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ABSTRACT. In this paper, we define the semi-symmetric metric connection on super Rie-
mannian manifolds. We compute the semi-symmetric metric connection and its curva-
ture tensor and its Ricci tensor on super warped product spaces. We introduce two kind
of super warped product spaces with the semi-symmetric metric connection and give the
conditions under which these two super warped product spaces with the semi-symmetric
metric connection are the Einstein super spaces with the semi-symmetric metric connec-
tion.

1. INTRODUCTION

The (singly) warped product B xj, F of two pseudo-Riemannian manifolds (B, gg) and
(F,gr) with a smooth function & : B — (0,00) is the product manifold B x F with the
metric tensor ¢ = ¢p @ h?gr. Here, (B, gp) is called the base manifold and (F, gr) is called
as the fiber manifold and # is called as the warping function. Generalized Robertson-
Walker space-times and standard static space-times are two well-known warped prod-
uct spaces.The concept of warped products was first introduced by Bishop and ONeil
(see [2]) to construct examples of Riemannian manifolds with negative curvature. In
Riemannian geometry, warped product manifolds and their generic forms have been
used to construct new examples with interesting curvature properties since then. In [4],
E. Dobarro and E. Dozo had studied from the viewpoint of partial differential equations
and variational methods, the problem of showing when a Riemannian metric of constant
scalar curvature can be produced on a product manifolds by a warped product construc-
tion. In [5], Ehrlich, Jung and Kim got explicit solutions to warping function to have a
constant scalar curvature for generalized Robertson-Walker space-times. In [1], explicit
solutions were also obtained for the warping function to make the space-time as Einstein
when the fiber is also Einstein.

The definition of a semi-symmetric metric connection was given by H. Hayden in [8].
In 1970, K. Yano [11] considered a semi-symmetric metric connection and studied some
of its properties. He proved that a Riemannian manifold admitting the semi-symmetric
metric connection has vanishing curvature tensor if and only if it is conformally flat. Mo-
tivated by the Yano’ result, in [9], Sular and Ozgur studied warped product manifolds
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with a semi-symmetric metric connection, they computed curvature of semi-symmetric
metric connection and considered Einstein warped product manifolds with a semi-symmetric
metric connection. In [10], we extended the results of Sular and Ozgur to multiply
twisted products with a semi-symmetric metric connection.

On the other hand, in [3], the definition of super warped product spaces was given. In
[6], several new super warped product spaces were given and the authors also studied
the Einstein equations with cosmological constant in these new super warped product
spaces. Our motivation is to extend the results of Sular and Ozgur to super warped
product spaces with a semi-symmetric metric connection.

In Section 2, we state some definitions of super manifolds and super Riemannian metric.
We also define the semi-symmetric metric connection on super Riemannian manifolds
and prove that there is a unique semi-symmetric metric connection on super Riemann-
ian manifolds which is metric and has the semi-symmetric torsion. In Section 3, we
compute the semi-symmetric metric connection and its curvature tensor and its Ricci
tensor on super warped product spaces. In Section 4, we introduce two kind of super
warped product spaces with the semi-symmetric metric connection and give the con-
ditions under which these two super warped product spaces with the semi-symmetric
metric connection are the Einstein super spaces with the semi-symmetric metric connec-
tion.

2. A SEMI-SYMMETRIC METRIC CONNECTION ON SUPER RIEMANNIAN MANIFOLDS

Firstly we introduce some notations on Riemannian supergeometry.

Definition 2.1. A locally Z-ringed space is a pair S := (|S|,Og) where |S| is a second-
countable Hausdorff space, and a Qs is a sheaf of Z»-graded Z,-commutative associative unital
R-algebras, such that the stalks Os ,, p € |S| are local rings.

In this context, Z,-commutative means that any two sections s,t € Og(|U]), |U| C
|S| open, of homogeneous degree |s| € Z; and |t| € Z; commute up to the sign rule
st = (—1)Fllits. Zy-ring space U™" := (U, C%, ® AR"), is called standard superdomain
where Cp}. is the sheaf of smooth functions on U and AIRR" is the exterior algebra of R".
We can employ (natural) coordinates xl = (x?, §A) on any Z;-domain, where x” form a
coordinate system on U and the & are formal coordinates.

Definition 2.2. A supermanifold of dimension m|n is a super ringed space M = (|M|, Op)
that is locally isomorphic to R and | M| is a second countable and Hausdorff topological space.

