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THE GENERALIZED NONCOMMUTATIVE RESIDUE AND THE
KASTLER-KALAU-WALZE TYPE THEOREM

TONG WU AND YONG WANG*

ABSTRACT. In this paper, we define the generalized noncommutative residue of the Dirac
operator. And we give the proof of the Kastler-Kalau-Walze type theorem for the gener-
alized noncommutative residue on 4-dimensional and 6-dimensional compact manifolds
with (resp.without) boundary.

1. INTRODUCTION

Until now, many geometers have studied noncommutative residues. In [6, 18], authors
found noncommutative residues are of great importance to the study of noncommuta-
tive geometry. In [2], Connes used the noncommutative residue to derive a conformal
4-dimensional Polyakov action analogy. Connes showed us that the noncommutative
residue on a compact manifold M coincided with the Dixmier’s trace on pseudodifferen-
tial operators of order —dimM in [3]. And Connes claimed the noncommutative residue
of the square of the inverse of the Dirac operator was proportioned to the Einstein-
Hilbert action. Kastler [9] gave a brute-force proof of this theorem. Kalau and Walze
proved this theorem in the normal coordinates system simultaneously in [8] . Acker-
mann proved that the Wodzicki residue of the square of the inverse of the Dirac operator
Wres(D~2) in turn is essentially the second coefficient of the heat kernel expansion of D?
in [1].

On the other hand, Wang generalized the Connes’ results to the case of manifolds with
boundary in [14, 15], and proved the Kastler-Kalau-Walze type theorem for the Dirac op-
erator and the signature operator on lower-dimensional manifolds with boundary [16].
In [16, 17], Wang computed Wres[7+ D1 o 7+ D~1] and Wres[+ D2 o 1+ D~2], where
the two operators are symmetric, in these cases the boundary term vanished. But for

V/\};e/s[nJrD*l o 7+ D~3], Wang got a nonvanishing boundary term [13], and give a theo-
retical explanation for gravitational action on boundary. In others words, Wang provides
a kind of method to study the Kastler-Kalau-Walze type theorem for manifolds with
boundary. In [11], Moscovici computed tr[c(w)e_tDz] for a form w and the Dirac oper-
ator D, and used this formula to derive information about the asymptotic distribution

of multiplicities in the quasi-regular representation of semisimple Lie grroup modulo a
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compact discrete subgroup. In [10], Mickelsson and Paycha computed the index of the
Dirac operator by the super noncommutative residue. Motivated by [11] and [10], we
define the generalized noncommutative residue for the Dirac operator which is the gen-
eralization of the noncommutative residue and the super noncommutative residue.

The motivation of this paper is to compute the generalized noncommutative residue
Wres[r* (LD1) o 7+ D~1] and Wres[r* (LD~2) o 7+ D~2], where L = ¢(X;)c(X2)c(X3) -
-+ (X)), and prove the Kastler-Kalau-Walze type theorem for the generalized noncom-
mutative residue on 4-dimensional and 6-dimensional compact manifolds.

The paper is organized in the following way. In Section 2, we define the generalized non-
commutative residue and get the Kastler-Kalau-Walze type theorem for the generalized
noncommutative residue on manifolds without boundary. In Section 3 and in Section
4, we prove the Kastler-Kalau-Walze type theorem for the generalized noncommutative
residue on 4-dimensional and 6-dimensional manifolds with boundary respectively.

2. THE DIRAC OPERATOR AND ITS GENERALIZED NONCOMMUTATIVE RESIDUE

Firstly we recall the definition of Dirac operator. Let M be an n-dimensional (n > 3)
oriented compact Riemannian manifold with a Riemannian metric g™ and let V% be
the Levi-Civita connection about gM . In the fixed orthonormal frame {e;,- - ,e,}, the
connection matrix (w; ;) is defined by

Vi(er, -+ ,en) = (€1, ,en)(wsy). (2.1)
Let €(e}), 1(e}) be the exterior and interior multiplications respectively, where ¢ =
g™ (ej, -). Write
clej) = e(ef) +ulef); cley) =elef) —ulef), (2.2)
which satisfies

(2.3)
By [19], we have the Dirac operator
i 1
D = Zc(ei)[ei 1 Zws,t(ei)c(es)c(et)].
i=1 st
(2.4)

Set L = c(X1)c(X2)e(X3) - - - ¢(X;), where X; = Y4 ajzeq, 1 < j <1, is a smooth vector
field. We define the generalized noncommutative residue of (D?)~ S by Wres[L(D?)~ 7).
When L = c(eq) - - - c(en), we get the super noncommutative residue of (Dz)_%. When
X1 =Xp,and 1 =2, |X1| =1, we get Wres[(D?)~"2"].

By (4.30) in [8], we have

(n—2)(4m)2, 1

/|¢—1 o_n(D7"2)(x,£)dE = W(_ES)’
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(2.5)
where s is the scalar curvature. Then we have the following theorem

Theorem 2.1. If M is an n-dimensional compact oriented manifolds without boundary, and n is
even, then we get the following equality:

Wres[L(D?)~"*] = (”(_22_)%7) /M (- f—ztr[c(Xl)c(Xz) . C(Xl)]s> dVoly.  (2.6)

Now, we need to compute trc(X7)c(X2) - - - ¢(X;)] by case. Obviously, we know when [

is odd, tr[c(X71)c(Xz) - - - ¢(X;)]=0. In the following, we compute tr[c(X7)c(X2)],

trc(X1)c(X2)e(X3)c(Xq)] and tr[e(X7)e(X2)e(X3)c(Xa)e(Xs)e(Xe)]-

case(1)

By X; = Yo aje, and (2.3), we have
trle(X1)e(X2)] = ) araapptr(c(en)c(ep)] = — Y arqantr(id] = —g(Xy, Xo)tr[id].

a,B=1 a=1
2.7)
case(2)
n
trle(Xq)e(X2)e(Xa)e(Xs)] = ) araapasyagtr(c(eq)c(eg)c(ey)c(ey)]-
B yu=1
2.8)
case(2 —a) Whena = B,y = .
By (2.3), we have
n n
Z 1402803, A, trc(eq)c(ep)c(ey)c(ey)] = Z A10A203, A4 tr[id].
a,B,y,u=1 w,y=1
(2.9)
case(2 —b) Whena # B,a =, = 1.
By (2.3), we have
n n
Y araaopazyasytr(c(es)c(eg)c(ey)c(ey)] = — Y araaopazaasptr[id].
By p=1 aFp=1
(2.10)
case(2 —c) Whenwa # B,a = 1, B = 1.
By (2.3), we have
n n
Y aaaopazyastr(c(en)c(eg)c(ey)c(en)] = Y a1aa2pa35044tr[id].
aB,7,p=1 a#p=1
(2.11)
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case(2 — d) Other cases.
By (2.3), we have

n

Y a1aaopazyastr(c(es)c(eg)c(ey)c(e,)] = 0.
apy.p=1
2.12)

Therefore

trle(X1)e(X2)e(X3)e(Xy)]

== ( Z ala”Zaa3'ya4'y
a,y=1 ®

S
?M:

n
611“612/55!3“&154— Z A14A2pA3p 40 tr[ld]

1 1

Q

n

A1002pA30 048 + Z A14A26034 048
a:‘B:

= ( Z A10020 031 A4y —
a,y=1 w,

‘\T‘M:

[ey
[ey

n

n
+ Z A1002038040 — Z amazﬁag,xaw)tr[id]
w,f=1 a=p

H

n n n
= ( Z 0142003y A4y — 2 A1002pA3004p + Z 140253504, ) tr[1d]
=1 = a,p=1

= [g(X1, X2)g (X5, Xa) — (X1,X3) (X2, Xa) + g(X1, X4)g(X2, X5)]tr[id].
(2.13)

case(3)

tr[c(X1)e(X2)e(X3)e(Xq)e(Xs5)e(Xe)]

= Z ala”25a3wa4y05(596vtr[C(ea)C(€/3>C<€’Y)C(€]4)C(E5)C(ei/)]‘
«,B,7,1,0,v=1
(2.14)

case(3—a) Whena =B,y =pu,d =v.
By (2.3), we have

n
Z 1140203, 04, 05506, tr[C(ea ) c(ep)c(ey)c(ey)c(es)c(ey)]
a, B,y 1,0,v=1

n
= — 2 alaazaa37a4va5(ga65tr[id].
w,y,0=1
(2.15)

case(3—b)Whena =B,y #u,y=95,u=v.
By (2.3), we have

n

Z 1102803, A4y, A5506utr[c (€2 ) C(eg)c(eq ) c(ey ) c(es)c(ey)]
o, B,7,1,0,v=1

74



The generalized noncommutative residue and the Kastler-Kalau-Walze type theorem

n
= ) 1a02003,05,05,06,tr[id].
ay7p=1

case(3 —c) Whena =B,y #u,vy=v,6 = u.
By (2.3), we have
n
Z amazgﬂm%y%&aévtr[C(ea)c(eﬁ)C(ev)c(ey)C(ff&)c(ev)]
«,B,7,1,0,v=1
n
= — Z 11002003 04,05, 06, tr[id].
ayF#p=1

case(3—d) Whena # B,a =, =ud=v.
By (2.3), we have
n
Y miafapazyasassaetr(c(eqs)c(eg)c(ey)c(ey)c(es)c(ey)]
o,B,7,1,0,v=1
n
= Z alaazﬁa3aa4ﬁa55a65tr[id].
a#p,o=1

case(3 —e)Whena # B,a =, #u,p=06,u=v.
By (2.3), we have
n
Y @alopazyagassaetric(es)c(eg)c(eq)e(ey)c(es)c(e,)]
«,B,7,1,0,v=1
n
= — Z 14024034045, A5p06,tr[1d].
ap fAn=1

case(3 —f) Whena # B,a=v,B#up=v,u=>2.
By (2.3), we have

n
Z amazﬁahawawa@tr[c(ea)c(eﬁ)c(ev)c(ey)c(65)c(ev)]
o,B,7,1,0,v=1
n
= Z 1100250304, A5, A6ptr[1d].
a#p pFu=1

case(3 —g) Whena # B,a =y, =17,6 =v.
By (2.3), we have

n

Y m1afapazyasassaeytr(c(es)c(eg)c(ey)ce)ces)c(ey)]
«,B,7,1,0,v=1
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n
alaa25a35a4“a55a65tr[id] .
a#pB,0=1

case(3—h)Whena #B #y,a=u,f=96,v=v.
By (2.3), we have
n
2 ﬂ1a025a3ya4ya55¢6vtr[C(ea)C(Eﬁ)c(ev)c(ey)c(eé)C(ev)]
u,B,7,1,0,v=1
n
= Z 1002403, 04,05p06 tT[1d].
atfFr=1

case(3 —i) Whena #B # v,a =u,p=v,0 =7.
By (2.3), we have
n
Z 1140203, 04, 05506, tr[C(ea ) c(ep)c(ey )c(ey)c(es)c(ey)]
o,B,7,1,0,v=1
n
= — Z 114025031 Q40 A5, Aeptr[id].
a#pFEy=1

case(3 —j) Whena # B,a #pa =6, =v,u=v.
By (2.3), we have
n
Y aalppazyagassagtric(es)c(eg)c(eq)c(ey)c(es)c(ey)]
o, B,7,1,0,v=1
n
= Z 140203504y, 050 06, tr[1d].
aBatu=1

case(3—k)Whena #B #y,a=06,=u,v=v.
By (2.3), we have

n
Z al“ama%aﬁawaﬁvtr[c(e,x)c(el;)c(efy)c(ey)c(el;)c(ev)]
o,B,7,1,0,v=1
n
=— Z 120250310405, A6 tr[1d].
aFpFEr=1

case(3—1)Whena £ B #v,a=5,B=v,u="1.
By (2.3), we have

n

Z 1102803, A4y, A5506utr[c (€2 ) c(eg)c(eq )c(ey ) c(es)c(ey)]
o, B,7,1,0,v=1
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n
= E alaa25a37a47a5aa65tr[id] .
aFEpFEY=1

case(3—m) Whena # B,a # y,a =v,p =y, u=>29.
By (2.3), we have
n
Z 1482803, A4, a5506vtr[C(eq)c(ep)c(eq )c(ey)c(es)c(ey)]
o,B,7,1,0,v=1
n
= — Z alaazﬁa3ﬁa4ﬂa5ya6atr[id].
aF#BaFEu=1

case(3 —n) Whena #B # y,a =v,p=,v=0.
By (2.3), we have
n
Z amazﬁahawawa@tr[c(ea)c(eﬁ)c(ev)c(ey)c(e(s)c(ev)]
o,B,7,1,0,v=1
n
= Z alaazﬁagyawawa(,atr[id].
a#p#Y=1

case(3 —o) Whena # B #v,a=v,=10,7v= .
By (2.3), we have
n
Z alaazﬁa37a4ya55aévtr[c(ea)c(eﬁ)c(ev)c(ey)c(e(s)c(ev)]
o,B,7,m,0,v=1
n

= — Z 1402803, 04, 05506, tT[1d].
atbEr=1

case(3 — p) Other cases.
By (2.3), we have

n

Y a1a02pazyagassaetric(eq)c(eg)cey)c(en)c(es)c(es)] = 0.

a,Bypo,v=1

Similar to (2.13), we have

n

— Z alaa2“a3ya4ya55a65tr[id] = —g(Xl,Xz)g(Xg,X4)g(X5,X6)tr[id],

w,y,0=1
n n
Z 11002003 A4y, 05, Ay tr[id] — Z 11002003 04,05, 06, tr[1d]
ay#u=1 ay#Fu=1
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n n
= Y G1a00a03,05,05, a6, tr[id] — Y 01002003,04,05, a6, tr[1d]
a7 u=1 ay=p=1

n n
— Z alaa2aa37a4ﬂa5ya6ytr[id]+ Z alaazaa37a47a57a67tr[id]
ayp=1 ay=p=1

= 8(X1, X2)[8(Xs3, X5)8(Xa, X6) — §(X3, X6)8 (X4, Xs5)]tr[id],

n n
Z 1402030045056 065tT[1d] — Z 114028034040 A55065tT[1d]
aABo—1 wABo=1

= [8(X1, X3)8 (X2, Xa) — 8(X1, X4)g(Xa, X5)]g (X5, Xe)tr[id],

n n
Z alaazﬁagaa4ya5ya65tr[id] — Z alaa25a3ﬁa4ya5ya6“tr[id]
a#B pFAN=1 aFpaFu=1
n n
+ Z A140280304;, 05006y tr[id] — Z 140203004y A5806, tr[id]
aFpaFp=1 aF B pFn=1

(2.32)

(2.33)

= {g(XL X3)[g(X2, X6)g(Xa, X5) — g(X2, X5)8(Xa, Xe)] + 8(X2, X3)[g(X1, X5)g(X4, Xo)

