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*-SOLITONS ON LORENTZIAN KENMOTSU SPACE FORM

SIBSANKAR PANDA, KALYAN HALDER, AND ARINDAM BHATTACHARYYA

ABSTRACT. In this article, we have studied the nature of *-Ricci soliton, *-conformal
Ricci soliton, *-conformal #-Ricci soliton, generalized *-Ricci soliton, generalized *-conformal
Ricci soliton, generalized *-conformal #-Ricci soliton on Lorentzian Kenmotsu space form
with respect to Levi-Civita connection and with respect to generalized Tanaka connec-
tion. We obtained the value of non-dynamical scalar field p of *-conformal Ricci soli-
ton, *-conformal #-Ricci soliton, generalized *-conformal Ricci soliton and generalized
x-conformal 77-Ricci soliton on which nature of solitons depend, whether it is shrinking,
steady or expanding.

1. INTRODUCTION AND MOTIVATIONS

A class of contact Riemannian manifolds which satisfy some special conditions have
been studied by K. Kenmotsu [6] is known as Kenmotsu manifolds. A Kenmotsu mani-
fold together with a Lorentzian metric is called Lorentzian Kenmotsu manifold [12]. If a
Lorentzian Kenmotsu manifold has constant ¢-holomorphic sectional curvature, then it
is called Lorentzian Kenmotsu space form.
Tanaka [10] and, independently Webster [17] defined the canonical affine connection
on a nondegenerate, integrable CR manifold. Tanno [15] generalized this connection
extending its definition to the general contact metric manifold which called generalized
Tanaka—Webster connection or generalized Tanaka connection.
In 1982 Hamilton [13] introduced the concept of Ricci flow and proved its existence. The
Ricci flow equation is given by

98

5 -2S§ (1.1)
on a compact Riemannian manifold M with Riemannian metric g, where S is the Ricci
tensor. A self-similar solution to the Ricci flow (1.1) is called Ricci soliton which moves
under the Ricci flow simply by diffeomorphisms of the initial metric, that is, they are
stationary points of the Ricci flow in space of metrics on M. A Ricci soliton is a general-
ization of an Einstein metric. The Ricci soliton equation is given by

Lxg+2S =2)\g (1.2)
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where L is the Lie derivative, S is the Ricci tensor, ¢ is Riemannian metric, X is a vector
field and A is a scalar. The Ricci soliton is said to be shrinking, steady, and expanding
according as A is positive, zero and negetive respectively.

Fischer during 2003-2004 developed the concept of conformal Ricci flow [2] which is a
variation of the classical Ricci flow equation that modifies the unit volume constraint of
that equation to a scalar curvature constraint. The conformal Ricci flow on M is defined

by [2]

9g 8 _
§+2(S+E) = —pg (1.3)
where R(g) = —1 and p is a non-dynamical scalar field(time dependent scalar field),

R(g) is the scalar curvature of the n-dimessional manifold M.
In 2015, N. Basu and A. Bhattacharyya [1] introduced the notion of conformal Ricci soli-
ton and the equation is as follows

Lxg+2S = [ZA — (p + i)} g (1.4)

where A is a scalar.
Cho and Kimura [5] introduced the notion of #-Ricci soliton in 2009, as follows

Lezg+25=2Ag+2un®m, (1.5)

for some constants A and y, where ¢ is a soliton vector field and 7 is an 1-form on M.
In 2018, Siddiqi [8] introduced the notion of conformal 7-Ricci soliton, given by

2
ng+25+[2)\—<p+n>}g+2w7®17:0, (1.6)

for some constants A and u, where ¢ is a soliton vector field and # is an 1-form on M.
where L is the Lie derivative along the vector field ¢, p is a scalar non-dynamical field
(time dependent scalar field) and 7 is the dimension of manifold.

Tachibana[14] and Hamada[18] introduced the notion of *-Ricci tensor on almost Her-
mitian manifolds and on real hypersurfaces in non-flat complex space respectively and
then in 2014, Kaimakamis and Panagiotidou[4] introduced the notion of *-Ricci soliton
on non-flat complex space forms and the equation as

Lyg+25* +2\g =0, (1.7)

where $*(X,Y) = 3 [trace{¢ o R(X, Y)}] for all vector fields X, Y on M and ¢ is a (1,1)-
tensor field.
In 2022, the authors[16] have defined the *-conformal 7-Ricci soliton on a Riemannian
manifold as

2
£§g+25*+[2A—<p+n>}g+2m®n:0. (1.8)

In 2016, Nurowski and Randall [11] introduced the concept of generalized Ricci soliton
as a class of over determined system of equations

Lyg = —2aV*® V* +2bS +2Ag, (1.9)
g S

where Ly gand V# denote, respectively, the Lie derivative of the metric g in the directions
of vector field V and the canonical one-form associated to V, and some real constants
a,b,and A. Levy [7] acquired the necessary and sufficient conditions for the existence of
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such tensors. In 2018 M.D. Siddiqi [9] have studied generalized Ricci solitons on trans-
Sasakian manifolds.

Analogous to above equations, we define the generalized *-Ricci soliton, generalized
x-conformal Ricci soliton and generalized *-conformal #-Ricci soliton as follows:

Definition 1.1. A Riemannian manifold (M, g) of dimension n is said to admit generalized
x-Ricci soliton if
Lyg = —2aV* © V¥ +2bS* +2Ag. (1.10)

where V € T(TM) and Lyg is the Lie-derivative of ¢ along V and V* the canonical one-form
associated to V and a, b, A are some constants.

Definition 1.2. A Riemannian manifold (M, g) of dimension n is said to admit generalized
x-conformal Ricci soliton if

Lyg— [m— <p+i>] g+2aV* © V* +2bS* = 0. (1.11)

where V € T(TM) and Lyg is the Lie-derivative of g along V and V* the canonical one-form as-
sociated to V and a, b, A are some constants and p is a scalar non-dynamical field (time dependent
scalar field).

