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SOME METRIC PROPERTIES OF GENERAL SEMI-REGULAR POLYGONS
NENAD STOJANOVIC

ABSTRACT. If we construct isosceles polygon P{ with (k — 1) sides of the same length

over each side of regular polygon Pf,’ , with n sides, we get a new equilateral polygon PK;‘)
with N = (k — 1)n sides of the same length and with different inner angles. Such polygon
is called equilateral semi-regular polygon. This paper deals with metric properties of
general semi-regular polygons Pf;, with given side a and angle J, defined by equation
6 = Z(a,dy) = £(d;,diy1), i = 1,2,...,k—3, as an angle between diagonals d; drawn
from the apex Aj,j = 1,2,...,n of the regular polygon with sides dy_» = AjAj ;1 = bas
well as the application of the obtained results.

1. INTRODUCTION

Given the set of points A; € Ez,]' =1,2,...,nin Euclidian plane E?, such that any three
successive points do not lie on a line p and for which we have a rule: if A; € p and
Aj1 € p for each jpoint A;,» does not belong to the line p.

1. Polygon P, or closed polygonal line is the union along A1 A, A2As, ..., AyA,41, and
write short

n
Py =|JAjAj;1,(n+1=1 mod n) (1.1)
j+1

Points A; are vertices, and lines A;A; 1 are sides of polygon P,.
2. The angles on the inside of a polygon formed by each pair of adjacent sides are angles
of the polygon
3. If no pair of polygon’s sides, apart from the vertex, has no common points, that is , if
AjAii N A LA =01 #1
polygon is simple, otherwise it is complex. This paper deals with simple polygons only.
4. Simple polygons can be convex and non-convex. Polygon is convex if it all lies on
the same side of any of the lines A;A;, 1, otherwise it is non-convex. Polygon P, divides
plane E? into two disjoint subsets,U and V. Subset U is called interior, and subset V
is exterior area of the polygon. Union of polygon P, and its interior area U, makes
polygonal area S,, which is:

Sn - Pn U Un (1.2)
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5. Given polygon P, with vertices A;,j = 1,2,...,n, (n+1 =1 mod n) lines of which
AjA; are called polygonal diagonals if indices are not consecutive natural numbers, that
is, j # i. We can draw n — 3 diagonals from each vertex of the polygon with n number
of vertices.

6. Exterior angle of the polygon P, with vertex A; is the angle ZA, ; with one side A, 14},
and vertex A]-, and the other one is extension of the side A]-A]-_l through vertex A]-

7. Sum of all exterior angles of the given polygon P, is equal to multiplied number or
product of tracing around the polygons in a certain direction and 27, that is, the rule is

n

Y (LAy)) =2km k€ (1.3)
j=1

In which k is number of turning around the polygon in certain direction.

8. The interior angle of the polygon with vertex A; is the angle ZA, j,j = 1,2,....,n for
which ZA, ;+ ZA,; = 7. That is the angle with one side A;_1A;, and the other side

AjAj;1. Sum of all interior angles of the polygon is defined by equation

n
Y ZAuj=(n—2k)m,n €N,k e Z. (1.4)
j=1
In which k is number of turning around the polygon in certain direction.
9. A regular polygon is a polygon that is equiangular (all angles are equal in measure)
and equilateral (all sides have the same length). Regular polygon with 7 sides of b length
is marked as P!. The formula for interior angles «y of the regular polygon P! with 1 sides

isy = =27~ A non-convex regular polygon is a regular star polygon.For more about
polygons in [4,5,6].

10. Polygon that is either equiangular or equilateral is called semi-reqular polygon. Equi-
lateral polygon with different angles within those sides are called equilateral semi-regular
polygons, whereas polygons that are equiangular and with sides different in length are
called equiangular semi regular polygons. For more about in [1,2,3].

FIGURE 1. Convex semi-regular polygon Py with N = (k — 1)n sides
constructed above the regular polygon P!
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2. BASIC TERMS, SIGNS AND DEFINITIONS

1. If we construct a polygon P, with (k — 1) sides, k > 3,k € N with vertices B;,i =
1,2,...,k over each side of the convex polygon P,,n 3,n € N with vertices Aj,j =
1,2,...,n, (n+1) =1 mod n, thatis A; = By, Aj;1 = By, we get new polygon with
N = (k —1)n sides, (figure 1) marked as Py.

Here are the most important elements and terms related to constructed polygons:

IV

(1) Polygon P with vertices B1B, ... Bx_ 1By, By = Aj, By = Aj,1 constructed over
each side A]-A]-H, j=1,2,...,nof polygon P, with which it has one side in com-
mon is called edge polygon for polygon P,.

(2) AjBz, B2Bs, ..., By 1Aj11,j =1,2,...,n the sides polygon Py.

(3) AjB2A;jBs, ..., AjBr_1 are diagonals di,i=1,2,...,k— 2,0f the polygon P} drawn
from the top A; and that implies dy_, = AjAj;1 = D.

(4) Angles /B, ; are interior angles of vertices B,, ; of the polygon Py and are denote
as f;. Interior angle ZA,, ; of the polygon of the vertices A; are denoted as «;.