The tangent sheaf 7M of a Z,-manifold M is defined as the sheaf of derivations of
sections of the structure sheaf, i.e., TM(|U|) := Der(Opm(|U]|)), for arbitrary open set
|U| C |M|. Naturally, this is a sheaf of locally free Op-modules. Global sections of the
tangent sheaf are referred to as vector fields. We denote the Oy (|M|)-module of vector
fields as Vect(M). The dual of the tangent sheaf is the cotangent sheaf, which we denote
as 7*M. This is also a sheaf of locally free Op-modules. Global section of the tangent
sheaf we will refer to as one-forms and we denote the Oy (| M|)-module of one-forms as
QY (M).
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Definition 2.3. A Riemannian metric on a Z,-manifold M is a Z,-homogeneous, Z,-symmetric,
non-degenerate, Opy-linear morphisms of sheaves (=, =), : TM®TM — Oum. A Zs-
manifold equipped with a Riemannian metric is referred to as a Riemannian Zy-manifold.

We will insist that the Riemannian metric is homogeneous with respect to the Z,-degree,
and we will denote the degree of the metric as |g| € Z,. Explicitly, a Riemannian metric
has the following properties:

MIXY)e | =X+ Y[+ [g],

@(X,Y), = (~1)XIN (v, ).,

3) If <X,Y>g =0forall Y € Vect(M), then X =0,

@) (fX+Y,Z), = f(X,Z), + (Y, Z),,

for arbitrary (homogeneous) X,Y,Z € Vect(M) and f € C®(M). We will say that a
Riemannian metric is even if and only if it has degree zero. Similarly, we will say that a
Riemannian metric is odd if and only if it has degree one. Any Riemannian metric we
consider will be either even or odd as we will only be considering homogeneous metrics.
Now we recall the definition of the warped product of Riemannian Z,-manifolds. For
details, see the section 2.3 in [3]. Let M; x M, be the product of two Z,-manifolds M;
and M. Let (M;, gi)(i = 1,2) be Riemannian Z,-manifolds whose Riemannian metric
are of the same Z)-degree. Let y € C®(M;) be a degree 0 invertible global functions
that is strictly positive, i.e. ep, (i) a strictly positive function on |M;| where ¢ is simply
“throwing away” the formal coordinates. Then the warped product is defined as

M, Xy M = (M] X Mz,g = nigl + (ﬂiﬁ‘t{)ﬂﬁgz),

where 71; : My X My — M; (i = 1,2) is the projection. By Proposition 4 in [3], the
warped product M; X, M; is a Riemannian Z,-manifold.

Definition 2.4. (Definition 9 in [3]) An affine connection on a Zy-manifold is a Z,-degree pre-
serving map

V : Vect(M) x Vect(M) — Vect(M); (X,Y)+— VxY,
that satisfies the following
1) Bi-linearity

Vx(Y + Z) =VxY+VxZ, VxiyZ=VxZ+VyZ,
2)C®(M)-linearrity in the first arqument
VixY = fVxY,

3)The Leibniz rule
Vx(fY) = X())Y + ()XW foyy,
for all homogeneous X,Y,Z € Vect(M) and f € C®(M).

Definition 2.5. (Definition 10 in [3]) The torsion tensor of an affine connection
Ty : Vect(M) ®ce () Vect(M) — Vect(M) is defined as

Tv(X,Y) := VxY — (-1)XIMvyx — [X, Y],
for any (homogeneous) X,Y € Vect(M). An affine connection is said to be symmetric if the

torsion vanishes.

59



Yong Wang

Definition 2.6. (Definition 11 in [3]) An affine connection on a Riemannian Z,-manifold
(M, ) is said to be metric compatible if and only if

X(Y,Z), = (VxY, Z),+ (=) (v, vx2Z),,
forany X,Y,Z € Vect(M).

Theorem 2.1. (Theorem 1 in [3])There is a unique symmetric (torsionless) and metric compatible
affine connection V% on a Riemannian Zy-manifold (M, §) which satisfies the Koszul formula

2 <v§<y,z>g = X (Y, Z), +([X,Y],Z), 2.1)
()X (y (7, %), — ([Y, Z], X))
— ()P (Z (3, v), — ((2,X),Y)
for all homogeneous X,Y,Z € Vect(M).

o

Definition 2.7. (Definition 13 in [3]) The Riemannian curvature tensor of an affine connection
Ry : Vect(M) ®ce(p) Vect(M) ®ce(p) Vect(M) — Vect(M)
is defined as
Ry(X,Y)Z = VxVy — (-1)X NV, Vy - VixyZ, 2.2)
forall X,Y and Z € Vect(M).