Definition 1.3. A Riemannian manifold (M, g) of dimension n is said to admit generalized
x-conformal y-Ricci soliton if

Lyg — [ZA — (p - i)} g+2aV*© V* +2bS* + 2un(X)n(Y) = 0. (1.12)

where V € T(TM) and Lyg is the Lie-derivative of ¢ along V and V* the canonical one-form
associated to 'V and a,b, A, u are some constants and p is a scalar non-dynamical field (time
dependent scalar field).

In this article, we first prove some results on Lorentzian Kenmotsu manifold and derive
its curvature tensor and Ricci tensor on Lorentzian Kenmotsu space form with respect
to Levi-Civita connection in section-3. In section-4, we consider generalized Tanaka con-
nection on Lorentzian Kenmotsu space form and proved some results on its curvature
tensor and Ricci tensor. We have studied the nature of *-Ricci soliton, *-conformal Ricci
soliton, *-conformal #-Ricci soliton, generalized *-Ricci soliton, generalized *-conformal
Ricci soliton, generalized *-conformal 7-Ricci soliton on Lorentzian Kenmotsu space
form with respect to Levi-Civita connection in section-5. In section-6, all the above
mentioned solitons in section-5 have been studied on Lorentzian Kenmotsu space form
with respect to generalized Tanaka connection and obtained the conditions for which the
above solitons are expanding or steady or shrinking.

Before proving the main results the following properties are required for the next section.
Let M be a (21 + 1) dimensional (denoted by M?'*1) manifold having almost contact
structure (¢, ¢, 1,9) i.e.,

n(@) =1 ¢*=-1+n1®¢& ¢(&) =0, 709 =0. (1.13)

where ¢ is a (1, 1)-tensor field, ¢ a contravariant vector field, 77 a covariant vector field.
A Lorentzian metric g is said to be compatible with the structure (¢, ¢, 7, g) if

8(eX, 9Y) = g(X,Y) +n(X)n(Y). (1.14)
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If the manifold M?"*! equipped with an almost contact structure (¢, ¢, 7, ) and a com-
patible Lorentzian metric g, is called Lorentzian almost contact metric manifold.
Note that equations (1.13) and (1.14) imply

§(X,¢) = —n(X) and g(4,¢) =1 (1.15)
Also, equations (1.14) implies
8(X, 9Y) = —g(¢X,Y). (1.16)

Recall the four tensors NI, N2 N©®) and N™® in almost contact manifold, which are
defined by

NW(X,Y) = [9,9)(X,Y) +2d7(X, V)¢,
N@(X,Y) = (Loxn)Y — (Loyn)X,
NO(X) = (Leg)X,
N (X) = (Lep)X.
An almost contact manifold is normal if and only if N(!) = 0.

Proposition 1.1. [3] For an almost contact manifold N = 0 implies N?) = N®) = N =
0.

In almost contact Lorentzian manifold (M?"*!, ¢,&,7,¢), the fundamental 2-form @ is
defined as
P(X,Y)=g(X,9Y) forall X,Y e X(M).

An almost contact metric manifold (M?"*1, ¢, &,7,¢) is Kenmotsu [3] if and only if it is
normal and
dd =2y A D, dy=0. (1.17)
2. MAIN RESULTS

In this section we present the main results related to the paper.

2.1. Lorentzian Kenmotsu space forms with respect to Levi-Civita connection. In this
subsection we proved some results on Lorentzian Kenmotsu manifold and derived its
curvature tensor on Lorentzian Kenmotsu space forms with respect to Levi-Civita con-
nection.

Proposition 2.1. Let (M?>"*1, ¢, &, 1, ) be a Lorentzian almost contact metric manifold and V
being Levi-Civita connection, then

2¢ ((Vx@)Y,Z) =3dd(X, Y, 9Z) —3dD(X,Y,Z) + g (N(l)(Y,Z), goX)
—N®(Y, Z)y(X) = 2dy(Y, X)1(Z) + 245 (9Z, X)y(Y).  (2.1)

Proof. The proof follows for almost contact Riemannian manifold (see [3]), using the
properties (1.14), (1.15) and (1.16) for Lorentzian manifold. ]

Theorem 2.1. Let (M?"*1,¢,&,7,¢) be a Lorentzian Kenmotsu manifold with Levi-Civita con-
nection V, then

(Vx@)Y = —n(Y)pX + g(X, 9Y)¢. (2.2)

38



*-Solitons on Lorentzian Kenmotsu space form

Proof. Using equations (1.13), (1.14), (1.15), (1.16), (1.17) and the normality condition in
the equation (2.1), we get the result. O

From (1.13) and (2.2), we have

Vx¢ =X —n(X)¢, (2.3)
and from (1.13), (2.3)
(Vxn)Y = —g(9X, ¢Y). (2.4)

Lemma 2.1. Let (M, g) be a Lorentzian Kenmotsu manifold with Levi-Civita connection V and
R its curvature tensor. Then

(1) R(X,Y)pZ — pR(X,Y)Z

=8(X,2)pY —g(Y,Z)pX + g(9¢X, Z)Y — g(9Y, Z) X. (2.5)
) R(¢X,9Y)Z —R(X,Y)Z
=8(X,2)Y —g(Y,Z)X + g(9Y, Z)pX — g(¢X, Z) pY. (2.6)

Proof. (1) The Ricci identity gives us:
vaygl)z — VyVX(pZ — V[X/Y]Q)Z = R(X, Y)(pZ.

This implies

R(X,Y)pZ—¢pR(X,Y)Z
= Vx[(Vye)Z] = Vy[(Vx9)Z] + (Vx@)VyZ — (Vy9)VxZ — (Vix v)9)Z
Using (2.2), (2.3) and (2.4), we get
R(X,Y)pZ — R(X,Y)Z
=8(X, Z)pY —g(Y, Z)pX + g(9X, 2)Y — g(9Y, Z) X.