(5) Polygon Py of the side a constructed over the side b of the polygon P, is isosceles,
with (k — 1) equal sides, is denoted as P}.

(6) With 6 = £(d;,d;+1),i=1,2,...,k —2 denotes the angle between its two consec-
utive diagonals drawn from the vertices Aj,j = 1,2,...,n for which it is true

0= l(ﬂl,dl) = Z(didi+1),i = 1,2,. . .,k—3,dk_2 =b (21)

(7) If the isosceles polygon P} is constructed over each side of the b regular polygon
P! with n sides, then the constructed polygon with N = (k — 1)n of equal sides
is called equilateral semi-regular polygon which is denoted as Py;.
2. We analyzed here some metric characteristics of the general equilateral semi-regular
polygons, if side a is given, and angle is 6 = Z(d;, d;11),i = 1,2,...,(k —2), in between
the consecutive diagonals of the polygon P} drawn from the vertex P} of the regular
polygon P.. Such semi-regular polygon with N = (k — 1) sides of a length and angle ¢
defined in (2.1) we denote as P{/’.
3. Regular polygon P! polygon is called corresponding regular polygon of the semi-
regular polygon P&’
4. Interior angles of the semi-regular equilateral polygon is divided into two groups
- angles at vertices B;,i = 2,...,k — 1 we denote as §3,
- angles at vertices A;,j = 1,2,...,n we denote as .
5. Ky stands for the sum of the interior angles of the semi-regular polygon PK;J.
6. S}j stands for the sum of diagonals comprised by angle o and drawn from the ver-

tex A;j, and with sl/ we denote the angle between the diagonals drawn from vertex A;
comprised by angle .
7. We denote the radius with ry of the inscribed circle of the semi-regular polygon Pﬁ;‘s.

3. SOME METRIC PROPERTIES OF SEMI-REGULAR POLYGONS Pﬁ;‘s

3.1. Interior angles of the semi-regular polygon. Let on each side of the regular poly-
gon P!, be constructed polygon P?, with (k — 1) equal sides, and let d; = AjB; 1 =
1,2,...,k—2,d_» = AjAj = b,j =12,...,mi =34,..., kB = Aj;1 diagonals
drawn from the vertex A;,A;jA;j11 = b,j =1,2,...,n to the vertices B; of the polygon P}.
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The following lemma is valid for interior angles at vertices B;,i = 3,4,...,k, By = Aj 1
of triangle AA;B; 1B; determined by diagonals d;.

Lemma 3.1. Ratio of values of interior angles AAjBi,lBi; i =3,4,..., kat vertex B; of the base
A;B; = d;_ from the given angle A;B; = d;_, & is defined by relation /B; = (i — 2)0.

Proof. The proof is done by induction on i, (i > 3),i € N. Let us check this assertion for

i = 4 because for i = 3 the claim is obvious because the triangle erected on the sides of
the regular polygon is isosceles and angles at the base b are equal as angle J.

If i = 4 and isosceles rectangle is constructed on side b of the regular polygon P (figure
2a) with vertices A1B2B3By, i By = Ay where A1 A, = b side of the regular polygon.
Diagonals constructed from the vertex A; divide polygon A;B;B3By, into triangles AA1B;B3
and AA;B3By. According to the definition of the angle § we have:

£ByA1B; = £ByB3 A1 = £ZB3A1By =6

Intersection of the centerline of the triangle’s base AA1ByBs i A1By = b is point S1.Since
A1By = ByB3 = a, a and construction of the point S; leads to conclusion that [JA;51B>B3
is a thombus with side a. Since B3S; = B3B4 = a a triangle /AB3S1 By is isosceles, and its
interior angle at vertex S is exterior angle of the triangle AA1B3S;, thus ZS; = 26, as
well as /B4 = 26.

FIGURE 2. a. Rectangle A1B;B3B, b.Rectangle A;B,_>B, 1B,

Let us presume that the claim is valid for an arbitrary integer (p — 1), (p > 4),p € N, that
isi = (p — 1) interior angle of the triangle AA;B, »B, 1 at the vertex B, 1 has value
ABP*1 = (p — 3)5

Let us show now that this ascertain is true for integer p, that is for i = p. Also, interior
angle of the triangle AA;B, 1B, at vertex B, has value /B, = (p —2)J.

Let us note [JA;B, »B, 1B, which is split into triangles AA;B, 2B, 1 and AA;B, 1B,
by diagonal d,_3, and that /B, , 1 = (p — 3)d according to presumption.

Since interior angles of triangles are congruent at vertex A;, by definition of angle J,and
Bp—2By-1 = B,_1B, = 4, it is easily proven that there is point S such that triangle
ASB, 1By is isosceles triangle(figure 2), and rectangle [JA;B, 2B, 1S is rectangle with
perpendicular diagonals. Congruence of triangles AA;B, 2B, 1 ~ AA;B, 1S leads us
to conclusion that ZA;B, 1S = (p — 3)J. Angle at vertex S is the exterior angle of trian-
gle AA;B, »B,_1. And thus we have /S =6+ (p —3)d = (p —2)J.