Directly from the definition it is clear that

Ry(X,Y)Z = —(-1) ¥Ry (Y, X)Z, (2.3)
forall X,Y and Z € Vect(M).

Definition 2.8. (Definition 14 in [3]) The Ricci curvature tensor of an affine connection is the
symmetric rank-2 covariant tensor defined as

1
Ricy(X,Y) := (—1)|3x1‘<‘axf|+|x‘+m>% [Rv 0,1, X)Y + (-1)XIMIRg (ax,,y)x} , (24)

where X,Y € Vect(M) and | ]! denotes the coefficient of 9,1 and 9.1 is the natural frame of
TM.

Definition 2.9. (Definition 16 in [3]) Let f € C®(M) be an arbitrary function on a Riemannian
Zy-manifold (M, g). The gradient of f is the unique vector field grad of such that

X(f) = (-1)8! (X, grad, f ) (2.5)

g 7
forall X € Vect(M).
Definition 2.10. (Definition 17 in [3]) Let (M, g) be a Riemannian Zy-manifold and let V' be

the associated Levi-Civita connection. The covariant divergence is the map Divy, : Vect(M) —
C*®(M), given by

Div, (X) = (~1)Pul2a X (7, X)), 26)
for any arbitrary X € Vect(M).
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Definition 2.11. (Definition 18 in [3]) Let (M, g) be a Riemannian Zy-manifold and let V*
be the associated Levi-Civita connection. The connection Laplacian (acting on functions) is the
differential operator of Z,-degree |g| defined as

DNe(f) = DivL(gradgf), (2.7)
for any and all f € C*(M).

Definition 2.12. Let (M, §) be a Riemannian Zy-manifold and P € Vect(M) which satisfied
|g| + |P| = 0 and the semi-symmetric metric connection V on (M, g) is given by

VxY = VLY + X - g(Y,P) — g(X,Y)P = VY + (=1)XIVlg(y, P)X — (X, Y)P, (2.8)

for any homogenous X,Y € Vect(M) and we define Vx,1x,Y+ = Vx,Y + Vx,Y; Vx(Y1+
Y2) = VxYi1 + VxYy, for the general X = X;+Xpoand Y = Y1+ Y, Here X - f =
(—1)XWIFX for f € C=(M).

We can verify that VxY satisfies Definition 2.4, then VxY is an affine connection. By
Definition 2.5, we get

Ty(X,Y) = X-g(Y,P) — (=) XMy . ¢(x,P), 2.9)

In this case, we call that VxY is a semi-symmetric connection. By Definition 2.6 and (2.8)
and V! preserving the metric and |g| + |P| = 0, we get

(VxY, Z), + (=)XIM (v, vx27), (2.10)
= X(Y,Z),+ (X -g(Y,P),Z), — (g(X,Y)P,Z),
+ (~XIMY, X - g(2,P)), — (Y, 8(X,Z)P)]
= X(Y, Z), + (~1)80PIXlg (Y, P)g(X, Z) — g(X, Y)g(P, Z)
+ (—1)XIM(—1)l8Z2P)Xlg (v, ¢(Z, P)X) — (—1)XIVI(—1)8X2Ig (X, Z)g(Y, P),
=X (Y, Z)g.

So V preserves the metric.

Theorem 2.2. There is a unique metric compatible affine connection V on a Riemannian Z,-
manifold (M, ) which satisfies (2.9).

Proof. By (2.9) and (2.10), we know that the semi-symmetric metric connection V satisfies
the conditions in Theorem 2.2. We only prove the uniqueness. Let V! be a connection
which satisfies the conditions in Theorem 2.14. Let V1Y = VLY + H(X, Y). then

H(fX,Y) = fH(X,Y), H(X, fY) = (-D/IXIH(X,Y). (2.11)
By V!and VE preserving the metric, we get
S(H(X,Y),Z)+ (-1)XWg(y,H(X,Z)) = 0. (2.12)
By V& having no torsion, we have
Tv:1(X,Y) = H(X,Y) — (-1)XIMH(Y, X). (2.13)
By (2.12) and (2.13) and |H| = 0, we have
8(Tg1(X,Y), 2) + (-1) A Mg (T (2, X), ) (2.14)
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(DI ) XD g (T (Z, Y), X) = 28 (H(X, ), Z).