—g<X1,X6>g<X4,X5>1}tr[idJ,

and

n n

Z 11402803, A44 05506 tT[1d] — Z 140240304405, Aptr[1d]
aFpFEy=1 aFpFy=1

n n
— Z 1402803, 04505006 tr[id] + Z 14024030405, Aptr[1d]
aFpFr=1 a7z pFr=1

n n
+ Z 1482503, 04p05, A6, tr[id] — Z 140280304, 5506, tT[1d]
aFEpFEY=1 aFEpFy=1

(2.34)

= {g(X1, X4)[8(X2, X5)8(X3, X6) — §(X2, X6)g(X3, X5)] + 8(X1, X6)[8(X2, Xa)g(X3, X5)

— 8(X2, X5)g(X3, Xa)] + (X1, X5)[8(X2, X6)8 (X5, Xa) — §(X2, X4)g(X3, Xs)] }tr[id]~

Therefore
trlc(Xy)c(X2)e(X3)e(Xy)e(Xs5)e(Xe)]

= {g(Xlz X>)[8(X3, X5)8(Xa, X6) — §(X3, X6)g(Xa, X5) — g(X3, X4)8(X5, Xe)]
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+ 8(X1, X3)[8(X2, X4)g(X5, X6) — §(X2, X6)g(Xa, X5) — §(X2, X5)8(X5, Xe)]
+ 8(X1, X4)[8(X2, X5)8(X3, X6) — §(X2, X6)8(X3, X5) — g(X2, X3)8(X5, Xe)]
+ 8(X1, X5)[8(X2, X6)8(X3, Xa) — §(Xa, Xa)g(X3, X6) — §(X2, X3)8(Xa, X)]

+ 8(X1, Xo)[8(X2, X4)8(X3, X5) — g(X2, X5)8(X3, Xa) — §(X2, X5)8(Xs, X5)] }tr[id]-

(2.36)
When X; = ¢, | = n, tr[c(e;) - - - c¢(en)] = str[1] = 0. So we have
Theorem 2.2. We have the following equalities

n—2

Swres[(D?)" 7 | =
Wres[c(X1)c(X2) (D >*%
= (11_27;[)/ 12g Xl/ Xz)StI‘[’Ld]dVOlM,

(z-1)
Wres[c(X1)e(Xz)e(Xa)e(Xe) (D?) "7 ]

_ W /M 112 2(X1, X2) (X3, Xa) — g(X1, X3)g(X2, Xa) + g(X1, Xa)g(Xa, X3)]

str[Zd]dVoly;
Wres[c (X )e(Xa)e(Xa)e(Xe)e(Xs)e(Xe) (D?) "]

- (n(_gz_)(f)?'r)z /M 112 {g(X1,X2)[g(X3, X5)8(X4, X6) — 8(X3, X6)g(Xa, X5) — §(X5, Xa)
8(Xs, Xe)] + 8(X1, X3)[g(X2, X4)g(Xs5, Xo) — g(X2, X6)8 (X4, X5) — §(X2, X5)8(X3, X6)]
+8(X1, Xa)[g(Xa, X5)8(X3, Xs) — (X2, X6)8(X3, X5) — 8(Xa, X3)8(X5, Xs)]

+ 8(X1, X5)[8(X2, X6)8 (X3, Xa) — g(X2, X4)8(X3, Xo) — §(X2, X3)g(X4, Xo)]

+ 8(X1, X6)[8(X2, X4)8(X3, X5) — §(X2, X5)8(X3, Xa) — §(X2, X3)8 (X4, X5)] }Str[id]dVOIM-
(2.37)

3. A KASTLER-KALAU-WALZE TYPE THEOREM FOR 4-DIMENSIONAL MANIFOLDS WITH
BOUNDARY

In this section, we prove the Kastler-Kalau-Walze type theorem for the generalized non-

commutative residue V/\/;_e/s[nJr(LD*l) o 17 (D71)] on 4-dimensional oriented compact
manifolds with boundary. We firstly recall some basic facts and formulas about Boutet
de Monvel’s calculus and the definition of the noncommutative residue for manifolds
with boundary which will be used in the following. For more details, see Section 2 in
[16].

Let M be a 4-dimensional compact oriented manifold with boundary dM. We assume
that the metric ¢ on M has the following form near the boundary,

1
¢M = - (xn)gaM + dx2, (3.1)
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where ¢?M is the metric on dM and h(x,) € C*([0,1)) := {m[O,l)m € C*((—¢1))}
for some ¢ > 0 and h(x,) satisfies h(x,) > 0, h(0) = 1, where x,, denotes the normal
directional coordinate.

Then similar to [16], we can compute the generalized noncommutative residue

Wres[* (LD V) o 7+ (D™ 1)] = /M /§|:1 tracep-1 Mg clo_a(LD2))o(&)dx + /a o,

(3.2)
where

B al(i+k+1) X T ! U 4 7 7
/'/—1 /—°° j,kZ—OZ’X!(]—f'k—i—l)! racen M@ C %%, 99z, Or x',0,¢, ¢

x 94908 o1 (D7) (v, 0, &u)]dEnor(&)dx, (3.3)

and the sum is takenoverr+1—k—j— |a| = =3, r < -1, I < —1.

By Theorem 2.1, we can compute the interior of V/\/;as[nJr(LD*l) ot (DY),
(I)when I = 2, we get

/M /5_1 trace - mlo—4(LD~?)]e(§)dx = 327'(2/

o (;g(Xl,Xz)S> dVOlM. (34)

(2)when I = 4, we get

/ / tracep s pm[o_4(LD2)]o(&)dx
M J|gl=1

= 327'[2 /M < — %[g(Xl,Xz)g(Xg,, X4) — g(Xl,Xg,)g(Xz, X4) +g(X1, X4)g(X2, X3)]S> dVOlM
(3.5)
(3)when I =1 or 3, we get
/ / tracen 1 m[o_a(LD2)|o(&)dx = 0. (3.6)
M J[g|=1

Now we need to compute [,, ®. By [16], we get the following symbols.
Lemma 3.1. The following identities hold:

01(D) = ic(E);

o0(D) = —i Y warler)cler)c(es)eler).

it
3.7)
By ¢(LD!) = o(L)o(D~!), we have

Lemma 3.2. The following identities hold:

o (LD71) = iﬁgg);
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o-2(D) = S | S T ctany [on (@I ~ e(@125, 1)
)

oa(LD) =L {C@"Téﬁ L 1 S Y el o (@ - (@024 127 } .
]
(3.8)

When 1 = 4, then trg(rpp [id] = dim(A*(R?)) = 4, the sum is taken over r + £ —k — j —
la| = =3, r < —1, £ < —1, then we have the following five cases:

casea) Dr=-1,¢=-1,k=j=0, |a| =1.