Since triangle SB,_1B, isosceles, /B, = (p — 2)¢ which we were supposed to prove. So,
for each i € N,i > 3 interior angle of triangle AA;B; 1B; at vertex B; is Z/B; = (i—2)6.
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FIGURE 3. Isosceles polygon Py constructed on side b of the regular poly-
b
gon P,

Lemma 3.2. Semi reqular equilateral polygon P(”If;l)n with given side a and angle 6 defined with
(2.1),has n interior angles equal to an that angle

n = @ +2(k —2)6 3.1)

and (k — 2)n interior angles equal to an that angle

B=m—256>0,k>3,n>3kneN (3.2)

Proof. Using figure 3 and results of lemma 3.1, it is easily proven that polygon P}
constructed on side b of the regular polygon P! has (k — 2) interior angles with value
P! 7t — 26, and which are at the same time interior angles of the semi-regular polygon
P, N = (k—1).

So indeed, for k = 3 the constructed polygon Py is isosceles triangle with interior angle
at vertex By = 71 — 29, and for k = 4 constructed polygon is isosceles rectangle (figure 2).
That rectangle is drawn by diagonal d; from vertex A]-,j =1,2,...,n,Bi = A,By = A]-H
and A;jA;,1 = b split into triangles A;B,B; and A;B3A;, 1 with interior angles at vertices
ZBZ = ZB3 = 71— 20.

Similarly is proven that for every rectangle A;B; 2B, 1B;,i = 4,5,...,k; (B1 = Aj, By =
Aj11,AjAj 1 = b) and the value of its vertex B;_1,

{Bi1=(i—3)6+m—[(i—2)0+ 5] = m—26.

So, in every isosceles polygon P} exist k — 2 interior angles with measure 7t — 24. Since
isosceles polygon P, is constructed on each side of regular polygon P, it follows that
equilateral semi-regular polygon Pf; has total of (k — 2)n angles, which we were sup-
posed to prove.

When interior angle of the semi-regular equilateral polygon at vertex A jr j=12,...,nis
equal to sum of interior angle of the regular polygon P? and double value of the interior

angle of the polygon P{ at vertex B, (Lema 3.1)is valid /A, ; = n=2)m | 2(k —2)é which

n
we were supposed to prove.

Corollary 3.3. Sum of interior angles of the equilateral semi-regular polygon Pﬁ;é is given in

Ky =[N —2|n (3.3)
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Proof. On the basis of Lema 3.2. and relation (3.1) and (3.2) it is true that
Ky = na+ Bk —2)n = n[U=27 4 25(k — 2)] + n(k — 2) (7w — 26) = (n — 2)7w + n(k —

n

2y = (nk—n—-2)r=[nk—1)—2]rt =[N —2]m.

3.2. Convexity semi regular equilateral polygons Pﬁ;‘s. Condition of convexity of the
semi-regular equilateral polygon Pﬁ;é and the values of its angle ¢ is given in the theorem.

Theorem 3.4. Equilateral semi-regular polygon P N = (k —1)n is convex if the following is
true for the angle &

7T
PN > 3. ,
5 € (0, (k—2)n> kneN,nk>3 (3.4)

Proof. Let us write values of the interior angles of the semi-regular polygon Pﬁ;‘s defined
by relations (3.1),(3.2) in the form of linear functions

f(6) = @ +2(k—2)6,8(6) =m— 26,k ,ne N, k,n> 3. (3.5)

As the polygon is convex if all its interior angles are smaller than 7, to prove the theorem

it is enough to show that for Vé < (O; ﬁ) all interior angles of the semi-regular

polygon P%’ are smaller than 7.
Indeed, from this relation § = g(6) = 7 — 26 follows that = 0 for 6 = 7, (figure 4). On
the basis of this and demands g > 0 and § > 0, we find that B (0,77) and 0 < < %,

and thus we have ¢ € (0; ﬁ) Jk > 3.

FIGURE 4. Semi-regular polygon and convexity

It is similar for interior angles equal to angle «, (figure 4). If we multiply the inequality
0 <4 < 25, with 2(k —2), and then add to the left and right side @, we get the
inequality
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(n=2)m (=27 ooy < T 2D
n n n n
(n—2)m (n—2)m
S <a<meae (T

So, for every 6 € (O, ﬁ) interior angles of the semi-regular polygon PK;(S are smaller

than 7r. That is, semi-regular equilateral polygon Pﬁ;‘s is convex for § € <O; W) .

Values of the interior angles of the convex semi-regular equilateral polygon Pﬁ;‘s depend

(n=2)m

on the interior angle of the corresponding regular polygon v = as well as the

angle 6. Which means that the following theorem is true:

Theorem 3.5. Values of the interior angles of the equilateral semi-regular polygon P(”’(S 1)n 7€

within the interval (M ) if B < a or within the interval ((k”(k#, ) if B < ufor
k,n>3,k,n € N.