By (2.9) and (2.14), we get
2¢(H(X,Y),Z) = =23(X,Y)g(Y,Z) +2¢(X -g(Y,P),Z). (2.15)
Then H(X,Y) = X -g(Y,P) — g(X,Y)P and V! is V in the definition 2.13. O

Let 77 be a one form defined by 71(Z) := ¢(Z, P), then |7t| = 0. We have
Proposition 2.1. The following equality holds
Ry(X,Y)Z = RY(X,Y)Z + (-1)IX+DIZlg (7, Vi P)Y (2.16)

(=) C)IXIEYDIZl g (7, WL PYX — (—1)50DIXl (Y, Z) VL P
F(—1)XIYI_1) XDV g (X, Z)VLP 4 (—1)XIIYHZD () YIZl 2 Z) 7 (Y) X
(- 1)|x| IY|+Z)) g(Y, Z)m(P)X — (—1 )(lXHIYI)lZln(Z)n(X)Y
+ (~1)I2Dg(X, Z)(P)Y + (1) XDl g(y, Z) (X) P
(- 1)|x|w|( )lY\Ig(XZ)Ig(X Z)rt(Y)P.

Proof. By the Leibniz rule and V' preserving metric, we have
Vik((2)Y) = n(V52)Y + (-1)¥Zlg(Z, Vi P)Y + (-1)X W m(Z2)VkY,  (217)

Vk(8(Y,2)P) = g(VkY, Z)P + (-1)XIVlg(v, VRZ)P + (-1)BO 2 Xlg(y, z)vgig)
By (2.2), (2.8), (2.17) and (2.18) and some computations, we can get Proposition 2.15. . 0

3. SUPER WARPED PRODUCTS WITH A SEMI-SYMMETRIC METRIC CONNECTION

Let (M; = M x; N, g, = 181 + m{ (1) 3 82) be the super warped product with |g| =
|g1] = |g2| and |u| = 0. For simplicity, we assume that u = h? with |h| = 0. Let
VL# be the Levi-Civita connection on (Mj, gu) and VLM (resp. VLN be the Levi-Civita
connection on (M, g1) (resp.(N, £2)).
Lemma 3.1. For X,Y € Vect(M) and U, W € Vect(N), we have

X(h)

(VMY = VEMY, 2)viiu = =ou (3.1)

(3)Vhx (_1)u|x|X]<1h>ul (4)VE'W = —hgy(U, W)grad, h + VEVW.

Proof. By (2.1)and [X, V] = 0, we have gV(V;”Y,Z) = ¢1(VEMY, Z) and gy(Vi’VY, V)=
0, so (1) holds. Similarly, we have gy(Vi’” U,Y) =0and Zgy(Vi’” uv)= %gy(u, V),

s0 (2) holds by u = h2. By V1 having no torsion and (2), we have (3). By (2.1) and (2.5),
we have

28, (V'W, X) = —(=1)XIMHWDX () g (U, W) (3.2)
= —(—)XIHFVD gy (X, grad,, (1)) g2(U, W) = =g, (82(U, W)grad,, (1), X),
and g, (Vi'W,Uy) = g,(VENW, Uy) for Uy € Vect(N), so (4) holds. O
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Let RE# denote the curvature tensor of the Levi-Civita connection on (M, g,). Let R

(resp. RLN) be the curvature tensor of the Levi-Civita connection on (M, g1) (resp.(N, 2)).
Let Hl,(X,Y) := XY (h) — VMY (h), then H,(fX,Y) = fH,(X,Y) and H, (X, fY) =
(—1)fIXIFHE (X, Y). HE, is a (0,2) tensor.

Proposition 3.1. For X,Y,Z € Vect(M) and U, V,W € Vect(N), we have

(1)RM"(X,Y)Z = R*M(X,Y)Z, (2)RM(V,X)Y = —(—1)|V(|X+|Y|>HIXA(}ZMV, (3.3)

(3)RM(X,Y)V =0, (4)RM(V,W)X =0,

vV, W)

8u(
(B)RMM(X, V)W = — (=) XV INIHD S 2w (grad ),

(6)RM(V, W)U = R"N(V, W)U — (—1) V1IN g (W, 1) (grad,, 1) (1) V
+ (1)Ul (v, U) (grad,, 1) ()W.

Proof. (1) (1) comes from (1) in Lemma 3.1 and (2.2).

(2)By Lemma 3.1 and the Leibniz rule, we have

VEMY (1) XY (h)
I

v, —VEORY = (- VI 22y
(3.4)

v‘L/rP‘V;/HY = (=1)IVIIXI+D

By (2.2) and (3.4) and [V, X] = 0 and the definition of H? (X,Y), we get (2).