(2) Taking inner product of the equation (2.5) with W and then by standard calcu-
lation we get the result (2.6).
O

Theorem 2.2. Let (M, g) be a Lorentzian Kenmotsu manifold with Levi-Civita connection V.
Then M has constant @-holomorphic sectional curvature c if and only if

c+3

R(X,Y)Z = g(X,Z2)Y —g(Y,Z)X]

+5 ; ! {In(X)Y =n(V)X]n(2) = [g(X, Z)n(Y) — g(¥, Z)n(X)]¢

—8(@Y, Z)pX + g(¢X, Z)pY +28(¢X,Y)pZ}. (2.7)

Proof. From (2.5), we have
S(R(X, 9Y)X, 9Y) — g(R(X, Y)Y, 9X) = g(X,Y)* — g(¢X, ¥)* + g(X, X)g(Y, Y).

(2.8)
Which implies
g(R(X, 9X)X, ¢Y) = g(R(X, 9X)Y, pX). (29)
For any vector field X and Y in X(M), we have
g(R(X, X)X, 9X) = —cg(X, X)*. (2.10)
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Replacing X by X + Y in (2.10), we see
—c[28(X,Y)? +23(X, X)g(Y, Y) +23(Y, Y)g(X, Y) + g(X, X)g(Y, Y)]

1
= J8(R(X+Y,9X +9Y) (X +Y), X + g¥) + Z[g(X, X) + g(¥, V).
Using equations (2.5), (2.6), (2.8), (2.9), Bianchi identity and after along and rigorous
calculations, we prove the theorem. O
From (2.7), we have the Ricci tensor:
n(c+3)—4
) (X (Y). @11)

A Lorentzian Kenmotsu manifold M?"*! having constant p-holomorphic sectional cur-
vature c is called a Lorentzian Kenmotsu space form and denoted by M?*1(c).

S(X,Y)=— 2(X,Y)—

n(c—1)
2

2.2. Lorentzian Kenmotsu space form with respect to generalized Tanaka connection.
For an (2n + 1)-dimensional Lorentzian Kenmotsu manifold M with almost contact
structure (¢, ,7,g), the relation between generalized Tanaka connection V and Levi-
Civita connection V is given by

VxY = VxY +1(X)gY + (Vxn) (Y)§ —7(Y)VxE (2.12)
By (2.3) and (2.4),

VxY = VxY +7(X)9Y - g(9X, 9Y) +1(Y)9*X (2.13)
Putting Y = ¢ in (2.13),

V¢ = VxC +1(X)9Z +3(X, 95)& —1(5) Vg
By (2.3),
V€& =0. (2.14)
Now,
(Vxn)Y = Vxn(Y) = (VxY)
Using (2.4) and (2.13),
(Vxn)Y =0. (2.15)
And
(Vxg)(Y, Z) = g(VxY,Z) +g(Y,VxZ).
By (2.13),
(Vxg)(Y,Z) = 0. (2.16)
Thus we can sate the following theorem

Theorem 2.3. In a Lorentzian Kenmotsu manifold, the structural vector field, contact 1-form
and metric are parallel with respect to the generalized Tanaka connection.

Using (2.13),

(Vx(p)Y = Vx(pY - (p(VXy) =0.
The curvature tensor of Lorentzian Kenmotsu manifold with respect to the generalized
Tanaka connection is given by

R(X,Y)Z =VxVyZ —VyVxZ —VxyZ =R(X,Y)Z+g(X,Z)Y —g(Y,Z)X (2.17)
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and
S(X,Y)=5(X,Y)—2(n—1)g(X,Y)
If M has constant ¢-holomorphic sectional curvature c, then by (2.7) and (2.17) we get

R(X,Y)Z = CZ3 9(X, Z)Y — g(Y, Z)X] + S

{In(X)Y =n(¥)X]n(2) - [8(X, Z)n(Y)

—8(Y, Z)n(X)]¢ — (@Y, Z)pX + (X, Z)pY +28(¢X, Y)9pZ} + g(X, Z)Y — g(Y,é)ng)
and '

$(X,Y) = —”(CZ_ D o(0X, gY) — 4(n — 1)g(X, Y). (2.19)

2.3. *-Ricci tensor on Lorentzian Kenmotsu space form with respect to Levi-Civita
connection. In this subsection we derived the *-Ricci tensor in Lorentzion Kenmotsu
space form with respect to Levi-Civita connection.

Theorem 2.4. In a Lorentzion Kenmotsu space form with respect to Levi-Civita connection, the
*-Ricci tensor

S*(X,Y) = ”(‘:_41)+2g((px, PY). (2.20)

Proof. Putting Z = ¢Z in (2.7),

R(X,Y)9Z = 2 5(X,92)Y — (¥, 92)X

XY — g (M)Xn(92) ~ [8(X, 9Z)n(Y) ~ (Y, Z)y(X)]é
—3(9Y, 9Z)9X + &(¢X, 9Z) @Y +28(¢X,Y)9*Z}.

Taking inner product of above equation with W and contracting X and W, and then
using definition we get the result. O

_|_

Corollary 2.1. In a Lorentzion Kenmotsu space form with respect to Levi-Civita connection,
S*(X,¢) = 0. (2.21)
Now we can define *-#-Einstein manifold as follows:

Definition 2.1. A manifold M is said to be x-n-Einstein if there exists certain 0,6 € C®(M)
such that

S (X, Y) =0g(X,Y) +on(X)n(Y), (2.22)
forall X,Y € X(M).
Lemma 2.2. If a Lorentzian Kenmotsu space form (M, 1, ¢,¢,g) with respect to Levi-Civita

connection V is ¢-Ricci semi-symmetric ie. R(E,X)-S = 0, then g(X,Y) = —n(X)n(Y)
where S is Ricci tensor.
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Proof. From R(¢, X) - S = 0, we have
S(R(&,X)Y,Z)+S(Y,R(¢,X)Z) =0.