By (3.3), we get

+00
/ - / (0% 7t o1 (LD ™) x 8%, 0-1 (D)) (x0)dEuo (E)dx.  (3.9)

la|=1
By Lemma 2.2 in [16], for i < n, then
o0 (22 o = Zok ) _ @ e |
() o =25 B ’ 10

so when [ is an integer between 1 and 4, we have ®; = 0.
casea) IDr=-1,¢=-1,k=1a|=0,j=1.
By (3.3), we get

_;/|‘,_l /+Oo traCe[aanfg;U'_l(LD_l) X aéna—l(D_l)](xo)dgn(f(l:/)dx,. (311)

By Lemma 3.2, we have

/ 2
aéna—l(Dil)(xO) — <_6€nc(dx‘n§)‘4+ 2C(§ ) + 86{1@725)) ; (3‘12)

When I = 2, we have
9,01 (LD (x)
= 9,0-1(c(X1)e(X2)D ™) (x0)
i Y0, g1 0, (a10) a2pc(ea)c(ep)c(E) N 1 Y0, -1 010, (a25)c(ea)c(ep)c(C)

|é’|2 ‘€|2
. iYa 5 amuz;;c(f;gg(eﬁ)axnc(g’)(xO) B i Yo g ﬂm“zﬂ(?é;(%)d?)|§'|2h'(0)‘ (3.13)

By (2.1.1), (2.1.2) in [16] and the Cauchy integral formula, we have

i Y 51 O, (1) a2p¢(ea)c(ep)c ()

7_[;{ B=1 1 ’6’22.3 B ] (x0)|\(§’|:1
4
/SZ: ,(a14)a2pc(eq)c (eﬁ)ngn [C’é‘gz)] (x0) | jr|=1
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4 ! :
(3.14)
Similarly, we have
iZﬁ, _1140x, (a2p)c(ea)c(ep)c(G)
% [ | (ol
_ Y p—1 Madx, (a2p)c(ew)c(ep)[c(G') + ic(dxy)]
2(Gn — 1) '
(3.15)
i Y o1 01a25¢(ea) ()0, c(8)
7.[3; [ B=141 2}3‘€|2 B ] (XO)“C’\:l
Y1 Badzpe(eq)c(ep)dy, [c(&)](xo)
a 2(Gn — ) '
(3.16)
1Y a p—1 01a25¢ (ea)C(ep)c(8)[8'[H(0)
ﬂ;[ p=11a2p g B (xo)\\g/|:1
4 . , .
- — ﬁz: alaﬂzﬁC(ea)C(Eﬁ) |:(l€n+i)(cé(‘:_) :;le(an):| )
=1 n
(3.17)

By the relation of the Clifford action and trab = trba, we have the equalities:

trfe(¢)e(dxn)] = 0; tr[e(dxs)?] = —4; tr[ (&)21(x0)|jgr=1 = 4 tr[dx, (& )e(dxn)] = 0;

tr[dx,c(¢")e(¢)](x0)|jzj=1 = —2H'( /32 Oy, (a14) (A20) + ﬁz 1140x, (A24) = Oy, [§(X1, X2)];
o 1 o 1

4 4
;lamazﬁc(ea) c(eg)c(&)e(&)] = tr] ﬁz:lamazﬁc(e,x)c(eﬁ)c(dxn)c(dxn)] =49(X1,X2);

4 4
/;_lax 1) a2pc(ex)c(eg)c(E)e(E)] = tr| ﬁz;_laxn(am)a%c(ea)c(eﬁ)c(dxn)c(dxn)]

4

Z o (A10) 24

(3.18)

We note thati < n, f\§’|:1{€i1‘:i2 “ Cipy JO (') = 0, 50 tr[c(eq)c(eg)c(E)c(dx,)] has no
contribution for computing case a) II).
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Then, we have

trace[dy, 7r7 0—1(c(X1)c(X2) D™ ) x 9z, 0-1(D1)](x0)

T B A T oy s 881+ 58,1 + 3+ 1182 — &5
_4:(&1_Z W, L7 ;axn (X1, X2)] +21'(0) (P 8(X1, Xa).
(3.19)
Then
o [ B8R B8 ti
T R G e MOOS)
8¢ui +50ui +3+ 1187 — ¢ N
o800, ) @
_ 3¢5 — & —38n +i /
= 205, [g(%1, X)) | i e dCd
883 4+ 50,1 +3+ 1182 - & ,
_g(XLXZ)Q3/r (e A, dx
27 [382i — & —3&, +i ) /
= —Zaxn [g(XLXZ)]Q?) 31 [ (€n+l)3 :| é{'n:idx
27i 8§3z+5§nz+3+11§2 @31 ,
_ {_axn [8(?2<LX2)] _ 3h (0)85(;X1/X2) } Qi
(3.20)
where Q)3 is the canonical volume of S°.
Similar to (2.8)-(2.13), we get
4
Y. 9, (a1a)a2pa3ya5uc(ea)c(ep)c (e )c(en)c(E)e ()]
&Byp=1
4
=tr] Y Ox,(a10)a2pa3,a8.c(ex)c(eg)c(ey)c(ey)c(dxy)c(dxy)]
aBy,p=1
=4( ) 0, (a10)2p030048 — Y Ox, (A1) 02003087 — Y Ox, (A12) 028035044
ap=1 a,7=1 a,p=1
(3.21)

Set
n

n n
A=Y 0y (a12) 2803028 — Y Ox, (010) 32003708y — Y Ox, (A14)A28038040;
a,p=1 a,y=1 w,p=1
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n

1140, (A2p)A3uap — Y, A100x, (020) 3,4y —
1 a,y=1 o

alaax,,, (a2ﬁ)a3ﬁa4a¢;
1

= TMS

n

)
B=
n
A® = Z a auZﬁaxn<a3a)a4ﬁ_ Z ulauZaaxn(a?:’y Ay — Z alaa2ﬁaxn(a3ﬁ)u4m
B=1 «, =1 «,f=1
Xn: n
B=

n
1100280300, (A4p) — Y A1002403,0x, (A4,) — 14025350y, (A4a)-
1 w, =1 w,p=1

(3.22)

By

Z [axn (aloc)a&xa&yaél'y + alaaxn (512&)”37“47 + aluﬂeraxn (a37)a4'y + ala“Zaa&yaxn (a4'y)]
a,y=1

n
E Ox,, (010020 ) 304 + E 11402405, (03704 )
7=1 a,y=1

xn[ (X1, X2)8(X3, X4)[;

[0x, (01a)A2803004p + 0140, (A2p)A30048 + A128250x, (430 ) Aap + 0140250340, (A4p)]
1

=

= L

n n
= Y O, (a1a030) 028028 + Y 0120340, (A2p04p)
w,p=1 a,B=1
= 0x, [§(X1, X3)g(X2, X4);
n

Y 0, [(010)a2a3040 + 0100, (A2p) 035040 + 0140250y, (A38) Aaq + A1002p0380, (A4q)]
a,p=1

n n
= Y 0y, (a100u0)a2pa3g + Y, A100440x, (a2035)
B=1 B=

o 1

= 0y, [8(X1, X4)8(X2, X3)].
(3.23)

Then, we have

Al + A2+ A% + A* = 0, [9(X1, X3)8(X2, Xa) — §(X1, X4)8(X2, X3) — §(X1, X2)8(X3, X4)].