(3) By Lemma 3.1, we have V;’V VlL/’M V= %(h)v. So by (2.2) and the definition of [X, Y],
we get (3).
(4)By Lemma 3.1, we have

ViV = (—1)WIX [V(Xih))w + (—1)V|X|g’)v§"‘wy (3.5)

By (2.2) and V(@) = 0 and V1 having no torsion, we get (4).
(5)For Wy € Vect(N), we have by (4.12) in [7] and (4)
gu(RM (X, VYW, Wy) = (—1)IXHIVDIWHWiD o (RL# (W, W1) X, V) = 0 (3.6)
By Proposition 9 in [3] and (2), we have
u(RM (X, VIW,Y) = —(=1)WINlg, (RL*(X, V)Y, W) (3.7)
v H (hX, Y)

_ (=) WlIvD . (V, W),

By the definition of grad, () and VLM preserving the metric, we can get
g1(ViM(grady 1), Y) = (=) THY (X, ). (3.8)
So
V,W
gu(RM(X, V)W, Y) = —(—1)|X(|V+W|+|g)gy((%(h)vggM(gradglh),Y). (3.9)

By (3.6) and (3.9), we get (5).
(6) By (4), we have

gu(RM(V, W)U, X) = —(—1)XIUlg, (RE*(V, W)X, U) = 0. (3.10)
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By Lemma 3.1 and the Leibniz rule, we have

(grad,, 1) ()
8u(Vy" VU W) = g (VNN W) = (=)D g (W, )=
(3.11)
Then by (2.2) and (3.11), we have
gu(RM(V, W)U, Wy) = g, (RN (V, W)U, Wy) (3.12)
(grad, h)(h)
_ (_1)\v|(\u|+|w\)gy(wl U)+gy(V, Wi)
(grad, h)(h)
()M, (v, u) P8 g (W, W),
By (3.10) and (3.12), we get (6). 0
For X, Y, P € Vect(M; ), we define
VAY = V'Y + X - gu(Y, P) — gu(X, Y)P. (3.13)
For X, Y, P € Vect(M), we define
VMY = VEMY + X g1(Y,P) — g1(X, Y)P. (3.14)

By Lemma 3.1 and (3.13), (3.14), we have

Lemma 3.2. For X,Y, P € Vect(M) and U, W € Vect(N) and 71(X) = g1(X, P), we have
X(h

(VLY = VY, (2)ViUu = X(n)

h
@Vhx = ()X,

(4) VW = —hgy (U, W)grad, h+ V;NW — g, (U, W)P.

u, (3.15)

Lemma 3.3. For X,Y € Vect(M) and U, W, P € Vect(N), we have

, X(h
(1)VEY = VEMY — ¢1(X,Y)P, (2)ViU = Ig)u +X-g.(U,P), (3.16)

h
(3)V'X = (_1>u|><|](1>u,
(4) VW = —hga(U, W)grad, h+ Vi;"W + U - g (W, P) — g, (U, W)P.
By Proposition 2.1 and Proposition 3.1 and Lemma 3.1, we get by some computations

Proposition 3.2. For X,Y,Z, P € Vect(M) and U,V,W € Vect(N), we have

(1)Rvi(X,Y)Z = Rou(X,Y)Z, (3.17)
h
(2)Ren(V, X)Y = —(—1)VIIXL+Y) HM(hXY) (=) RIYlg, (v, TEMp)
+g1(X,Y)P§lh) + (X, Y)7(P) — n(X)m(Y)| V,

(3)Ryx(X,Y)V =0, (4)Ryx(V,W)X =0,
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(5)Ryr (X, V)W = — (=) XIIVIHHshg, (v, w) ;

+(=1)IXIHIPDIS] Pgih))m_ ViMP 4+ X - g1(P,P) — n(X)P]

When |g| = |P| =0, then

Ry (X, V)W = —(—1)‘X|(‘V|+|W‘)gV(V, W) ;
+p§1h)X +ViMP + X - g1 (P, P) - n(x)P} ,

(grady ) (h)
12

(6)Ryx (U, V)W = REN(U, V)W + | (—1)81IWI+Igh

+(_1)|P|<|w+g|>P§1h) L (_1)|P|(|W+8|)7T(p)]

. [(_1)|VHW| (—1)PlUlg, (1, W)V — (—1)HIVEIWD (1) PIVIg (v, W)ll]