~n(c+3)—4

DA erie x)v,2) - "y (R x)10(2)
Doy v x)2) - My n(RE 02) =0
n(c—1)

5 () (X)n(Z) + (X, Y)n(Z) +5(Z)n(Y)n(X) +n(Y)g(X, 2)] = 0
Putting Z = ¢,
8(X,Y) = —n(Y)n(X).

2.4. *x-Ricci soliton with respect to Levi-Civita connection.

Theorem 2.5. A Lorentzion Knemotsu space form (M, 1,9, &, g) with respect to Levi-Civita
connection V admitting *-Ricci soliton is *-n-Einstein.

Proof. By the definition of *-Ricci soliton, we get

(£e8)(X,Y) +257(X,Y) +2A8(X,Y) = 0,
or, S*(X/ Y) = —Ag(X, Y) - g(X/ Y) - ﬂ(X)i’](Y),
or, SY(X,Y)=-(A+1)g(X,Y)—n(X)n(Y).
This shows that the manifold is *#-Einstein. U

Theorem 2.6. If a Lorentzian Kenmotsu space form (M, n, ¢, ¢, g) with respect to Levi-Civita
connection V admits *-Ricci soliton and is -Ricci semi-symmetric, then the soliton is steady.

Proof. From the equation of *-Ricci soliton, we have

L:8(X,Y)+25"(X,Y) +2A8(X,Y) =0

By (2.3),
S*(X,Y)+Ag(X,Y)=0

From(2.20),we get

nic—1)+2

= 2 96, Y) + p(X)n()] + 25(X,Y) =0
Applaying Lemma (2.2),

A=0

Thus, the soliton is steady. 0

42



*-Solitons on Lorentzian Kenmotsu space form

2.5. x-Conformal Ricci soliton with respect to Levi-Civita connection.

Theorem 2.7. A Lorentzion Kenmotsu space form (M, 1, ¢,¢,g) with respect to Levi-Civita
connection admitting x-conformal Ricci soliton is *1-Einstein.

Proof. The equation of *-conformal Ricci soliton given by

(Lyg)(X,Y) +25*(X,Y) + [u— (p+ )} (X, Y)=0

2n+1

Since (M, 1, ¢, ¢, g) is a *-conformal Ricci soliton, we have

S(VeX,Y) +g(X, VYY) +255(X,Y) + {2)» —(p+ )} g(X,Y)=0

2n+1
By (2.3),

2¢(X,Y) +27(X)n(Y) +25*(X,Y) + [zA —(p+ )} 2(X,Y) =0.

2n+1
Or, S*(X,Y)=Ag(X,Y)+ By(X)n(Y)

Where A = 1(p+ 527) — 1 — A and B = —1, and hence the space form is *U-Einsteirﬁ

Theorem 2.8. If a Lorentzian Kenmotsu space form (M, n, ¢, ¢, g) with respect to Levi-Civita
connection admits *-conformal Ricci soliton and is ¢-Ricci semi-symmetric. Then the soliton is
expanding or steady or shrinking according as p < —ﬁ orp = —%H orp > —ﬁ.

Proof. From the equation of *-conformal Ricci soliton equation, we have

)] s o

(L:9)(X,Y) +25*(X,Y) + [2A - (p + 51

or, g(X,Y) +n(X)n(Y) +S*(X,Y) + [A _ % <p + ﬂ 2(X,Y) = 0.

2n+1
From(2.20),we get

g, 1)+ (X)) + "2 (o0 v) 1y (x)n(v)

- [A—; <p+2nz+1>] g(X,Y) =0.

Applying Lemma (2.2),

[)‘_; (P+2n2~|—1>] $(X.Y) =0

r)x—1 + 2
ouA=S\P T

Thus, the soliton is expanding or steady or shrinking according as p < —ﬁ orp =

2 2
1 TP > — 3 O
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2.6. x-Conformal 7-Ricci soliton with respect to Levi-Civita connection.

Theorem 2.9. A Lorentzion Kenmotsu space form (M, 1, ¢, ¢, g) with respect to Levi-Civita
connection admitting x-conformal 1-Ricci soliton is x1-Einstein.

Proof. By the definition of *-conformal 7-Ricci soliton ,we get

(L28)(X,Y) +25*(X,Y) + [m —(p+ >] $(X,Y) + 2un(X)n(¥) = 0

2
2n+1
By (2.3),

290X Y) + 20(X)n(Y) +25° (X 1) + 22 = (p+ 5.50)] 61X, ) + 2 (X)) =

2n+1

Or, S*(X,Y)=Cg(X,Y)+ Dy(X)n(Y)

Where C = 3(p+ 525) —1—Aand D = —1 — j, and hence the space form is -
Einstein. U

Theorem 2.10. If a Lorentzian Kenmotsu space form (M, 1, ¢, ¢, ) with respect to Levi-Civita
connection admits *-conformal n-Ricci soliton and is C—Ricci semi-symmetric. Then the soliton
is expanding or steady or shrinking according as p < —52+ T 2uorp = — 2 1 — 2u or

P>~ — 2

Proof. From the equation of *-conformal #-Ricci soliton equation, we have

(L) (X, Y) 425" (X, 1)+ 22 (p+ 22| €K, Y)+ 2 (X)) =0

on, §(XY) +7(0R(Y) + 8" (X, Y) + [ = 50+ 5.2) | 8 1) + (X (Y) =0

2n+1
From(2.20),we get
g(x,¥) + 0000 + V2 000 v) 1y (x0n(1)
A g )| S+ () =0
Applying Lemma (2.2),

or,A = + ! + 2
P2 \P T an+1
Thus, the soliton is expanding or steady or shrinking according as p < —52+ i
p=- 2n+1 —2uorp > W—Z}L U

— 2y or
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2.7. Generalized *—Ricci soliton with respect to Levi-Civita connection.

