non-zero vector y ∈ Tp M, the Douglas curvature
Dy : Tp M × Tp M × Tp M → Tp M is defined by Dy(u, v, w) := Di

jkl(y)u
jvkwl ∂

∂xi |x, where

Di
jkl := Bi

jkl −
2

n + 1

[
∂3

∂yj∂yk∂yl

(
∂Gs

∂ys yi
)]

. (2.2)

The Finsler metric F is called a Douglas metric if and only if D = 0.
According to (2.2), the Douglas tensor can be written as follows

Di
jkl = Bi

jkl −
2

n + 1

{
Ejkδi

l + Ejlδ
i
k + Eklδ

i
j + Ejk;lyi

}
,

where Ejk;l =
∂Ejk

∂yl .

3. PROOF OF THEOREM 1.1

Now we can proceed to prove the main result of this paper, which was announced in the
abstract.
Let F be a generalized Douglas metric,

B̃i
jkl = Bi

jkl + ωjkδi
l + ωjlδ

i
k + ωklδ

i
j + Ejk;lyi. (3.1)

Differentiating (3.1) along the direction ys δ
δxs yields,

B̃i
jkl,sy

s = B̃i
jkl + ω

′
jkδi

l + ω
′
jlδ

i
k + ω

′
klδ

i
j, (3.2)

where ω
′
ij := δωij

δxs ys.
Plugging (3.1) into (3.2), we obtain

B̃i
jkl,sy

s = Bi
jkl + (ωjk + ω

′
jk)δ

i
l + (ωjl + ω

′
jl)δ

i
k + (ωkl + ω

′
kl)δ

i
j + Ejk;lyi. (3.3)

Since F is B̃-stretch, that is
B̃i

jkl,s = B̃i
jks,l , (3.4)

contracting (3.4) with ys yields
B̃i

jkl,sy
s = 0. (3.5)

By (3.3) and (3.5), we have

Bi
jkl = −1

[
(ωjk + ω

′
jk)δ

i
l + (ωjl + ω

′
jl)δ

i
k + (ωkl + ω

′
kl)δ

i
j + Ejk;lyi

]
. (3.6)

Contracting (3.6) with hm
i , one has

Bm
jkl = −1

[
(ωjk + ω

′
jk)h

m
l + (ωjl + ω

′
jl)h

m
k + (ωkl + ω

′
kl)h

m
j

]
. (3.7)

Multiplying (3.7) with 1
2 gmsgls and using the following relations

glshls = n − 1 and gmsgls(ωjlhm
k ) = gmsgls(ωklhm

j ) = ωjk,
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it implies that

Ejk =
−(n + 1)

2
(ωjk + ω

′
jk). (3.8)

Alternatively, we can write (3.8) as

ωjk + ω
′
jk =

−2
n + 1

Ejk. (3.9)

Plugging (3.9) in (3.6), we get

Bi
jkl =

2
n + 1

{
Ejkδi

l + Ejlδ
i
k + Eklδ

i
j + Ejk;lyi

}
.

We clearly have that F is a Douglas metric, which concludes our proof.

4. PROOF OF THEOREM 1.2

In this section, we are going to prove Theorem 1.2.
Let us begin with the auxiliary lemma which turns out to be the key tool in the proof of
our theorem.

Lemma 4.1. Let (M, F) be a Douglas manifold. Suppose that F is weakly H-stretch metric. Then
for any geodesic γ(t) and any parallel vector field V(t) along γ, the function B := Bγ̇(V(t))
must be in the following form

B(s) = sB̃(0) + B(0). (4.1)

Proof. By definition, we have
κjkl := Hjk,l − Hjl,k.

By assumption F is H-stretch metric, then

Hjk,l = Hjl,k. (4.2)

Contracting (4.2) with yl gives rise the constancy of the rate of change of the H-curvature
along geodesic of F, i.e.

Hjk,lyl = 0. (4.3)
Since F is Douglas metric, we have

Bi
jkl =

2
n + 1

{
Ejkδi

l + Ejlδ
i
k + Eklδ

i
j + Ejk;lyi

}
. (4.4)

Then

B̃i
jkl =

2
n + 1

{
Hjkδi

l + Hjlδ
i
k + Hklδ

i
j + Eyi

}
, (4.5)

where E =
δEjk;l
δxs ys.

Taking a horizontal derivative of (4.5) along Finslerian geodesics implies that

B̃i
jkl,nyn =

2
n + 1

{
Hjk,nynδi

l + Hjl,nynδi
k + Hkl,nynδi

j + E ′
yi
}

, (4.6)

where E ′
= δE

δxn yn.
Contracting (4.6) with hm

i , one obtains

B̃m
jkl,nyn =

2
n + 1

{
Hjk,nynhm

l + Hjl,nynhm
k + Hkl,nynhm

j

}
, (4.7)
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By (4.3) and (4.7), we get
B̃m

jkl,nyn = 0. (4.8)

From our definition of B̃y, we have B̃(s) = B′(s). We obtain

B′′(s) = B̃
′
(s) = 0.

Thus (4.1) follows. This completes the proof. □

In the following, we are going to prove Theorem 1.2. The proof involves applying
Lemma 4.1 as follow

Proof of Theorem 1.2. Let (M, F) be a Finsler manifold. Take an arbitrary unit vector y ∈
Tp M and an arbitrary vector v ∈ Tp M. Let γ(t) be the geodesic with γ(0) = p and
γ̇(0) = y and V(t) be the parallel vector along γ with V(0) = v. Then by Lemma 4.1, we
get

B(s) = sB̃(0) + B(0). (4.9)
Suppose that By is bounded. i.e., there is a constant D < 1 such that

∥B∥p := sup
y∈Tp M⋆

sup
v∈Tp M

 By(v)[
gy(v, v)

] 3
2

 ≤ D. (4.10)

In view of Lemma 7.3.2 in [9], which yields that |B(s)| ≤ DA
3
2 < ∞, for some constant

A. Therefore, B(s) is a bounded function on [0, ∞). (4.9) implies that B̃y(v) = B̃(0) = 0.
Hence, F is a B̃-metric. Thus, the proof is done. □

Bácsó and Matsumoto [7] showed that if the 1-form β is a closed, then any Randers
metric F = α + β is a Douglas metric. Then by Theorem 1.2, we get the following.

Corollary 4.1. Let F = α + β is a Randers metric on a manifold M with closed 1-form β. Then
F is a B̃-metric if and only if it is a H-stretch metric.

5. PROOF OF THEOREM 1.3

Proof. Since F is a Douglas metric, we have

Bi
jkl =

2
n + 1

{
Ejkδi

l + Ejlδ
i
k + Eklδ

i
j + Ejk;lyi

}
. (5.1)

By taking horizontal derivatives of (5.1) and contracting with hm
i then replacing indices,

one has

B̃m
jkl,s =

2
n + 1

{Hjk,shm
l + Hjl,shm

k + Hkl,shm
j }, (5.2)

and

B̃m
jks,l =

2
n + 1

{Hjk,lhm
s + Hjs,lhm

k + Hks,lhm
j }. (5.3)

Subtracting (5.2) from (5.3), we get(
B̃m

jkl,s − B̃m
jks,l

)
=

2
n + 1

{
(Hjl,s − Hjs,l)hm

k + (Hkl,s − Hks,l)hm
j

}
.

By definition of B̃-stretch and H-stretch metrics, we get (1.3). □
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