P(h) P(h)
h h

(1) VIMg, (u, W) -

When |g| = |P| =0, then

V— (_1)\U|(\V|+|W\)gll(v’w) u,

(grad, 1) (h) Lo P)

_ pLN
Ry« (U, V)W = REN(U, VW + 5 3

+ 7t(P)

. [(—1)|V|‘W|gy(u, W)V — (—D)IUIVIEWDe (v, W)u} _
Similarly, we have

Proposition 3.3. For X,Y,Z € Vect(M) and U, V,W, P € Vect(N), we have

(1)Ry#(X,Y)Z = Ryru(X,Y)Z + (—1)X|Y|Y§lh)g;,(x,2)p (3.18)

_ X;’”)gy(y,z)P — (~1)X¥I+1Zhe (v, Z)m(P)X

+ (~)M7lgy (X, Z)m(P)Y,
(2)Ren (V, X)Y = _(_1)V|<X|+|Y>Hﬁ4<hmv
1) XWhgy(V, P)g1 (Y, grad, h)X
DIsENWVle (X, v)[VENP — hg>(V, P)grad, h]
1) VIAX|+YD) (X, Y)(P)V + (— 1)\g(X,Y)HV\g1(X,y)n(v)p,

(=
- (=
- (=

(1) (XHYDIVI (v )[Xéh)y_(_l)xwyglh)x]l

(3)Ryx(X,Y)V =

(4)Ryu(V, W)X = —(=1)XIWlhgy (v, P)g1(X, grad , k)W
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+ ()W (1) XVing, (W, P)g1 (X, grad, h)V,
v, W
(5)Res (X, V)W = —(<1) ¥ i) SV Gmgrag )
X(h
(= 1) IXFHVDIWI () XIW] ; ) e (W, P)V — (—1)XIVIg (W, VNP ]

_ (_1)\gy(V,W)HX|gV(VI W)Xgl)p _ (_1)\X|(\V|+|W\>gy(v, W) (P)X
+ (_1)(|X\+\VI)\WI(_1)|XHV\7T(W)7-[(V)X,
(6)Ryn (U, V>w = REN(U, V)W — (—)IHIIV WD gy (v, W) (grad,, 1) (U
~1)IVIWlg, (U, W) (grad,, h) () V
< 1) MY g, (W, T P)V — (—1)HVIgy (W, VN P)U]
+ (—D)HIVI(—1)ls@W)VIg (11, W) [VENP — hga(V, P)grad, h]
— (- 1)\8VW |\u|g (V, W)[VLNP hg, (U, P)grad h]
— ()M, (v, Wym(P)U + (—1)VIWig, (U, W) (P)V
( 1)\UHgyVW|g (V, W)r(U)P _(_1)|UHV\(_1)\g(U/W)|\V|gH(ulW)n(V)P
—1)UFVDIWL (W) [(= 1)UV (VU — (U V).

In the following, we compute the Ricci tensor of M;. Let M (resp N) have the (p, m)
(resp. (q,n)) dimension. Let 0,1 = {0xs,dza} (resp. 0,y = {d,»,d;5}) denote the natural
tangent frames on M (resp. N). Let Ricl# (resp. RictM, RicL Ny denote the Ricci tensor
of (My, gu) (resp. (M, &1), (N, g2)). Then by (2.4), (2.7) and (3.3), we have

Proposition 3.4. The following equalities holds

(DRicH(9,1,0,) = RicM(@.1,0.) — I gt 9.4, (3.19)

h
(2)Ric™* (9,1,9y1) = Ric**(9,,0,1) =0,

y]l
AL ( rad_h)(h
KOO | 80,

Let RicY" (resp. RiCVM) denote the Ricci tensor of (M, V¥, g,) (resp. (M, g1, VM)). Then
by Proposition 3.2 and (2.4), (2.6), we have

(3)RiCL"u (ayL,E)y;) = RiCL’N(ayL,ay]) — gy(ayL,ay;)[

Proposition 3.5. The following equalities holds

H}1(9,1,0
(DRicY" (3,1,0,4) = RicV" (9,1,0,) — (9 — n) M(h) (3.20)
1 1
t 5 (= 1)1kl g1 (9,0, V3 VP) + 581(8u1, V57 P)
P(h
810,00 7 4 61(5,1,0,)1(P) — (o) w(0,0) |

(2)RicY" (9,1,9,1) = RicV" (9,1,0,1) =0,

y//
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When |g| =|P| =0, then

3)RicV"(9,1,9,7) = Ric"N(9,.,0 9,1,0 25 ()
( ) 1C (yLI y])_ 1C (yLl yf)_g]l( yLs y])[

h
grad h)(h

+(p+g—m—n—2)1(P)].