Theorem 2.11. If a Lorentzian Knemotsu space form (M, 1, ¢, &, ) with respect to Levi-Civita
connection admits generalized x-Ricci soliton, then the soliton is is expanding or steady or shrink-
ing accordingasa > 0ora = 0ora <0.

Proof. In the equation (1.10), taking V#(X) = ¢(X, V). Then it becomes
Lyg(X,Y)=-2a3(X,V)g(Y,V)+2bS*(X,Y) +2Ag(X,Y). (2.23)
This implies
g(VxE,Y) 4+ 8g(X, Vy¢) = —2an(X)n(Y) +2bS*(X,Y) + 2Ag(X,Y).

By (2.3),
2(@X, oY) +an(X)n(Y) —bS*(X,Y) — Ag(X,Y) = 0. (2.24)
Putting Y = ¢, then
an(X) —bS(X,¢) + Ay(X) =0.

Using (2.21)
(a+A)n(X) =0.
This implies
A= —a. (2.25)
The equation (2.25) shows that, the soliton is is expanding or steady or shrinking accord-
ingasa>0ora=0o0ra <0. 0J

Theorem 2.12. If a Lorentzian Knemotsu space form (M, 1, ¢, ¢, g) with respect to Levi-Civita
connection admits generalized -Ricci soliton and V is is pointwise colinear vector field with ¢.
Then V is constant multiple of G.

Proof. Let V.= ¢, where ¢ is a function on the Lorentzian Knemotsu manifold. Then
from the equation (1.10), we have

g(Vx0& YY)+ g(X, Vyo&) = —2ac?n(X)n(Y) +2bS* (X, Y) +2Ag(X, Y).
By (2.3) we get
208(9X, ¢Y) = (Xo)y(Y) = (Yo)(X) = =2an(X)n(Y) +2bS"(X,Y) +2A8(X,Y).
Putting Y = ¢ and using (2.21),
~(X0) — (Eo)n(X) = —2a0%(X) — 2An(X). (226)
Putting X = ¢,
Eo = ac® + \. (2.27)
From (2.26) and (2.27), we have
Xo = (ac® + A)(X).
Or, do = (ac® + A)7.
Applying d on above equation,
2a0(do)ny + (ac® + A)dy = 0.
Or, 2ac(do)y = 0.
This shows that, either a = 0 or ¢ is constant. ]
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2.8. Generalized *-conformal Ricci soliton with respect to Levi-Civita connection.

Theorem 2.13. If a Lorentzian Knemotsu space form (M, 1, ¢, ¢, g) with respect to Levi-Civita
connection inherits generalized *-conformal Ricci soliton, then the soliton is expanding or steady

or shrinking according as p < 24 — 2~ or p = 24 — 2~ or p > 2a —

2
2n-+1 2n+1 2n+1°

Proof. We Consider V#(X) = ¢(X, V) in the equation (1.11). Then we get
Lyg(X,Y) — [2)\ - <p + 2712%—1” (X, Y) +2aV*(X) © V*(Y) +2bS*(X,Y). (2.28)

This implies

S(VxEY) +g(X, Vy&) - [ZA— (p+

By (2.3),

28(¢X, @Y) — {M— <P+ 1

Putting Y = ¢ and using (2.21), we get

2n + 1)] (X, Y) +2an(X)y(Y) +205*(X,Y) = 0.

)] (X, Y)+2an(X)n(Y) +2bS*(X,Y) =0. (2.29)

A= % <p+ 2n2+ 1) —a. (2.30)

O

Thus, the soliton is expanding or steady or shrinking according as p < 2a — ﬁ or
p=2a—ziiorp>2a— 5.

Theorem 2.14. If a Lorentzian Knemotsu space form (M, 1, ¢, ¢, g) with respect to Levi-Civita
connection inherits generalized x-conformal Ricci soliton and V' is is pointwise colinear vector
field with . Then V is constant multiple of G.

Proof. Let V = ¢, where o is a function on M. Then equation (1.11) implies
2
(Vx00), V) 45X, VoloD) - |22 - (p+ 551 ) [ sx)

+2a0?n(X)5(Y) +2bS*(X,Y) = 0.

Using (2.3),
2
203(9X,9¥) ~ (X)n(¥) — (¥0)y(0) - [22 = (p+ 5.2 )| (0, 1)

_l’_
+2a0?(X)n(Y) +2bS*(X,Y) = 0.
Replacing Y by ¢ and using equation (2.21), we get

2n

—(Xo) — (Go)n(X) + [2/\ - <p t5. n 1)] 17(X) + 2a0?y(X) = 0. (2.31)
Putting X = ¢ in (2.31),
§a=a02+[)\—;<p+2n2+1>] (2.32)
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Using (2.32) in (2.31),

Xo = [a02+ [A—; <p+ 2”24‘1>H 17(X).
1 2

or, do = [ar?+ A= 3 (p+ 5.2 )| |

Applying d on the above equation we get,

ot 5[ o o) o

Since diy = 0, we have

Or, 2ac(do)y = 0.
This shows that, either a = 0 or ¢ is constant.

2.9. Generalized *-conformal #-Ricci soliton with respect to Levi-Civita connection.

Theorem 2.15. If a Lorentzian Knemotsu space form (M, 1, ¢, ¢, g) with respect to Levi-Civita
connection admits generalized x-conformal 1-Ricci soliton then the soliton is expanding or
steady or shrinking according as p < 2a + 2y — 2n+1 orp = 2a+2u— 2n+1 orp > 2a+

2p — 2n+1
Proof. Taking V#(X) = ¢(V, X) in (1.12), then
2
Lvs(x, 1) = |22 = (p+ 3o ) s Y)

+2aV*(X) © VH(Y) +2bS* (X, Y) + 2un(X)5(Y) = 0. (2.33)
The equation (2.33) implies that

V) + (X, vE) ~ (24 (57 ) |86 W)
+2an(X)n(Y) +20S*(X,Y) +2un(X)n(Y) = 0.