(3.24)
So when I = 4, we get
@, = { - %axn [8(X1, X3)8(X2, X4) — 8(X1, X4)8(X2, X3) — (X1, X2)8(X3, X4)] + 31/1/8(0)
[§(X1, X4)8(X2, X3) — (X1, X2)8(X3, Xy) + 8(X1, X3)8 (X2, X4)] } Qadx’.
(3.25)
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casea) Il r=—-1,¢=-1,j=|a| =0, k=1
By (3.3), we get

1 +oo
P = —2/ | / trace[agnnga,l(LD’l) x g, 0x,0-1(D 1)) (x0)d&o(&)dx’. (3.26)
/N=1J—c0 n
By Lemma 3.2, we have

9g,0%,0-1(D~1) (x0) | 1zr)=1

— _ih/ (0) [C(‘éT:) o 4€n C(é,)ﬁgi%c(dxn)} _ 2§ni3xn|[§‘(4§/)}(x0); (3‘27)

Ya =1 A1aa2pc(en)c(ep) [c(') + ic(duxy)]

~1
dg, 7 01 (LD™Y) (x0) |jgrj=1 = — 2 0?2 (3.28)
Similar to case a) II), when | = 2, we have
_ _ —5if, + 382 4+ &i+1
+ 1 1 _ ! n n
trace[acnngna,1(LD ) X agnax”ml(D )](XQ) =2h (0) (gn — i)5<€n —I—i)3 g(X1,X2).
(3.29)
So we have
oo —5i¢, +3¢2 + i+ 1
@:—/ / (0 on Foul T2 o(Xy, Xo)dEaor (&) dx'
’ pie ) " TG S G iy S XRMGE)E
—5if, + 382+ &i+1
— —1'(0 XXQ/ A, dx
I P (PR
. . . (4)
_ 27i [ =5if, + 385 +Gni+1 ;
= h(O)g(Xl,XQ)Q3 41 |: <€n+i)3 gn:idx
/
= —3h8(0)g(X1, Xz)T[dixl.
(3.30)

Similarly, when I = 4, we get
3h'(0)
8

D3 = (9(X1, X2)8(X3, Xa) — §(X1, X3)g(X2, Xa) + (X1, Xa)g(X2, X3)]tQzdx’.
(3.31)

caseb)r=-2,(=—-1,k=j=|a|] =0.

By (3.3), we get

Dy = —i/ /+oo trace[rt7 0_2(LD™") x 9z,0-1(D )] (x0)d&no (& )dx’. (3.32)
¢=1J o e '

2

(3.33)

By Lemma 3.2, we have

02 (LD (x0) = L {C@“Téﬁm + SEL Y el [0 (@)1 — (@12 2P
)

[E—

85



Tong Wu and Yong Wang*

where
oo(D) :—*Zwstel xo)c(ei)c(es)c(er).
stz
(3.34)
We denote
= —wast ei)(xo)c(e;)c(es)c(er), (3.35)
stz
where H(xq) = coc(dx,) and cg = —31'(0).
Then
7 0-2(LD™ (x0)) |1
_ Le(8)H (xo)c(8) + Le(&)e(dxn)ox, [c(&)] (x0) s/ Le(§)e(dxn)c(E)
_ 715:[[ E WO = s } (3.36)
Since
! 2
o, 01(D7) =i [i(ixgg - 25”6(5(1) iég); (dx”)] . (3.37)
By computations, we have
7_[5; |:LC(g)H(XO)C(§)+€fi‘?§)(gxn)axn [C(?H(XO):| _ h/(o)ﬂ;n [LC(C)(;(jg:))BC(C)}
= Ey — Ep, (3.38)
where
E; = e i Y 5[(2+i8u)Le(§") H (x0)c (&) + iGnLe(dxn) H(x0)e(dxn) + (2 +iGn) Le(E)
c(dxy)0x,c(&") 4+ iLe(dx, ) H(xo)c(&") +iLe (&) H (xo)c(dxy) — iLdy,c(Z')] (3.39)
and
H (0 dx,, dx,) —ic(¢& 3¢, —7i ..,
E, = ;)L [4:((5;:(—)1') +C<8JE§1 _zs(zé’) s(gn—i)l3 [ic(&') —c(dxy)]| . (3.40)

By (3.37) and (3.40), when I = 2, we have

tr[Ez X 9,0-1(D " N)]|jgm1 = —2ik' (0 )%g(Xl,Xz). (3.41)

Then,

i) " tracelEa x 95,0-1(D )] (x0)du0r (&)

B +oo zgz Cn+4i /
= —1/,| 1/ —21]’1 ) (C F )2g<X1/X2)d‘§n (g) X

— 1, 162 Cn +4i
— W (0%, X2)0 / G PG+

1, i zgg—gn+4i @)
— _Eh (O)g(Xl X2)03 3' [W]

A&, dx’

dx’'
Cn=i
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_ 3K(0)

1 g(Xy, Xa) tQadx’.

(3.42)
By (3.37) and (3.39), when | = 2, we have
—31'(0)i
2(8n = i)2(Gn + 1)

g(X1, Xo) — (6 = iGn — 2)(0) g(X1, X2).

tr[Ey % 9,01 (D™ Y)][jg1=1 = 2(Z — 1)3(Cn +1)2
(3.43)

By (3.43), we have
B i/ 1= S " tracelEr x 3,01 (D) (10)dE0 (€)'

—3K'(0
/’ 1/oo 2( gn—z §)+l)2g(X1,X2)an (5) dx’

oo (67— iGn — 2 o
//| 1/00 ZCCH —ZC; 2)+(§))g(X11X2>d€n0'(é )dx
1

- —§h (0)8(X1, X2) s /r (Gn = )2(n +1)?

L &2 —ify —2 )
- Eh (0)g(X1, X2)3 /r+ @ —i)3(§n+i)2d§”dx

3 27 1 .
= — 5 (0)g(X1, X2)Qs =7 [(Cn“)z]

27 [&2 —if, —2 @)
5 e
15 (0)

= — 3 g(Xl,XQ)TL'Qg,dX/.

ac,dx’

dx’'
Cn=i

dx’

i
— Eh/(O)g(Xl, Xz)Qg,
Cn=i

(3.44)

Then, when | = 2, we have

/ /
o, = —15h8(0>g(X1,X2)7TQ3dx/ + 3}14(0)g(X1,X2)7103dx’ = —

9K’ (0)
8

g(Xl, Xz) 7TQ3dx/.
(3.45)
Similarly, when I = 4, we get

91’ (0)
8

Dy = [9(X1, X2)g(X5, Xy) — g(Xq, X3)¢(Xa, X4) + (X1, X4)g(Xa, X3)] tQsdx’.
(3.46)

casec)r=—1,0=-2,k=j=|a| =0.
By (3.3), we get

D5 = —i//| : /:o trace[né:ozl(LD_l) x 9g,0—2(D 1)) (x0)dEor (¢ )dx’. (3.47)
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By Lemma 3.2, we have

o1 (LD ) |jgj=1 =

(3.48)
Since

o2(D7 ) (x0) =

c(@)ov(D) (x0)el@) , (@)

7 ) 3, @] 0P — @ O, |

(3.49)
where

o0(D) =—f2wstel xo)c(er)c(es)c(er). (3.50)

stl

By computations, we have

96,02(D") (x0)] 11 = agn{c@mg‘f)c@) n ,gf) () B, ()] (x0) 2P — c<c>h'(o>]}
1

— e |2~ 28l Heldx,) + (1~ 3 el He()
+ (1= 3E3)(E Held) — 48,e(& ) He(E') + (3 — 1)25,¢(8)
— 45,c( el e(E) + 2 (O)e(E) + 21 (0)nc(dn) | + 65,1(0)

c(@)e(dxn)e(d)

(1+¢2)
(3.51)

By (3.48) and (3.51), we have
tr[ 6 (o 1(LD )X agnU_z(Dfl)](xO)“g/‘:l
121 (0)ig, 310 (0)(i¢2 + &, — 2i

T (&n —1)3(n + i)4g(X1'X2) N (& —i)3(En+10)3 )8(X1, X).