+ DivM(P)

P(h
—|—(2q+p—m—2n—2)(h)

4. SPECIAL SUPER WARPED PRODUCTS WITH A SEMI-SYMMETRIC METRIC CONNECTION

In this section, we construct an Einstein super warped product with a semi-symmetric
metric connection. Let (N, ¢,) be a super Riemannian manifold and R(1?) be the
real line. Let i(t) and u(t) = h(t)? be non-zero functions for t € R. Let |g2| = 0. We
consider the super Riemannian manifold M; = R0 Xy N (@) and gu = —dt@dt +
h?¢>. Let P = 9;. Then Ryx(9;,9;)9; = 0 and RicV" (0¢,0¢) = 0. We have H;l/[(at,at) =h",
grad, (h) = —h'0; and Ag (h) = —h". By (3.20), we have

Proposition 4.1. The following equalities holds

o K n
(1)RicY" (3, 9¢) = —(g - m) (G =) 1)
(2)Ric"" (3,9,)) = Ric"" (3,1,3;) = 0,
(3)RinH (ayL,ay]) = RiCL’N(ayL, y]) - g},(éyL,Gy;)
h/l (h/)Z h/

e =g n=D) S+ -2 - — (g n 1))
We call that (M, g, V) is Einstein if
RicV"(X,Y) = Agu(X,Y) (4.2)
for X,Y € Vect(M;) and a constant A. As in the ordinary warped product case (see
Theorem 15 in [10]), by (4.1) and (4.2), we have

Theorem 4.1. Let M; = RM0 x " NG gnd gy = —dt @dt +h?>g, and P = 9;.Then
(M, gu, V) is Einstein with the Einstein constant A if and only if the following conditions are
satisfied

(1) (N@"), 7LNY is Einstein with the Einstein constant cq.

(2)

(q=m)(7-—7) =24 (4.3)
(3)
A —1'h— (g —n—1)(W)*+ (29 —2n — D)hW — (g —n — 1)h* = cy. (4.4)

By Theorem 4.1, similar to the ordinary warped product case (see Theorem 25 and The-
orem 26 in [10]), we have

Theorem 4.2. Let M; = R(10) Xy NG and gu = —dt@dt + h2g2 and P = 0;. We assume
that g —n = 1. Then (M, gy, V*) is Einstein with the Einstein constant — A if and only if the
following conditions are satisfied

(1) (N@"), 7LNY is Einstein with the Einstein constant cg = 0.
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14, /1—4A, 1—4/1-4A
(2-1) Ao < L, f(t)=cre oy F et

(22 Ao =, f(t) =cre2' + cated,
(2-3) /\0 > l, t) = Cle%tCOS @t + Cze%tsin @t ,
4 Pl 5

Proposition 4.2. Let My = R(10) Xy N gnd g = —dt®@dt + h2goand P = 9;. We
assume that q —n = 0. Then (M, §,, V*) is Einstein with the Einstein constant —A if and
only if the following conditions are satisfied

(1) (N, LNY is Einstein with the Einstein constant —cy.

(2)Ag =0,

(3) co—hh" + W2+ h? —hh' =0

Theorem 4.3. Let My = R0 x,, NO" and ¢, = —dt @ dt + h®gand P = 9;. We as-
sume that g —n # 0,1. Then (M, g,, V) is Einstein with the Einstein constant —A if and
only if A\g = 0 and h = c1e! + ¢y and (N(q""), VLNY is Einstein with the Einstein constant
(g—n—1)c.

Nextly, we give another example. Let M = R(?) with coordinates (t,& 7) and |t| =
0, [¢] =|y| =1. We give ametric g1 = —dt ® dt +d{ ® dy —dny @ d¢ on M i.e.

gl(at,at) = —1, gl(ag,a,ﬁ = —1, g1(8,7,a¢) = 1, gl(axl,axK) = 0, (45)

for the other pair (d,1,0,x). Let Mo = R x, N0 and g, = g1 + h(t)?g, and P = 0.
By Proposition 7 in [3], we have the Christoffel symbols F}I = 0, then

nglaxK =0, R-1(X,Y)Z =0, Ric$!(X,Y) = 0. (4.6)

We have
HY (9;,0,) =K', HY(9,/,0,x) =0, for the other pair (d,1,9«). 4.7)
grad, (h) = —h'0, Ay (h) = —h". (4.8)

By Proposition 3.4 and the Einstein condition, we have

Theorem 4.4. Let M, = R(1:2) Xy N@n) gnd g = 81+ h?goand P = ;. Then (M, g, V)
is Einstein with the Einstein constant A if and only if one of the following conditions is satisfied
(DA =0,q=n,(N@",VEN) is Einstein with the Einstein constant —co and hh' — h'? = cq.
(2)A =0,qg—n—1=0, (N@", VLN is Einstein with the Einstein constant 0 and h =
c1t + ¢p where cq, ¢ are constant.