By (2.3),
2
28(9X, ¢Y) — [M - (P o 1)} 8(X,Y)

+2an(X)5(Y) 4 2bS*(X,Y) + 2un(X)5(Y) = 0. (2.34)

Putting Y = ¢ and using (2.21) we get,

1 2

A= (p-i—z +1>—a—y. (2.35)
U

Thus, the soliton i 1s expanding or steady or shrinking according as p < 2a +2p — or

p=2a+2u— 2n+1 orp > 2a—+2u— 2n2+1'

2n+1

Theorem 2.16. If a Lorentzian Knemotsu space form (M, 1, ¢, ¢, g) with respect to Levi-Civita
connection inherits generalized x-conformal n-Ricci soliton and V' is is pointwise colinear vector
field with . Then V is constant multiple of G.
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Proof. Let V = ¢¢ in (1.12), where ¢ is a function on M. Then have
2
S(Vx00), )+ 5, Volod) - |22~ (p+ 551 ) | a2

+2a?n(X)(Y) +2bS*(X,Y) + 2un(X)n(Y) = 0.

Using (2.3),
2
203(9X,9¥) - (Xo)n(¥) - (¥0y(0) - [22 = (p+ 520 ) | s, 7)

+2a0*y(X)n(Y) +2b8* (X, Y) + 2un(X)n(Y) = 0.
Replacing Y by ¢ and using equation (2.21), we get

—(Xo) = (Go)n(X) + [2)\ - <p + 2n2+ 1)] 17(X) +2a0?y(X) +2un(X) = 0. (2.36)
Putting X = ¢ in (2.36),

ga:aaz+y+[A—;<p+2n2+1)]. (2.37)

Using (2.37) in (2.36),
2 (74 aen) |00

or, do = ac o+ 1= 3 (p4 527 )| |

Applying d on the above equation we get,

R e (=

Since dny = 0, we have

Xo = [a(72+pt+[

—_ N \

N

Or, 2ac(do)ny = 0.
This shows that, either a = 0 or ¢ is constant.

2.10. *-Ricci tensor on Lorentzian Kenmotsu space form with respect to the gener-
alized Tanaka connection. In this section we derived the *-Ricci tensor in Lorentzion
Kenmotsu space form with respect to generalized Tanaka connection.

Theorem 2.17. In a Lorentzion Kenmotsu space form with respect to the generalized Tanaka
connection, the x-Ricci tensor

2y nc—1)—-2

S(X,Y) = (4)g(pr, PY). (2.38)
Proof. Similar as proof of Theorem 2.4. O

Corollary 2.2. In a Lorentzion Kenmotsu space form with respect to the generalized Tanaka
connection,

$*(X,&) =0. (2.39)
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By (2.11), we see that
S(X,Y)+25%(X,Y) = —(4n —3)g(X,Y) — n(X)n(Y). (2.40)
Definition 2.2. A manifold M is said to be x-Einstein if there exists constant k such that
S*(X,Y) =kg(X,Y), (2.41)
forall X, Y € X(M).

Lemma 2.3. If a Lorentzian Kenmotsu space form with respect to generalized Tanaka connection
V is Ricci semi-symmetric i.e. R(Z,X)-S =0, then $*(X,Y) = 0.

Proof. From R(&, X) - S=0,
S(R(EX)Y,Z) +S(Y,R(E,X)Z) = 0.

Or, _”(Cz_ Y 14(oR(E X)Y, 9Z) + g(gY, 9R(Z, X)Z)] = 0.

Or, 1(Y)g(¢X, 9Z) +1(2)g(¢X, 9Y) = 0.
Putting Z = ¢,

8(¢X, 9Y) = 0. (2.42)
From (2.38),

S*(X,Y) = Wg(pr, PY).

So, by the equation (2.42),
S (X,Y) =0

2.11. x-Ricci soliton with respect to generalized Tanaka connection.

Theorem 2.18. A Lorentzion Knemotsu space form with respect to generalized Tanaka connec-
tion V admitting x-Ricci soliton is *-Einstein.

Proof. By the definition of *-Ricci soliton , we get
(£:8)(X,Y) +25%(X,Y) +2A8(X,Y) =0,
or, g(VeX,Y)+g(X,VeY)+5%(X,Y) = —Ag(X,Y),

or, $*(X,Y)=—Ag(X,Y).
This shows that the manifold is *-Einstein. O

Theorem 2.19. If a Lorentzian Kenmotsu space form with respect to generalized Tanaka connec-
tion V admits *-Ricci soliton and is ¢-Ricci semi-symmetric. Then the soliton is steady.
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Proof. From the equation of x-Ricci soliton, we have
L:g(X,Y)+25%(X,Y) +2Ag(X,Y) =0
g(VeX,Y) +8(X, VoY) + $°(X,Y) + Ag(X,Y) =0

By (2.14),
SH(X,Y)+Ag(X,Y)=0
Applaying Lemma (2.3),
Ag(X,Y) =0.
or, A =0.
Thus, the soliton is steady. O

2.12. x-Conformal Ricci soliton with respect to generalized Tanaka connection.

Theorem 2.20. A Lorentzion Kenmotsu space form (M, 1, ¢, &, g) with respect to generalized
Tanaka connection admits x-conformal Ricci soliton is x1-Einstein.