(3.52)

So, we have

®s = —i /¢| e et o 1 (LDY) x 9,0 2(D )] (x0) g0 (8)d’

_ +oo 12]1/ lén IN 3.0
_l/m 1/ (G —i)3(Gn + i) 181, X )G (E)x

+oo 31/ ( 2

/é 1/ 3h(§n —Zf Egj—z) )8(X1,Xz)d§n‘7(§/)dx/
Cn

(&—i)3(g+i)*

_iW'(0) 27ti & 1@
== a0

s
LdEndx’ + 3il (0)g (X1, X2) Qs /r ) (éﬁilf)f(ng +2il)3dgndx/

= —12g(X1,X2)03 /

dx’'

dx’
‘:n:i

2 o (2)
3l (0)g(X1, Xo) 05 2 [W]

2! (¢ +10)°
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!/
_ 9’18(0) 2(Xy, Xo) Od’. (3.53)
Then, when [ = 2, we have
!/
@5 = 9h8(0)g(X1,X2)7r03dx'. (354)
Similarly, when I = 4, we get
9K'(0) /
®5 = ——2—[8(X1, X2)8(X5, Xy) — g(X1, X3)8(X2, Xa) + 8(X1, X4)g (X2, X3) |1l
(3.55)
Now @ is the sum of the cases (a), (b) and (c), therefore, when [ = 2, we have
: 9x, [§(X1, X2)] :
D= i;@i = —fn()gdx . (3.56)
Similarly, when I = 4, we get
®— i o, = 2ul8(X1, X2)3(X5 X4) — g(X3, Xz)g(Xz, Xe) +8(X1, Xa)g(Xo, X3)| |y 4o
i=1
(3.57)

Obviously, when ! =1 0r 3, we get ®; = Oy = P53 = Py = 5 = 0.
Then, by (3.3)-(3.6), we obtain following theorem

Theorem 3.1. Let M be a 4-dimensional oriented compact manifold with boundary oM and the
metric ¢M be defined as (3.1), then the following is the generalized noncommutative residue of
the Dirac operator
(1)when I = 2, we get
Wres[7" (LD V) o 77D}
1 1
— 327 / ~¢(X1, Xa)s | dVolys — / 3y [9(X1, Xo)] ) nudVoly,  (3.58)
M \3 am \ 2
(2)when I = 4, we get
Wres[t" (LD ) o r" D]

— 327‘[2 /M < — %[g(Xl, Xz)g(Xg, X4) — g(Xl,Xg)g<X2, X4) +g(X1,X4)g(X2, X3)]S> dVOlM

1
+ - <23xn [8(X1,X2)g(X3, Xa) — g(X1,X3)8 (X2, Xa) + §(X1, X4)g(Xo, Xs)]) t)3dVoly,

(3.59)

(3)when I =1 or 3, we get

Wres[n" (LD V) o rt D] = 0. (3.60)
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4. A KASTLER-KALAU-WALZE TYPE THEOREM FOR 6-DIMENSIONAL MANIFOLDS WITH
BOUNDARY

Firstly, we prove the Kastler-Kalau-Walze type theorems for the generalized noncommu-

tative residue Wres[7+ (LD~2) o 77+ (D~2)] on 6-dimensional manifolds with boundary:.
From [13], we know that

Wres[* (LD2) o 7+ (D2)] = /M /| e rucle oD He@dr+ [ ¥,

(4.1)
where
” +o0 00 )|1x|+]+k+1 a], at’éak N
= o [ L T e = e rucPhataber (1D)(X,0.8,
xa“af“ak ( )(x/,o,g’,gn)]dgna(g')dx/, 4.2)

and the sum is takenoverr+ ¢ —k—j—|a| —1=—-6, r< -1, £ < 3.

By Theorem 2.1, we can compute the interior of V/V;‘_e/s[rfr (LD72) o 7™ (D~2)],
(I)when I = 2, we get

/M /|g|—1 trace - 7m0 (LD )]0 (¢)dx = 1287 /M <§g(X1/X2)S> dVoly,  (4.3)

(2)when [ = 4, we get
/ / tracen - m[o_s (LD ~4)]0(€)dx
M J|g|=1

2
= 12872 /M <— g[g(Xl,Xz)g(Xg, X4) — g(Xl,Xg)g(Xz, X4) +g(X1, X4)g(X2, X3)]S) dVoly,

(4.4)
(3)when I = 6, we get
/M /|c—1 tracen--m[o_s(LD~4)0/(&)dx
— 12877 [ {2 (300, Xa) (%, X5)3(Xs, Xe) — 8%, Xolg(Xa, X)) - (X0, X2

(

8(X5, X4)8(X5, X6) + g(X1, X3)[g(X2, Xa)g(X5, X6) — §(X2, X6)8(Xa, X5) — g(X2, X5)

8(X3, Xo)] + (X1, Xa)[8(X2, X5)8(X5, X6) — §(X2, X6)g(X3, X5) — §(X2, X3)8(X5, Xe)]
]

+9(X1, X5)[9(X2, X6)g(X3, X4) — (X2, X4)8(X3, Xe) — §(X2, X3)g (X4, X6)] + §(X1, Xe)
(9(X2, X4)8(X3, X5) — (X2, X5)8(X3, Xg) — g(X2, X3)g(Xy, X5)]> s }dVOIM; (4.5)
(4)when I =1 o0r 3 or 5, we get

/ / tracen-1-m[o_(LD )]0 (&)dx = 0.
M Jig—1
(4.6)
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Let the cotangent vector { = }; {jdx;, g = ¢lg, 6 = —% Yot wsi(ei)c(es)c(er), gl =
g(dx;,dx;) and vgl_aj =Y Ff.‘jak, rk = gifFiFj, 8/ = ¢'15;. Then, by [9], we obtain
Lemma 4.1. The following identities hold:
o 2(LD™?) = L[g|?
B(LD %) = —v/=T|g| L& (TF - 26%) — 2v/=1|¢| L& Eugp0jg"F.
4.7)

When n = 6, then trg(yq)[id] = 8. Since the sum is taken over —r — £ +k +j+ [a| =1 =
—6, 1,/ < —2, then we have the f o Y is the sum of the following five cases:

case(@(Dr=-2(=-2,j=k=0, [a| =1
By (4.2), we get

/' 1/+°° trace aé’” o-1(LD™ )><a?aéﬂfZ(D_z)}(xO)ana(C’)dx’.

\a| 1
(4.8)
By Lemma 4.1, for i < n, we have
dx,02(D7?)(x0) = 9, (|€]72) (x0)
_a(EP)(x)
¢]*
=0,
4.9)

so when [ is an integer between 1 and 6, we have ¥; = 0.

case(@ () r=-2,¢=-2,|a|] =k=0,j=1
By (4.2), we have

—+00
/ . / trace[9x, 7,7 2(LD2) x 82 0 5(D2)] (x0)dEur(§)dx'. ~ (410)
=1
By computatlons, we have

3&2 -1

9z,0-2(D7%)(x0) = 9, (12]17%) (x0) = Zm‘

(4.11)

I, [0 o1 Matizpc(en)elep)] L6 o1 ratiapc(ea)c(ep) ' (0)

9,0 2(LD ™) (x0) o721 =

22 - HE
B 22,5:1 Ox, (a14)a2pc(ex)c(ep) 22,/5:1 149, (a2p)c(ex)c(ep)
B €12 ¢1?
Zg,ﬁzl ﬂla”Zﬁc(ea)C(eﬁ)h/(o)
- ¢[*

(4.12)
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£ 9x,0-2(LD %) (x0) |7 1

6 i 6
- (Cn 5 ﬁX:: L (a1q)azpc(en)c(eg) — 2 1) a,ﬁzz:1 149y, (a28)c(ex)c(ep)

ic, +2)0'(0) &
(g(én—z );alaazﬁc ex)c(ep).