BA=0g—n—-1#0-1, (N(”/'”), VLNY is Einstein with the Einstein constant —cy and

h=4=4 qfr?ilt + 2, qfr?fl > 0.

By (2.16) and (4.6), we can get

V]R(LZ) RrR(12)

(9z,0y)9z = RV (3y,9)dz = 0g, (4.9)
1,2)

r(12) R(L
RY (aéfan)an =RY (8,7,85)8,7 = —8,7,
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(12) Rr(12)

RV (9g,9)a, = —23;, RV " (3,,9,)9; = 29,,

12)

RY" 7 (3,),0,4)0, =0,
for other pairs (9,7, 9,x,9,.). By (2.4) and (4.9), we have

RrR(12) (12)

(1,2)
RicV"" (9g,3,) = —Ric™" (3,,8;) =3, Ric™" (9y,0,) =0,  (4.10)

for other pairs (9,7, 9,1).
If (M2, g, V") is Einstein with the Einstein constant A, by (3.20) and (4.10), we have

h// hl h/
(@-m)(G = 2) = A 3= (g-m)(~7 +1) = —A @)
Solving (4.11), we get
he eVt A3 g i 3 3 5y (4.12)
g—n gy—n g—n

By (3.20) (3) and the Einstein condition, we get (N (am) LN ) is Einstein with the Einstein
constant ¢y and

AP —W'h— (g —n—1)()? + (29 — 2n — 3)hk' — (g — n — 3)h* = cy. (4.13)

By (4.12) and (4.13), we get g —n —3 = 0 and h is a constant and A = 0 and cp = 0. So
we have

Theorem 4.5. Let M, = R(12) Xy N@") gnd g = g1 + h2goand P = 0. Then (M, g, V)
is Einstein with the Einstein constant A if and only if A = 0, h = ¢c;, q—n—3 = 0and
(N(@n), 7LNY is Einstein with the Einstein constant 0.

Acknowledgments. The author was supported in part by NSFC No.11771070.

REFERENCES

[1] Alias, L. Romero, A. Sanchez, M. Spacelike hypersurfaces of constant mean curvature and Clabi-Bernstein
type problems. Tohoku Math. J. 49 (1997): 337-345.
[2] Bishop, R. O'Neill, B. Manifolds of negative curvature. Trans. Am. Math. Soc. 145 (1969): 1-49.
[3] Bruce, A. Grabowski, J. Riemannian structures on Z-manifolds. Mathematics. 8 (2020): 1469.
[4] Dobarro, F. Dozo, E. Scalar curvature and warped products of Riemannian manifolds. Trans. Am. Math. Soc.
303 (1987): 161-168.
[5] Ehrlich, P. Jung, Y. Kim, S. Constant scalar curvatures on warped product manifolds. Tsukuba J. Math. 20
(1996): 239-265.
[6] Gholami, F. Darabi, F. Mohammadi, M. Varsaie, S. Roshande, M. Einstein equations with cosmological
constant in Super Space-Time. arXiv: 2108.11437.
[7] Goertsches, O. Riemannian supergeometry. Math. Z. 260 (2008): 557-593.
[8] Hayden, H. Subspace of a space with torsion. Proc. Lond. Math. Soc. 34 (1932): 27-50.
[9] Sular, S. Ozgur, C. Warped products with a semi-symmetric metric connection. Taiwanese J. Math. 15 (2011):
1701-1719.
[10] Wang, Y. Multiply warped products with a semisymmetric metric connection. Abstr. Appl. Anal. (2014): Art.
ID 742371, 12 pp.
[11] Yano, K. On semi-symmetric metric connection. Rev. Roumaine Math. Pures Appl. 15 (1970): 1579-1586.

69



Yong Wang

SCHOOL OF MATHEMATICS AND STATISTICS
NORTHEAST NORMAL UNIVERSITY
CHANGCHUN, 130024, CHINA.

Email address: wangy581@nenu. edu.cn

70