Proof. By the definition of *-conformal Ricci soliton ,we get

(Leg)(X,Y) +28%(X,Y) + [zA —(p+ znz+1)] 2(X,Y) =0

By (2.14),
. 2 B
28°(X,Y) + [zA —p+ W)] 2(X,Y) = 0.
Or, $*(X,Y)=Eg(X,Y),
where E = }(p + 527) — A. Hence the space form is *-Einstein. O

Theorem 2.21. If a Lorentzian Kenmotsu space form (M, 1, ¢, ¢, §) with respect to generalized
Tanaka connection admits *-conformal Ricci soliton and is -Ricci semi-symmetric. Then the

soliton is expanding or steady or shrinking according as p < —ﬁ orp = —ﬁ orp >

__2
2n+1°

Proof. From the equation of *-conformal #-Ricci soliton equation, we have

)} (X, Y) =0.

(Le8)(X,Y) +28*(X,Y) + [zA (P50

By (2.14),

S*(X,Y) + [A — %(p—f— )] ¢(X,Y)=0.

2n+1
From(2.38), we get

n(c—1)-2

P2 BN O]+ A= 3+ 20

)} 2(X,Y) =0.

Applying Lemma (2.3),
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Thus, the soliton is expanding or steady or shrinking according as p < —ﬁ orp =
2 2

i1 TP > T -

2.13. *-Conformal #-Ricci soliton with respect to generalized Tanaka connection.

Theorem 2.22. A Lorentzion Kenmotsu space form (M, n, ¢,&, g) with respect to generalized
Tanaka connection admits x-conformal 1-Ricci soliton is *1-Einstein.

Proof. By the definition of *-conformal 7-Ricci soliton ,we get

(L) (X,Y) +28° (X, Y) + 22— (pot 53220 | 861 + 20y (0n(1) =0

By (2.14),

28%(X,Y) + {m- (p+ )] (X, Y) +2un(X)n(Y) = 0.

2n+1

Or, S*(X,Y)=Ag(X,Y)+ By(X)n(Y)
Where A = }(p + 527) — A and B = —1, and hence the space form is ##-Einstein. [

Theorem 2.23. If a Lorentzian Kenmotsu space form (M, n, ¢, ¢, ) with respect to generalized
Tanaka connection admits *-conformal n-Ricci soliton and is ¢- Ricci semi-symmetric. Then the

soliton is expanding or steady or shrinking according as p < —5.=5 +1 —2uorp = Zfﬁ —2u

2
orp > —5Sg — 24

Proof. From the equation of *-conformal #-Ricci soliton equation, we have

(L68) (X, Y) +25° (X, Y) + [2A = (p+ 5.2 | 8(X, V) + 2n(30n(1) =0

By (2.14),
. 1 B
S XY+ |1 50+ 5| 0+ rCOn(N =0
From(2.38), we get
nc—1)—-2 1 2
C= P22 00w +n00n] + [ = 50+ 55| 8001 + (om0 =0
Applying Lemma (2.3),
1 2
{/\ - Q(P + m) - P‘] g(X,Y)=0
A=u+ ! +
A E R\ P T an 1
Thus, the soliton is expanding or steady or shrinking according as p < —5.57 +1 —2u or
p=—5ig—2u0rp>—5is —2u O
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2.14. Generalized *—Ricci soliton with respect to generalized Tanaka connection.

Theorem 2.24. If a Lorentzian Knemotsu space form (M, 1, ¢, ¢, §) with respect to generalized
Tanaka connection inherits generalized *-Ricci soliton, then the soliton is is expanding or steady
or shrinking according asa > 0ora = 0ora < 0.

Proof. In the equation (1.10), taking V*(X) = ¢(X, V) and replacing S* by $*. Then we
have
Lyg(X,Y) = —2ag(X,V)g(Y, V) +2b5*(X,Y) +2Ag(X,Y). (2.43)
Since (M, 1, ¢, ¢, g) is a generalized *-Ricci soliton, the above equation implies
§(Vx&Y) + (X, Vy&) = —2an(X)n(Y) +2bS* (X, Y) + 2Ag(X, Y).
By (2.14),
an(X)y(Y) —bS*(X,Y) — Ag(X,Y) = 0. (2.44)
Putting Y = ¢, then
an(X) — bS(X, &) + Ay(X) = 0.

Using (2.39)
(a+M)n(X) =0.
This implies
A= —a. (2.45)
The equation (2.45) shows that, the soliton is is expanding or steady or shrinking accord-
ingasa >0ora=0ora <0. U

Theorem 2.25. If a Lorentzian Knemotsu space form (M, 1, ¢, ¢, §) with respect to generalized
Tanaka connection inherits generalized *-Ricci soliton and V is is pointwise colinear vector field
with ¢. Then V is constant multiple of ¢.

Proof. Let V = ¢, where ¢ is a function on the Lorentzian Knemotsu space form. Then
from (2.43),

g(Vx0E,Y) 4+ g(X, Vyo?) = —2ac*y(X)n(Y) + 2bS*(X,Y) + 2Ag(X, Y).
By (2.14) we get
—(Xo)(Y) — (Yo)n(X) = —2ay(X)y(Y) + 268" (X, Y) + 2Ag(X, Y).
Putting Y = ¢ and using (2.39),
—(X0) — (€0)y(X) = —2a0%(X) — 24 (X). (2.46)
Putting X = ¢,
Eo=ac® + \. (2.47)
From (2.46) and (2.47), we have
Xo = (ac? + A)n(X).
Or, do = (ac® + A)y.
Applying d on above equation,
2a0(do)y + (ac? + A)dny = 0.
Or, 2ac(do)ny = 0.
This shows that, either 4 = 0 or ¢ is constant. O
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2.15. Generalized *-conformal Ricci soliton with respect to generalized Tanaka con-
nection.