Proof. Let f > a. We find from the inequality 7 — 26 > (n=2)n 2) +2(k — 2)é that 6 <
ﬁ. Let us determine values of the interior angles, equal to angles «, B defined in

relations (3.1) and (3.2) if 6 € (O, ﬁ}
Let us multiply the inequality 0 < § < = 1) with —2, and then add 7 to the left and

right side, we get inequalities from which we determine value interval of the angles
equal to angle B.

nm_z(gzn_ziﬂ@anM%E M,n)

(k—1)n (k—1)n (k—1)n
We can similarly determine Values of the interior angles equal to angle «. If we multiply
the initial inequality 0 < § < = ) is first by 2(k — 2),k > 3 and then we add (n=2)n 2) N2>

3 to the left and right side.
We get a series of inequalities from which we can determine value interval (figure 4)

(n —712)71 - (n —112)7r+2(k_2)5S (n—nZ)n 2((:_—12)):
(n—2)m (kn —n —2)m
N N

e <(n —nZ)n, (kn(k—_nl—)j)n] .

So,

«, B e (@, 7'L'> . (3.6)
Now, let us determine values of the interior angles if B < a.We have the inequality
m—26 < =An ) + 2(k — 2) from the condition ¢ > (k -
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Since the serni—regular polygon is convex we have J € [ (k” T (n;Z)

inequality - ( 1 <9< o ) with —2, and then add 7 to the left and right side , we get

) If we multiply the

27 S 255 27 (nk—2n—-2)m (nk—n—-2)m

n—1) = Tak—2) T ak-2 PSS Tomon

(nk—2n—-2)t (nk—n—2)m
~ee (M

7T —

Similarly, if we multiply the inequality w1 ) << = ) with 2(k — 2), and then we
add =27 ) ,n >3 we get
(n—2)7‘t+2(k—2)7r§(n—2)7r 2k — 2)5<2_7T+(1’l—2)7'[<:>
n (k—1)n n n
(nk—n—-2)m (nk—n—2)m
A S AN
nlc—1) <a<m=ac 1) , T
So, if B < a then
(nk—2n—2)m
n.p e < nk—2) , T (3.7)

which was supposed to be proven.

Corollary 3.6. Convex semi-reqular equilateral polygon Pﬁ;‘s is regular for 6 = ﬁ;k,n €
N,n,k > 3,0 > 0 and the values of its interior angles are given in the relation

(3.8)

Proof. According to the definition of the regular polygon, its every angle has to be equal,
thus from & = B and the relation (3.1) ,(3.2) we have the equation

(n—2)m

S 2(k—2)0 =26

out of which we find out that the sought value of the angle is § = ﬁ for which the

semi-regular equilateral polygon Pﬁ;é is regular. On this basis we find that the value of
the interior angles is

Example 1 Values of the angle § and of the interior angles for different values k and n for
which the semi-regular equilateral polygon is regular (Table 1).
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Table 1.
kin|o= kjl)n (m;zknff))n
R
B
R
R

W 6

Theorem 3.7. Semi-reqular equilateral polygon, Pﬁ;‘s with positively oriented angles is non-
convex fork,n € Nn,k> 3,6 € (ﬁ, %), and for 6 > 7 is not defined.

Proof. It is sufficient to prove that there are interior angles of the semi-regular polygon,

Pl‘i,"s,for those values of angle §, which are bigger than 7. Starting from the inequality

ﬁ < & < 7, we find that the value interval of those angles, for the interior angles

equal to angle B ( Lema 3.2), is

27 (kn —m—2)m (kn—n—-2)m
O<m-20<m (k—2)n@0<ﬁ< k—2)n :>,Be<0, k= 2)n
We can apply the similar procedure here. If we multiply the initial inequality with

2(k — 2), and then we add (1=2)T 44 the left and right side , after solving the equation

n
we find that the values of the interior angles equal to angle « are within the interval

<7T; (knﬂ::Z)n).

Since o > 7t for all values § € <m ; %) semi-regular equilateral polygon Pﬁ;é is non-
convex. If -
525:2(527r:>7t—25§0:>,6§0

Which is opposite to the presumption that interior angles are positively oriented, thus
there is no convex semi-regular polygon for § > 7.

3.3. Diagonals of the semi-regular equilateral polygons PK;‘S.

Theorem 3.8. Length of the diagonal d;,i = 1,2,...,k —2,and dy_, = b, drawn from the
vertex Aj, j =1,2,...,n,AjAj 1 = b of the edging polygon P™°, constructed on side b of the
reqular polygon PL, defined by the recurrent equations.

dy = 2acosé,dy = a(1+2c0s28),d; = d;_» + 2acos(id),i > 3. (3.9)

Proof. This will be proven by mathematical induction with i. Let us check the recurrent
formula for i = 3. If the formula is valid then

ds = dq + 2acos 36 = 2acos 6 + 2ac0s36 = 2a(cosé + c0s38) = 4acos26cosé. (3.10)

In order to prove the equality (3.10) let us presume that isosceles polygon A;ByB3ByA; 1
is constructed on side b = AjA;j;; of the regular polygon P!.(Figure 5a) Diagonals
dq,dp,d3 are drawn from the vertex A; for the rectangle [1A;B3B4A;,1 and on the ba-
sis of the definition of the angle ¢ it is valid that § = Z(a,dy) = Z(d1dy) = Z(dad3),
dz =D.
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FIGURE 5. Isosceles polygon P/ constructed on the side b of the regular
polygon P?