(4.13)
Since n = 6, tr[—id] = —8. By the relation of the Clifford action and trab = trba, then
trle(&")e(dxn)] = 0; trle(dxn)?] = =8; tr[ (€)1 (x0)ljgr1=1 = —=8; tr[d,c(&)e(dxn)] = 0;

tr[9x,c(&)e(E)](x0)|jrj=1 = —4H'( Z Ox, (a10) (a24) + Z 1140y, (A20) = O, [§(X1, X2)[;

w,B=1 «,p=1

6 6
tr| ,; a1a2p¢(eq)c(ep)c(E)c(E)] = tr ;;1alaazﬁc(e,x)c(eﬁ)c(dxn)c(dxn)] = 8¢(X1, X2);
a,f=1 u,p=

6
Z Oz, (a1)a2pc(ex)c(ep)c(E)e(E)] = tr[ Y Ox, (a10)azpc(en)cep)c(dxy)c(dxy)]
a,p=1 u,f=1
6
8 ) 0y, (a14)a24-
0,p=1

(4.14)
When | = 2, we have
trace [axn naa,z(LD’z) X aéna,z(D’z)] (x0)
(3¢5 —1 (& +2)(382 — 1
(&, l_(?’f)’Z(é'n _){_ Z')g,axn [g(X1, X2)] — 4K (0) ((Zgn j_l)l((éi n l.)3)g(X1,X2). (4.15)

Then, we obtain

=38

[y 1081
ST e s (X X))

1Cy 2 ! /
4M>@f?%¥Qﬂ&&%@ﬂ@m

= —4ioy, [8(X1,X2)]Q4/

382 -1
(&n —)4(Gn +1)3
(in +2)(3¢2 —1) )
Gu (e, 1 i o
2mi [ 382 -11% ,
3! [(Cn‘*‘i)g’} \g/|:1dx
2mi [ (i, +2) (382 —1)1W
e

5AC,dx’

+ 2h’(0)g(X1,Xz)Q4/

= —4i8xn [g(Xl Xz)]04

+ Zh/(O)g(Xl X2)04
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<5h’8( )

where m; is the canonical volume of S*.
Similarly, when | = 4, we get

§(X1,X2) — 0 ,,[g(X1,X2>]> TQydx’, (4.16)

¥, = < - Sh/;O) [8(X1, X2)8(X5, Xa) — (X1, X3)8(X2, Xa) + (X1, Xa)g(X2, X3)]

+ 0y, [8(X1, X2)8(X3, Xa) — g(X1, X3)8(X2, Xa) + (X1, X4)g(Xo, Xa)]> TQydx’.
4.17)

Similarly, when I = 6, we get

f\ofq\/—\
&
£<

(4.18)

case (@ (IIDr=-2,(=-2,|a|=j=0, k=1
By (4.2), we have

1 oo
2 /| ‘ / trace |3z, 7tf 2(LD %) X 9z, 95,0-2(D2) | (x0)d&ue (&) dx’
"l=1J—00 n

— 1 e 2+ -2 -2 / !
=3/, trace[f)gnng 7_2(LD™2) x 3y, 0_5(D )] (x0)dEno (&) dx
=1 J—o00 n

(4.19)
By computations, when | = 2, we have
_ h'(0)
0y, 0 2(D72)(x0)|jzrj1 = ——t5. (4.20)
( )( )’|§\ 1 (1+§%)2
B 22 _1 Maazpc(eq)c(ep)i
32 74 0 2(LD"2) (x0) g1 = — — 7 _51,)3 il (4.21)
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Combining (4.13) and (4.20), we have

8K (0)i
trace [ag o_»(LD72) x ax,la_z(D—Z)} (x0) (x0)l g1 = — (5= )((g+ 8 (X1, Xe).
(4.22)
Then
e 8h’ (0)i /
=3 Lo e s X (@
. 1 /
= —4h,(0)1g(X1,X2)Q4 /1“+ <€n — 1)5(6_'_1)261(;1619(
omi [ 1 W
= —4l'(0)ig(X1, X2) " | dx’
4N (0)ig (X1, X2) a5 {(C—H)Z] s x
= _5}; 0) g(Xq, Xp) mQydx’. (4.23)
Similarly, when | = 4, we get

5h/( )

¥Ys = [8(X1, X2)8(X3, Xy) — 8(X1, X3)8(X2, Xy) + g(X1, X4)g(X2, X3)|mQydx’.

(4.24)

When [ = 6, we get

2 = 20N 00, X050 Xa)g X0, Xe) — 906, Xolg (X, Xs) = (3, Xe)g(X, Xo)
+ 8(X1, X3)[g(X2, Xa)g(X5, X6) — §(X2, X6)8(Xa, X5) — g(X2, X5)8(X3, X6)]
+ g(X1, X4)[8(X2, X5)8(X5, X6) — §(X2, X6)g(X3, X5) — §(X2, X3)8(X5, Xe)]
+8(X1, X5)[g(X2, X6)g(X3, Xa) — §(X2, Xa)8(X3, Xo) — §(X2, X3)8 (X4, X6)]
—|—g<X1,X6 [g(Xz, X4) X3,X5) — g(Xz, X5>g(X3, X4 (XQ, Xg)g(X4, X5)]}7'L'Q4dx/.

(4.25)
case(b)r=-2,(=-3, |[a| =j=k=0.
By (4.2), we have
00
¥, = —i / | / trace 70§ 7 2(LD"2) x 5,0 5(D2)| (x0)dEnc (&)’
"=1J -0 "

—+o0
—i / | / trace[dg, 77 0_2(LD2) x 0_5(D"2)] (x0)d&ue (§)dx.  (426)
"=1J —o00 "
When | = 2, we have
e g1 @1aC(en) arpc(ep )i
2(Gn —1)?

In the normal coordinate, ¢'/(xg) = 5j and 0, (g"‘ )(x0) = 0,if j < n; 0y (%F)(x0) =
h’(O)ég,lf] = n. Soby [16], when k < n, we have I (x0) = 3K (0), T¥(x9) = 0, 8" (x0) =0
and 6f = 11'(0)c(ex)c(en). Then, we obtain

9z, 704, —2(LD2) (x0) |jr1=1 = (4.27)
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0-3(D"?)(x0)] 71
= —V-1[g| 4§k(rk 25k)(x0)!|g'\ 1— \ﬁ|5|_625j§a§ﬁajgaﬁ(x0)|\g/|:1
—i 1 _ 2iK'(0)Cu )Cn
(4.28)

We note that i < n, ﬁg/\:l{gilgiz “Cin y0(') = 0, so the first term in (4.28) has no

contribution for computing case (b).
By (4.27) and (4.28), we have

trace[a,;nngza_z(LD ) X 0_3 ](XQ)‘M/‘ -1
21'(0)¢n (567 — 1)
_ PR 1)3 9(Xy, X2). (4.29)

So when | = 2, we have

+oco Zhl (;In 562 1) , ,
/{j =1 / ('__fn —_ (XLXZ)anU'(g )dx

05(En+ 178
= _2z'h/(0)g(xl,xz)o4/r @ C”(S)gignjl)g)dgndx’
) 27i [ & (582 @) ,
= 2l (0)3(X1, Xa) T F(éil))] L
= 15hé<0) (X1, Xo) tQydx’.
(4.30)
Similarly, when | = 4, we get
Yy=— 15]2;(0) [8(X1, X2)g(X3, Xa) — g(X1, X3)8(X2, Xs) + §(X1, X4)8(X2, X5)| mQudx’.
(4.31)
When | = 6, we get
Yy = - 15hf;(0) {g(Xl,Xz)[g(X3, X5)8(Xa, Xo) — 8(X3, X6)8(Xs, X5) — §(X3, X4)8(X5, X6)]

+ 8(X1, X3)[8(X2, X4)8 (X5, X6) — §(X2, X6)g(X4, X5) — 8(X2, X5)8(X3, Xe)]
+g(X1, X )[g(Xzf X5)8(X3, X6) — §(X2, X6)8(X3, X5) — §(X2, X3)8(X5, X)]
+ 8(X1, X5)[8(Xa, X6)8 (X5, Xa) — §(X2, X4)g(X3, Xo) — 8(X2, X3)8 (X4, Xe)]

+ 8(X1, X6)[8(X2, X4)8(X3, X5) — g(X2, X5)8(X3, X4) — §(X2, X3)8 (X4, X5)] } Qydx’.
(4.32)
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case(0)r=—-3,(=-2, |a|=j=k=0.
By (4.2), we have

“+o0
Yy = /| - [ trace (70 5(LD™2) x 3,0-2(D )| (x0)dGur (&)’
= case(b) — i/|,_1 /_t:o trace [ngnagna_z(D—z) X (7_3(LD—2)} (x0)déno(&)dx'.