Theorem 2.26. If a Lorentzian Knemotsu space form (M, 1, ¢,&, ) with respect to generalized
Tanaka connection admits generalized x-conformal Ricci soliton, then the soliton is expanding or

steady or shrinking according as p < 2a — ﬁ orp=2a— ﬁ orp > 2a—

Proof. Taking V*#(X) = g(X, V) and replacing S* by 5* in the equation (1.11). It becomes

_2
2n+1"

Lyg(X,Y)— [2/\ — (p + 2712—|—1>] (X, Y)+2ag(X,V)g(Y, V) +2bS*(X,Y) = 0.

(2.48)
If (M,n,¢,¢,g) is a generalized *-conformal Ricci soliton. Then from equation (2.48) we
have

S(VxE,Y) +g(X, TyE) - {m - <p n
By (2.14),

2n + 1)] 8(X, Y) +2a5(X)n(Y) +2b5" (X, Y) = 0.

- [zA - <p + 2n2+ 1)} g(X,Y) 4+ 2an(X)y(Y) 4 2b$*(X,Y) = 0. (2.49)

Putting Y = ¢ and using (2.39), we get

1 2
= - - . 2
A 2<p+2n+1> a (2.50)
Thus, the soliton is expanding or steady or shrinking according as p < 2a — zfﬁ or
pzZa—ﬁorp>2a—ﬁ. ]

Theorem 2.27. If a Lorentzian Knemotsu space form (M, 1, ¢, &, ) with respect to generalized
Tanaka connection inherits generalized x-conformal Ricci soliton and V' is is pointwise colinear
vector field with ¢. Then V is constant multiple of C.

Proof. Let V = ¢, where ¢ is a function on M. Then the equation (2.48) implies
o O 2
S(Tx0D), )+ 5, VrloD) - |22 - (p+ 557 ) [ a2

+2a0*y(X)n(Y) +2b8* (X, Y) = 0.

Using (2.14),
~(xe)(n) — (Y0 - |22 (p+ 5,51 ) [ a2

+2a0?(X)n(Y) +2bS*(X,Y) = 0.
Replacing Y by ¢ and using equation (2.39), we get

—(Xo) — (Eo)n(X) + [2)\ - <p + 2712%—1” 17(X) +2ac*n(X) = 0. (2.51)

Putting X = ¢ in (2.51),

1 2
ga:aaz+[A—2<p+2n+l>]. (2.52)
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Using (2.52) in (2.51),

Xo = [a02+ [A—; <p+2n?:|_1)H n(X).

1 2
— 2 _ -
Or,da—{aa + (A 2<p—|—2n+1>H17.

Applying d on the above equation, we get

2 1 2 ] 2 _1 2 _
d[aa—k{/\ > p+2n+1 | n+ lac”+ |A 5 p+2n+1 dn = 0.

Since dn = 0, we have

2a0(do)y = 0.
This shows that, either a = 0 or ¢ is constant.
O

2.16. Generalized *-conformal 77-Ricci soliton with respect to generalized Tanaka con-
nection.

Theorem 2.28. If a Lorentzian Knemotsu space form (M, 1, ¢, ¢, §) with respect to generalized
Tanaka connection inherits generalized x-conformal 1- Rz’cci soliton, then the soliton is expanding
or steady or shrmkmg according as p < 2a + 2u — 2n+1 orp = 2a+2u— 2n+1 orp >

2042 — 2n+1

Proof. In equation (1.12), Taking V#(X) = g(X, V) and replacing S* by $*. Then equation
(1.12) becomes

Lyg(X,Y)— {2}\ — <p + 2n2+ 1)] 2(X,Y)

+2ag(X, V)g(Y, V) 4 2bS*(X,Y) 4 2un(X)y(Y) = 0. (2.53)

As the given space form (M, 17, ¢, &, g) is a generalized *-conformal -Ricci soliton, equa-
tion (2.53) implies

A Y) 450000 - 2= (pr 3227 ) sxm)

+2an(X)n(Y) 4+ 2bS* (X, Y) 4 2un(X)n(Y) = 0.
By (2.14),

— {2)\ — <p+ 2n2+ 1)] (X, Y) +2an(X)n(Y) +2bS*(X,Y) +2un(X)y(Y) = 0. (2.54)

Putting Y = ¢ and using (2.39), we get

1 2
A= <p—|—2n+1) a—u. (2.55)
Thus, the soliton is expanding or steady or shrinking according as p < 2a +2u — 555 +1 or
p=2a+2u— 2n+10rp>2a+2;4 2n+1' U
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Theorem 2.29. If a Lorentzian Knemotsu space form (M, 1, ¢, &, ) with respect to generalized
Tanaka connection inherits generalized x-conformal 17-Ricci soliton and V is is pointwise colinear
vector field with ¢. Then V is constant multiple of ¢.

Proof. In equation (2.53), putting V = ¢¢, where ¢ is a function on M. Then we have
o o 2
S(Tx(00), )+ 8, VrloD) - |22~ (p+ 557 ) | a2

+2a0*n(X)n(Y) +2b8* (X, Y) + 2un(X)n(Y) = 0.

Using (2.14),
~(xe)(n) = (Yo — |22 = (p+ 5,51 ) [ a2

+2a0*n(X)n(Y) +2b8* (X, Y) + 2un(X)n(Y) = 0.
Replacing Y by ¢ and using equation (2.39), we get

(Xo) — (@) (X) + {zA - (p n
Putting X = ¢ in (2.56),

ST )] 17(X) +2a0?y(X) +2un(X) = 0. (2.56)

’ 1 2
Co=ac"+u+ [/\ —5 (P + il (2.57)
Using (2.57) in (2.56),

Xo = [a02+pt—l— [A—; <p+2n2+1>H 17(X).
1 2
2

Or, do = [aaz+y+ [)\—

Applying d on the above equation we get,

2 1 2 2 _1 2 _
d[aa +y+[)& 5 p+2n+1 n+(ac"+u+ |A 5 p+2n+1 dn = 0.

Since di = 0, we have

2a0(do)y = 0.
This shows that, either a = 0 or ¢ is constant.
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