Let us note that triangle AA]-Bng is isosceles triangle for which LAj = /B3 =9,
AjByByBs = a and A;B3 = dy. On the basis of Lemma 3.1. we have /B3 = §, /By = 29,
LAj1 = 30.

Let us construct point S; on the base of the triangle /A A;B3 By so that the triangles AA;B3S;
and AS;B3By are isosceles. It is valid that ZS; = 26 for it is exterior angle of the triangle
AA;B3S;.

Similarly, we will construct point S on the base A;jA;j 1 = b of the triangle AA;B4A; 1 s0
that triangle ASyBy A1 is isosceles with interior angles at the base /S, = ZA;1 = 34.
Further on, ZB4S>Aj,1 = 36 is the exterior angle of the triangle AA;B,S,, for which
ZAj=6and 5By = B3B; = a soitis valid that ZA;B4S, = 26.

Since B3By = B4By = B4Aj;1 = aand LA;ByB; = 26 triangles AA;B3By and AA;S»By
are congruent, thus we have m = m =d; = 2acosé.

Triangle AS;B4A |41 is isosceles thus we have Sy A, 1 = 2acos 36. So,

d3 = AjAj1 = AjSa+ S2Aj1 = 2acos 6 + 2acos 36
= 2a(cos 6 4 cos 36) = 4a cos 6 cos 30.

This proves that formulas (3.10) is valid.We can similarly check if this is valid for i = 4.
That is, it is true for diagonal d; drawn from the vertex A i
dy =dy+2acosdd = a+2acos2d + 2acosdd =
a+ 2a(cos 26 + cos4d) = a(1 + 4cosdcos30).

Let us presume that the recurrent formula (3.9) is valid for natural number p — 1, p >
4,p € N thatis fori = p — 1 and that

dy_1=dp 3+2acos(p—1)J. (3.11)
Let us show that the formula is valid for natural number p, that is for i = p. We can
take A;By,By 1By from the isosceles polygon P{ (figure 5b.) constructed on the side b
of the regular polygon PP. This is valid for triangle AA;B,B,1 according to definition
(2.1), and according to Lemma 3.1, /B, 1 = (p — 1)é and BB, 1 = a is the side of the
regular polygon Pﬁ;‘s. Let us construct isosceles triangle ABj, 1153Bp 2, so that S3B,, 1 =
By 1By 2 = a. Then, according to Lemme 3.1 ZBj,11S3B12 = po.
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Since /By 1S3B, 12 = 34 is the exterior angle of the triangle AA;B,, 1S3 and ZA; =
d it follows that ZA;B;;1S3 = (p —1)é. So, triangles AA;B;B; ;1 and AA;B, 1S3 are
congruent, thus we have A;B, = A;S3 = dyp2.
We find that S3B, 12 = 2acos(i6) from the isosceles triangle AB,,153B, 2. Hence

dy = AjBpi2 = AjS3+ S3Bpy2 = dy 2+ 2acos(pd).
Thus,the recurrent formula is valid for everyi = 3,4,...,k — 2.

Theorem 3.9. Length of the diagonal d;,i = 1,2,...,k — 2 of the edging polygons P,f’(S drawn
from the vertex Aj,j =1,2,...,n,in which AjAj1 = b is the side of the regular polygon Pt for
i =2p, p €N, is given in the formula

day — a+2acos(p +'1)5smp<5 (3.12)
siné
and fori = 2p — 1,p € N with formula
sin(2pd)
dyp1 =a——— 1
1= 606 (3.13)

Proof. Using Theorem (3.8) for i = 2p we have
dop = dop2 +2acos2pé = dyp 4 + 2acos(2p — 2)8 + 2acos 2pd
= dop 6 + 2acos(2p — 4)d + 2acos(2p — 2)6 + 2acos 2pd
= dy + 2acos 46 + 2acos 60 + - - - + 2acos 2pd

cos(p+1)d...sinpd

= a4+ 2a(cos26 + cos4d + - - - +cos2pd) =a+2a i

We find similar thing fori = 2p — 1,

dop—1 = dap 3+ 2acos(2p — 1)6 = dpp 5 + 2acos(2p — 3)6 + 2acos(2p — 1)
= dpp_7+2acos(2p — 5)0 +2acos(2p — 3)6 +2acos (2p — 1)6

=dy +2acos35 +2acos55 + - -+ +2acos (2p —1)d

sin 2pd

=2acosd+2acos36+---+2acos(2p—1)d =a ins

Theorem 3.10. The following is valid for the diagonals drawn from the vertex of the semi-regular
polygon Py’:
(1) There are (k — 1)n — (2k — 1) diagonals which are within the interior angle v = @
of the corresponding reqular polygon PL which together form angle ﬁ and 2(k — 2)
diagonals of the polygon P} constructed on sides of that regular polygon which form
angle equal to angle d defined with(2.1) if the interior angle equal to angle L from (3.1) is
corresponding to the vertex from which the diagonals are drawn.
(2) There are (k — 1)n — 5 diagonals which together form angle ﬁ if interior angle

B = 1 — 20 corresponds to the vertex.
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Proof.