(4.33)
Then, we only need to compute
—+00
_i/ | / trace[rtgagﬂclz(D—z) X a,g(LD—Z)} (x0)déno(&)dx'.
"N=1J—c0 n
(4.34)
By Lemma 4.1, when [ = 2, we have
_ 2¢
2 _ n
aénU—Z(D )(x()) - (1 + 5%)2
(4.35)

o 3(LD™?)

: —i ih' (0)¢,
= X ﬂla”ZﬁC(ew)C(eﬁ)<mﬁ>z( ; 0) ) &iclex)clen) + h( )Cn) ?1+(§>2§) >

a,p=1 k<n
(4.36)

We note that i < n, f‘§,|:1{§i1§i2 ~Cin YO(&') = 0, so the first term in (4.36) has no

contribution for computing case (c).

On the other hand,

ih'(0)Z3(9 +5¢7)
(1+83)°

trace[ﬂg;agn(f,z(D’z) X (Lg,(LD’Z)} (x0) = —8 (X1, X2).

Then, when | = 2, we have

/ 0 i1/ 2 2
;= (O)g(Xl,Xz)rtQ4dx’—i/|/_1 /+ M OBOT5E) v oVdgwo (@)

3 (1 + (:2)5
/ 2 "
= IO g3, o) ey’ — 81 (0)g(xs, X2)0s [ glgfggf)dg”dx/
15K’ (0) / / 2mi 62 O+ 562) !
— 3 g(Xl, X2)7'(04dx — 8h (O)g(xlr X2>Q4 41 |:(Cn+l):| |g/‘:1dx
= — 15};;(0) g(Xl, X2)7TQ4dx,.
(4.38)
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Similarly, when | = 4, we get
15K’ (0)

Y5 =g

[8(X1, X2)8(X3, Xy) — g(X1, X3)8(Xa, Xy) + (X1, X4)g(Xa, X3)|mOydx’.
(4.39)

When | = 6, we get
15K (0)
8
+8(X1, X3)[g
+g(X1, X4)[g
+8(X1, X5)[g

+ 8(X1, X6)[8(Xa, X4)8 (X5, X5) — §(X2, X5)8(X3, Xa) — g(X2, X3)8 (X4, X5)] } mQydx’.

Y5 =

&
\_/(\ai\_/
Ao/i/\

&

I
vg\_/\_/
|
=
&
S
/\0/9\/\
>
L
\_/81>_</\_/
|
AR
&
=
/\0/9\/\
&
S

(4.40)
Now Y is the sum of the cases (a) (b) and (c), then when | = 2, we get
Y = Z‘I’ = —dy,[g(X1, X2)]tQydx’. (4.41)
Similarly, when | = 4, we get
Y = Z‘I’ 9(Xy, X2)g (X3, Xg) — (X1, X3)8(Xa, Xy) + §(X1, X4)g (X2, X3)|tQydx’.
(4.42)

Similarly, when [ = 6, we get

Y= Z‘I’ dx (8 X1, X2)[8(X5, X5)8 (X4, X6) — §(X3, X6)g(Xa, X5) — g(X5, Xa)

( )8(X5, X6) — 8(X2, X6)8(Xs, X5) — §(X2, X5)
(X2, X5) (X3, X6) — 8(X2, X6)8(X5, X5) — §(X2, X3)

( )8(X3, X4) — g(Xo, X4)8(X3, Xo) — 8(X2, X3)
X1, X6)[8(X2, X4)8(X3, X5) — g(X2, X5)8(X3, Xa) — g(X2, X3)

g(X4, X5)]> 7TQ4dx/.
(4.43)

Obviously, when! =10r3o0r5 weget¥; =¥, =¥3=¥%4 =¥ =0.
By (4.1)-(4.6), we obtain following theorem

Theorem 4.1. Let M be a 6-dimensional oriented compact manifold with boundary oM and the
metric gM be defined as (3.1), then the following are the generalized noncommutative residue of
the Dirac operator

()when I = 2, we get

Wres[r" (LD ™2) ot (D™ 2)]
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= 12871'2/ <§g(X1,X2)S> dVOlM + / ( - axn [g(Xl,Xz)]> 7TQ4dVOlM. (444)
M oM
(2)when I = 4, we get
Wres[m" (LD 2) ot (D2)]

2
= 128772 /M <— §[g(X1’X2)g(X3’ X4) — g(Xl,Xg)g(Xz, X4) +g(X1, X4)g(X2, X3)]S> dVoly

+ / ( §(X1, X2)g(X3, X4) — g(X1, X3)8(X2, Xa) + g(X1, X4)g(Xa, Xs)]) QydVoly;.
(4.45)
(3)when I = 6, we get
Wres[mr" (LD 2) o w7 (D2)]
2
= 12877 [ {2 (300, Xa) g% Xe)g(Xs, Xe) 9060, Xolg (X, Xs) — (2, X)

3
8(Xs, Xe)] + (X1, X5)[g(X2, X4)8(Xs5, Xe) — 8(X2, X6)g(Xs, X5) — g(X2, X5)g(X3, Xe)]
(X3, Xo) — 8(X2, X6)8 (X5, X5) — §(X2, X3)8(X5, Xs)| + (X1, X5)
8( )

)
+ 8(X1, X4)[8(X2, X5)8
[8(X2, X6)8 (X3, Xa) — 8(X2, X4)g(X5, X6) — 8(X2, X3)g(Xa, X6 )] + 8(X1, X6)[8(X2, Xa)

§(Xs, Xs) — (X, Xe)g(Xa, Xa) — g(Xa, X5)g(Xs, X5>1)s}de1M

+ [ {on (500 Xl Xohg(Xa, Xe) = (3, Xe)g(Xa Xa) = (X Xe)g(Xs, Xo)]

+ 8(X1, X3)[8(X2, X4)8(X5, X6) — §(X2, X6)g(Xa, X5) — §(X2, X5)8(X5, X6)] + g(X1, X4)
[8(X2, X5)8(X3, Xe) — 8(X2, X6)8(X3, X5) — §(X2, X3)8(X5, X6)| + g(X1, X5)[g(X2, Xs)
8(X3, X4) — g(Xo, X4)8(X3, X6) — §(X2, X5)8(Xa, X6)] + 8(X1, X6)[8(X2, Xa)g (X35, X5)

—9(Xp, X5)8(X3, Xa) — g(X2, X3)9(X4, X5)]) }NQ4dVOlM.
(4.46)
(4)when 1 =1 or 3 or 5, we get
Wres[" (LD %) o 7+ (D~2)] = 0. (4.47)
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