1)

)

Let us consider that diagonals are constructed from vertex A; and that interior
angle « defined in relation (3.1) is corresponding for the vertex. Let us denote
with S4, number of diagonals which can be drawn from vertex A;. Then we

have S4, = (k—1)n — 3. It was earlier proven that we can construct (k — 2)
diagonals d;,i = 1,2,...,k — 2, from the vertex A; of the polygon P} constructed
(n=2)m

on the side A; A, = b of the regular polygon P%, with interior angle ¢ =
for which di_, = b and which together form angle J.

Since there are two such polygons P} constructed on sides AjA; = b and
A1A, = b with common vertex A; number of diagonals which together form
angle ¢ defined in the relation (2.1), is 2(k — 2).

Having in mind relation (3.1) number of diagonals within the interior angle
of the corresponding regular polygon P? let us mark them Szl, is

n 7

Szl (k—1)n—-3-2(k—-2)=(k—1)n—(2k —1).
Those diagonals together form angle which we will mark with 511' and for
which the following is valid

n—2)m
AT+l (k=Dn—(2k-1)+1  (k—1n

which was supposed to be proven.
Let diagonals be drawn from the vertex B; with the corresponding interior angle
B = 7 — 20, then we have Sgl (k —1)n — 3 umber of drawn diagonals from the
vertex By. Only two of those drawn diagonals form the angle d with the sides of
the semi-regular polygon P(“];‘il)n, and those are the first and the last diagonal.

Thus, other diagonals, and there are Sp, = (k —1)n — 5 of them, within the
angle ¢ = B — 26 = 7 — 46 together form angle e egl and for them the following

is valid " 15
Y _ T—
BT Sl (k—Dn—4

Example 2. Here is given tabular review of the values from the previous theorem, in
whichi = 1,2, nand j = 1,2,..(k — 2)n, for the convex semi-regular polygon P%, for
n=23,4,5and k = 3,4,5.(Table 2)

Table 2.
n|k| P 5e<o; (k_”z)n> v« B |shlen|sh| <
313] 6 5e(0f) | Z|Z+25|n—25|1 | Z |1 ]| Z-2
4] 9 se(0;2) | Z|Z+46|n—20] 2 | 2|4 ]| 2-3%6
5] 12 se(0;2) |Z| %2465 |m—20]3 | Z| 7|23
413 8 se(0F) [ Z]Z+25|n—20[3 | £[3] -9
4| 12 se(0f) | Z | 2446 |n—20|5 | & |7 |Z-3¢
5/ 16 se(0;E) |Z| 2460 |m—25] 7 | Z|11| K-35
5/3] 10 se(02) [3Z|Z+25|n—25]| 5 |L]| 5| Z—%6
4] 15 s (%) |*E[ZE+45|n—25] 8 [Z]10][E—46
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Corollary 3.11. SZ,- = ng, i,j =1,2,...,nis valid for every equilateral semi-regular polygon
P with 2n sides.

Proof. Let us presume that the equality is valid. Let us define semi-regular equilateral
polygon for which that equality is valid. From 57 = Sw we have (k—1)n — (2k—1) =
(k—1)n—5<« 2k—-1=5= k=23 Fork =3 requ1red semi-regular polygon is
(k—1)n=2n,n e N.

Corollary 3.12. Ifszl_ = ‘C'g/' withi =1,2,...,nand j=1,2,..., (k —2)n polygon is reqular.

Proof. If the equality is valid then we have the equation from SZ,- = sﬁj and it ﬁ =

W from which we find that 6 = = )n. According to Corollary (3.6) convex semi-

regular equilateral polygon for that value of the angle ¢ is regular.

3.4. Area of the semi-regular equilateral polygon PK;J. The following theorems show

dependence of the area of the semi-regular polygon PK;‘S from the length of its sides a2 and
angle ¢ defined by relation (2.1).

Theorem 3.13. Area of the semi-regular polygon PK;J is given in the relation

ksain(k_ 2
s na (1 + 2%2(521)5) cot T +nP? for even k
P(kfl)” - 1 z(sm(kfl)é 2 T a (3.14)
Zi’lﬂ W) cot n + nPk fOT’ Odd k

In which area of P{ edging isosceles polygon with side a and angle o defined by (2.1).
Before we prove this Theorem let us prove lemma.

Lemma 3.14. Area of edging polygon P} with side a and angle & is given in the relation

k k
. a*(k—2)cots 2 1! Iz
o : —4Sm5( 2 cos(4p + 1)5 Z os(4p — 1) ) (3.15)

Proof. Area of the isosceles polygon P} can be expressed as sum of triangles’ areas of
which diagonals d;,i = 1,2, ...,k — 2 are bases, that is, the following is valid

k=2
=) pa, (3.16)
i=1

where p;. is area of the triangle with base d;, (figure 3). Since p; = d2h' ,in which h; is
height of the triangle drawn to the base d; and h; = asinié id using the relation (3.12)

and (3.13) we find that for k > 3,k € N.

K gsin(k—
. ©sin(k — 2)(5(1 + 2%) for even k (3.17)
dey = . ‘ 1 .
k=2 %sm(kf?iérfl&n(kfl)o fOT’ odd k
So, )
Tsin2ps (1420 for i=2p  peN
Pa; = 2 sin(2 —1)(5sin;m§ (3.18)
% psin(S : f01’ i=2p—1 pE N
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On the basis of 3.17 and 3.18 equality 3.16 is transformed

[51-1 a2 cos ( : )
0 a . p+ 1)d sin pé a®sin (2p — 1) sin2pd
P = ; 2 sin2po(1+2 siné )+ — 2 sin
p= p=1
_a [I%Z:l 2 5<1+2cos (p—l—l)&si.npé) ‘HkZT:] sin2pdsin(2p — 1)6
2 = smep siné ] siné

ﬁ_m
T

Nl

,1—|

2 [31-1
- ( Y sin2pé(siné 4 2cos (p 4 1)ésin pd) +

= — sin2pé sin(2p — 1)5)
2siné | )

1

After solving the equation we get the sought relation

k k
~ a*(k—2)cots 2 ol Iz
P = 1 _4sin5( ; s(p+1)5 Z os(4p —1) )

Let us return to proving the theorem.
Proof. Let us notice that area of the semi-regular polygon PK;‘S is equal to sum of area

of the regular polygon P! and area of all polygons P?, constructed on each side of the
regular polygon, that is

P(M 1 = P+ np?. (3.19)

Since the area of the regular polygon PY = 1nb® cot(Z). with side b given in the equality

sin

gSintk1)d for odd k

sin o

b=d, = (3.20)

kssin(£—1)6
{a<1+2ww> for even k

Area of the semi-regular polygon P(
tions (3.15) and (3.19)

1) has the following form on the basis of the rela-

sin d

na? (sm(.k_.l)‘S)Z cot & + nP} for odd k

sin o

Pﬂ,& _

o (3.21)

kgsin(k— 2
{}lnaz(1+2w> cotZ+nPf for even k

which proves the theorem.

Example 3. Formulas for area of the isosceles polygons, k = 3 and k = 4,if side a and

angle § arezgiven, are as follows; for k = 3, P? = © cots _ S”; 500836 = s”; 5(cosd —
c0s30) = % sin20.

Szimilarly, for k = 4, Pj = ZZO“S = o(cos 55 + cos3s) = ZCZ"“S — “ZC—ZO“S cosdd =
& cotd(l—cosdd) =--- = %(251112(5 + sin49).

Example 4.Let us determine area of the semi-regular 2n polygon with given side 2 and
andle J,defined in (2.1),
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a,0 _ pb a _ 1, 2(sin26\2 T na’
Py = P} 4+ nP§ = zna*($E5)% cot I + ;24— (cos & — cos 30)

2 cos écos £ +sin dsin & na? T
=na cos&( L L) = 2 _cosdcos(L —9).
sin % sin 2 ( n )

In which 7 is the number of sides of the regular polygon on which semi-regulr polygon
is drawn.

Theorem 3.15. Area of the isosceles polygon P, which given side a and angle 6, constructed on

sides of the regular polygon P%, is determined by relation

@ (k—1)sin25 —sin2(k — 1)$
8 sin? ¢

pf = (3.22)

za k > 3.

Proof. Let the polygon P be given, side a and diagonals d;, i = 1,2,...,k—2,k > 3

drawn from the vertex A;, j = 1,2,...,n, Aj = By, By = Aj;,with AjA;1 = b side

of the regular polygons PS. Let us note triangles A;By_; By basis of which are diagonals

d;. Let us introduce marks P!, P2, P3,..., Pk for areas of triangles AjByB3, AjB3By, ...,

A:Bj_1 By respectively. It is easily proven that the following relations are valid for areas
j p y yp g

of those triangles

aZ
pt = > sin28 = P%°
2
P2 = % (28in26 + sin46) = P*¢ 4 pr2
P3 — Pa,5+Pa,25 +Pa,35
Pi : Pﬂ,5 + Pa,25 + Pa,35 N Pa'ié.

paid = § sin 2i) is area of the isosceles triangle wirh side a and angle at the base delta,
i =1,2,...,k — 2. Since the area of the enge polygon P} is equal to sum of areas of the
triangles A;by_1by is valid

PI? — (k _ Z)Pa,5 + (k o 3)Pa,25 4t Pa,(k—3)<5 + P(k—2)5'
That is

a2

g E[(k—z) sin26 + (k — 3) sindé + - - - +Zsin2(k—3)(5+sin2(k—2)5].

a2 k—2
P = > Y (k—v—1)sin (2v6). (3.23)
v=1

So, in order to prove the theorem it is necessary to determine sum of row (3.23). In order
to calculate the sum of that row let us note the function

k—2 k=2
F0) =) (k—v—1)cos(vf) +i) (k—v—1)sin(vh) (3.24)
v=1

v=1
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In which 6§ = 26. If replace cosvd = 3(¢"® + ¢~*%) and sinvd = %(e"? — e %) into
(3.24) we get the equality

1o | by | 1w —ive
Z —1/—12 el +elv)+1;(k—v—1)z(ew —e "),
After arranging 1t 1t is transformed into

k—2 , k-2
0) =Y (k—1)e" -} ve". (3.25)
v=1 v=1
Since
k—2 . _ei(k=2)8 _ 1
e
Z (k — 1)611/9 = (k — 1)61961.97_1 (326)
v=1
and

k=2 1 d 0 0 (k— z)ei(kfl)e — (k- 1)ei(k—2)9 +1
L =i ( Z o) = 1) (3.27)

Equality (3.25) can be rearranged into
e 10— (k —1)e® 4 (k — 2)

(e —1)2
i0

F(8) =¢'

(3.28)

Having in mind that ¢®® = cosf +isin and e~
reduced into following form

= cos 0 — i sin f the last equality can be

F(0) = (k—1)cosf — cos(k—1)8 — (k—2) +i((k—1)sin9—sin(k—1)9>' (3.29)

29 26

4 sin 4 sin

By comparison of the initial equality (3.24) with (3.29) and by giving 6 = 2J, we find that
the requested sum of row

o Ay . B
Y (kv 1)sin (2v6) = (k 1)s1n2(5. 2s1r12(k 1)5. (3.30)
=1 4sin” )

On the basis of (3.23) and (3.30) we find that

a_ Z k— v —1)sin (208) = a_(k—l) sm25—sm2(k—1)5 (3.31)
2 = 8 sin? &

that we wanted to prove.

Corollary 3.16. Area of the semi-regular equilateral polygon Pﬁ;‘s constructed on the reqular
polygon PP if side a and angle 6 are given, defined in (2.1) is given in the relation

2 k s (k . .

oo _ ha* cos(36)sin (3 —1)6\2 7 (k—1)sin2 —sin2(k —1)J

Pl = 4 [(1 2 sind ) ot 25sin?§ }
(3.32)

for even k, and
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na? [(sin (k — 1)5>2C T (k—1)sin26 —sin2(k — 1)5} (3.33)

Pa,& - -
(k=1)n 4 © n + 2sin?é

for odd k.

sin &

Proof. Using results of the theorems (Theorem 3.13) and equality (3.21) we get the re-
quired relations (3.32) and (3.33).

Example 5 Area of the semi-regular equilateral polygon with 2n sides, with given side a
and angle ¢ is

2 . . .
o5 _ natresin26N\2 7t 2sin26 —sin4é
T 4 [ ( > oty T 2sin? 6 }
2 T 2sin28(1 — cos20)
+ ]

na
= — |4cos®Scot —
4 [ n 2sin? 5

sin

2
na T
= ——=cosdcos(——9).
sin 2 n

Theorem 3.17. Convex reqular polygon PL and semi-reqular equilateral polygon PK;‘S con-
structed on it cannot have equal sides.

Proof.Let us presume opposite, that is, semi-regular and regular polygons have equal
sides. Then we have b = 4, in which a4 is side of the semi-regular polygon and b is side of
the regular polygon on which it is constructed. Then on the basis of the equality (3.20)
we have the equation cos %(5 sin (% —1)6 = 0 if the edging polygon P{ has even number
of sides and equation sin (k —1)0 — sind = 0 if k if k is odd number. We can see out

of these equations that § = Mf oré = (,%s_’;). On the basis of the theorem (3.4) and

convexity of the semi-regular polygon we have that § € (0; ﬁ) ;kyn > 3k,n € N
and the inequality
(2p+1)
{ 0< Zk - < =
0<7y < wom
That is

k
0<n < @
O<n< %

From these inequality we can draw a conclusion that there are no values n and k in the
set N for which the semi-regular polygon is convex, and the values of the angle ¢ are

given in the relation § = W ord = (I%SJ; 7-
We get the same results by similar procedure from the other equation
sin(k —1)¢
= a.i
sin ¢
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Thus, there is no angle § defined with (2.1) for which the semi-regular polygon is con-
vex and it has side which is equal to the side of the regular polygon on which it is con-
structed, which was meant to prove.

3.5. Application. By using results of the Lemma 3.14 and Theorem 3.15 we can define
sum of rows,

[51-1 [
Y cos(4p+1)5 + Z os(4p —1)6,k e N,k >3
p=1 p=1

Which means that it is valid.
Corollary 3.18. It is valid

311 Jenl sin 2( i
s p—1)6 —sin2é
os(4p + 1)6 Z os(4p —1)6 = s

keNk>3  (3.34)

—_

~

Proof. If we equalize relations (3.15) and (3.31), after shortening and arranging we get
tha the requested sum is

N|><"

-1 4 : —1)5 — si
Z cos(dp +1)8 Z os(4p — 1)6 = sin2(k 281111(55 sin 24

~
—_
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